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PREFACE. 



Thb Author's Ck>MPLsrB School Algbbiia was written to meet the wants 
of our Common and High Schools and Academies, and to afford adequate prepara- 
tion for entering our best Colleges, Schools of Science, and Universities. 

The present volume is designed for use in these advanced courses of training. 
Thus, while it is thought that the former affords as extended a course in Algebra 
as is expedient for the preparatory schools, it is believed that this will be found 
to contain all that these higher schools require. 

It was deemed ne^ssary to make the work a complete treatise, including the 
Elements, for purposes of reference, and for reviews, and also in consideration 
of the fact that our higher institutions have various standards of requirement 
for admission. In fact, there are few students of Higher Algebra who do not 
find it necessary to have the Elements at hand for occasional consultation. 

This Elementary portion is embraced in the first 150 pages, and contains all 
the definitions, principles, rules, and demonstrations of the Complete School 
Algebra, with an abundant collection of New Examples; but from it all ele- 
mentary illustrations, explanations, solutions, and suggestions, are omitted. 
The whole is so arranged as to secure readiness of reference and convenience 
of review by somewhat mature students. 

The subjects treated in Part IIL, w]iicli constitutes the Advanced Onirse 
proper, will be best seen by turning to the Table of Contents. In this place 
the author wishes merely to call attention to a few of the distinguishing fea- 
tures of this Part. 

1. The conception of Function and VariaXde is introduced at once, and is 
made familiar by such use of it as mathematicians are constantly making. No 
one needs to be told that this conception lies at the foundation of all higher 
algebraic discussion ; yet, strangely enough, the very terms are scarcely to be 
found in our common text-books, and the practical use of the conception is 
totally wanting. 
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2. The first chapter in the Advanced Coarse is given to an eleraeninry and 
practical exposition of the Infinitegimal Analysin, The author knows from his 
own experience, and from that of many others, that this subject presents no 
peculiar difficulties to ordinary minds ; and everybbdj knows that it is only bj 
this analysis that the development of functions, as in the Binomial Formula, 
Logarithmic Series, etc., the general relation of function and variable, the 
evolution of many of the principles requisite in solving the Higher Elquations, 
and many other subjects, are ever treated by mathematicians, except when they 
attempt to make Algebras. No mathematician thinks of using the clumsy 
and antiquated processes by which we have been accustomed to teach our pupils 
in algebra to demonstrate the Binomial Formula, produce the Logarithmic Series, 
deduce the law of derived polynomials, examine the relative rate of change of a 
function and its variable, etc., except when he is teaching the tyro. Why not, 
then, dismiss forever these processes, and let the pupil enter at once upon those 
elegant and productive methods of thinking which he will ever after use ? 

8. By the introduction of a short chapter on Loci of Equations, which any 
one can read even without a knowledge of Elementary Geometry, and which 
In itself is always interesting to the pupil, and of fundamental use in the sub- 
sequent course, aU the more abstruae principles of the Theory of Equations are 
illustrated, and the student is thus enabled to see the truth, as well as to demon- 
strate it abstractly, ^ow great an advantage this is, no experienced teacher 
needs to be told. 

4 In the treatment of the Higher Equations, while some things have been 
discarded which everybody knows to be worthless, but which have in some 
way found a place in our text-books, a far more full and clear discussion of 
practical principles and methods is given, than is found in any of the trea- 
tises in common use. 

5. The important but difficult subject of the Disetission of EquaHons has 
been reserved till late in the course, for several reasons. Thus, when the pupil 
reaches this topic, he has become familiar with most of the principles to be 
applied, and has become sufficiently imbued with the spirit of the algebraic 
analysis to be enabled to grasp it. To discuss an equation independently and 
well, is a high mathematical accomplishment, and should not be expected of the 
tyro. It is nothing else than to think in mathematical formule, and hence is 
one of the later products of mathematical study. It is hoped that the pos«ition 
assigned to this subject in the course, and the manner of treating it, will insure 
better results than we have hitherto been able to obtain. 

6. In the selection of Subjects to be Presented, constant regard has been had 
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to the deoiands of the subsequent mathematical course. This has led to the 
omission of a number of theorems and methods, which, though well enough 
in themselves as mere matter of theory, find no practical application in a sub* 
sequent course, however extended ; and has, at the same time, led to the 
introduction of not a few things which the advanced student always finds occa- 
sion to use, but for which he searches his Algebra in vain» if he has at hand 
nothing but our common American text-books. 

7. In Method of Treatment the following principles have been kept constantly 
in mind : 1. That the view presented be in line with the mathematical thinking 
of to-day. 2. That everything be rigidly demonstrated and amply and clearly 
illustrated. 3. When long experience has shown that the majority of good 
students have difficulty in comprehending a subject, special pains should be 
taken to elucidate it. 4. No principle is thoroughly learned by a pupil until he 
can apply it ; and nothing so fixes principles in the mind as the use 'of them. 
Hence an unusually large number of examples has been introduced. 5. It is 
often necessary to multiply examples in order to meet the requirements of the 
class-room. 

8. Anttwere. — The answers to examples are not generally annexed to them in 
the text. There are, however, two editions of the volume, one with the answers 
at the end, and the other without any answers, except an ocoasional one in the 
body of the book. 

9. Finally, the Order of Topics is such that a student requiring a less extended 
course than the entire volume presents, can stop at any point, and feel assured 
that what he has studied is of more elementary importance than what follows. 
Thus students who do not desire to study the Higher Equations can conclude 
their course with the first chapter of Part IIL; and a course which includes the 
first three chapters of this part will be found as extended as most of our 
Academies, and perhaps many of our Colleges, will find expedient. ' 

Such works as those of Serret, Cirodde, Ck)]CBBROUSSE, Wood, Htmers, 
Hind, Todhunter, Touno, and most of our American treatises, have been at 
hand during the preparation of the entire volume. To Whitworth's charming 
little treatise on Choice and Chance, the author is indebted for a number of 
examples in the last section. 

The quick eye and cultivated taste of my friend, Mr. W. W. Beman, A.M., 
Instructor of Mathematics in the University, have done me excellent service in 
leading the proof-sheets, and have, I trust, given the work a degree of typo- 
graphical accuracy not usually found in first issues of such treatises. 
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With theae ivords of explanation as to what I have attempted to do, I commit 
the volume to the hands of mj fellow-laborera in the work of teaching, aiwured 
from the generooB and appreciative reception which they have given my previouii 
efforts, that this will not fail of a candid consideration. 

EDWARD OLNEY. 

University of Michigan, 

Ann ArbOTt Juljr, 1878. 
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SECTION I. 

GENERAL DEFINITIONS, AND THE ALGEBRAIC NOTATION. 



BRANCHES OF PURE MATHEMATICS. 

1. Pure Mathematics is a general term applied to several 
branches of science, which have for their object the investigation of 
the properties and relations of quantity — comprehending number, 
and magnitude as the result of extension — and of form. 

2. The Several JSranches of Pare Mathematics are Arith- 
metic, Algebra, Calculus, and Geometry. 

3m Arithmetic, Algebra, and Calculus treat of number, and Geo- 
metry treats of magnitude as the result of extension. 

4. Quantity is the amount or extent of that which may be 
measured; it comprehends number and magnitude. 

The term quantity is also conventionally applied to symbols used 
to represent quantity. Thus 25, m, xi, etc., are called quantities, 
although, strictly speaking, they are only representatives of quantities. 

5. dumber is quantity conceived as made up of parts, and 
answers to the question, " How many ? " 

6. Number is of two kinds. Discontinuous and Continu- 

OUSm 

7m Discontinuous Jffumber is number conceived as made 
up of finite parts ; or it is number which passes from one state of 
value to another by the successive additions or subtractions of finite 
units ; i. ^., units of appreciable magnitude. 

8. Continuotis Jffumber is number which is conceived as 
composed of infinitesimal parts ; or it is number which passes from 

1 
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one state of value to another by passing through all intennediate 
yaluesy or states, 

9. Arithmetic treats of IHscontinuotis Number, — of 

its nature and properties, of the various methods of combining and 
resolving it, and of its application to practical affairs. 

KlO. Algebra treats of the Equati mj BXLJ. is chiefly occupied in 
explaining its nature and the niethods of transforming and reducing 
it, and in exhibiting the manner of using it as an instrument for 

mathematical investigation.* 

» 

11. Calculus treats of Continuous Number, and is chiefly 
occupied in deducing the relations of the infinitesimal elements of 
such number from given relations between finite values, and the con- 
verse process, and also in pointing out the nature of such infinites- 
imals and the method of using them in mathematical investigation. 

12* Geometry treats of magnitude and form as the result of 
extension and position. 



LOGICO-MATHEMATICAL TERMS. 

13. A Proposition is a statement of something to be con- 
sidered or done. 

14m Propositions are distinguished as Axioms, Theorems, L&tnmas, 
Corollaries, Postulates, and Problems. 

15. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

16. A Theorem is a proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 

17. A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells how a thing is done ; a demon- 
stration tells why it is so done. A demonstration is often called proof. 

* The common definition of Algebra, which makes its distinguishing features to be the literal 
notcUion, and the use of the signs, is entirely at fault. When Algebra first appeared in Europe, it 
possessed neither or these features 1 What was it then ? On the other hand, the signs are 
common to all branches of mathematics, and the literal notation is as prominent in the Caicaloa 
S8 in Algebra, andjs used, more or less, in common Arithmetic and Geometry. 
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18. A Lemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 

19. A. Corollary is a subordinate theorem which is sug- 
gested, or the truth of which is made evident, in the course of the 
demonstration of a more general theorem, or which is a direct 
inference from a proposition. 

20m A Postulate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to Show that it is possible to be done. We may or may 
not know how to perform the operation. 

21* A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it 

22. A Rule is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 

23. A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

24. A Scholium is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or features 
of it 



PART L* 

LITERAL ARITHMETICt 



OHAPTEE I. 

FUNDAMENTAL BULBS. 



SECTION I. 



NOTATION. 

- as. A System of Notation is a syetem of Bymbolfi by means 
of which quantities, the relations between them, and the operations 
to be performed upon them, can be more concisely expressed than 
by the use of words. 

Symbols of QuAirriTY. 

26. In Arithmetic, as usually studied, numbers are represented 
by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, called Arabic figures, or, 
simply, figures. 

27. In other departments of mathematics than Arithmetic, num- 
bers or quantities are more frequently represented py the common 
letters of the alphabet, a, J, c, . . . w, w, . . . a;, y, z. These letters 
may, however, be used in Arithmetic ; and the Arabic figures are 
used in all departments of mathematics. This method of represent- 

* Pabts I. and 11. are a compend of the elements of the science, designed as a reyiew for 
pupils who have stndied some elementary treatise, or for the nse or such teachers and classes as 
desire a text-book which contains a condensed treatment of the subject, to be filled out by them- 
selves. In* the author's Complbtb School Algebra, the topics here presented will be found 
fully amplified, illustrated, and applied. All the elementary principles are here stated, and are 
usually demonstrated. There are also numerous examples under every topic. The Eet to the 
CoxPLBTE School Algebra will Itimish additional examples for use in connection with this part 
t Part I. treats of the familiar operations of Addition, Subtraction, Multiplication, Division, 
Involution and Evolution, and the theory of Fractions. The only difference between the pro- 
eesses here developed and the correspondiztg ones in common Arithmetic grows out of the 
^on. 
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ing quantities by letters is often called the Algebraic method, and 
the method by the Arabic characters the Arithmetical It would be 
better to call the former the Literal method, and the latter the 
Decimal. 

28* The Literal Notation has some very great advantages 
over the decimal for purposes of mathematical reasoning. 1st, The 
symbols are more general in their signification ; and 2d, We are 
enabled to detect the same quantity anywhere in the process, and 
even in the result. Thus it happens that the processes become 
general /ormwZflP, or rules, instead of special solutions. 

20* In using the decimal notation certain laws are established, in 
accordance with which a;ll numbers can be represented by the ten 
figures. Thus, it is agreed that when several figures stand together 
without any other mark, as 435, the right-hand figure shall signify 
units, the second to the left, tens, the third, hundreds, etc. ; also that 
the sum of the several values shall be taken. This number is, there- 
fore, 4 hundreds + 3 tens 4- 5 (units). 

In like manner, certain laws are observed in representing numbers 
by letters. 

First Law. 

30, Known Quantities^ that is such as are given in a prob- 
lem, are represented by letters taken from the first part of the 
alphabet; while Unknown Quantities, or quantities whose 
values are to be found, are represented by letters taken from the 
latter pai^t of the alphabet. 

Accented letters, as u', a", a'", a"", etc., (read " a prime,^' " a sec- 
ond,'' " a third," etc.,) and letters with subscripts, as a„ a„ a^ a^y 
etc., (read "a sub 1," "a sub 2," etc.,) are sometimes used. This 
form of notation is used when there are several like quantities in the 
same problem, but which have diflFerent numerical values. Thus, in 
a problem in which several walls of different heights, breadths, and 
lengths are considered, we may represent the several heights by a', 
a", a"\ etc., or a,, a^ «„ etc. ; the thicknesses by i', ft", b'", etc., or ft^, 
i„ bgf etc., and the lengths by f, l", l'", etc., or Z„ Z„ 4, etc. 

The Greek letters are also often used both for known and un^known 

quantities. 

Second Law. 

31m When letters are written in connection, without any sign 
between them, their product is signified. Thus abc signifies that the 
three numbers represented by a, b, and c are to be multiplied together. 
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32. A character like a figure 8 placed horizontally, go , is used to 
represent what is called Infinity, or a quantity larger than any 
assignable quantity. 

Symbols of Opeeation. 

33. T/ie Symbols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe- 
matics, and need not be recapitulated here. 

EXPOITENTS. 

34. An Exponent is a small figure, letter, or other symbol 
of number, written at the right and a little above another figure, 
letter, or symbol of number.* 

35. A Positive Integral Exponent signifies that the 
number affected by it is to be taken as a factor as many times as 
there are units in the exponent. It is a kind of symbol of multipli- 
cation. 

36. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator specifies the root, 
and the numerator the power of the number to which the exponent 
is attached. 

37. The ROfdieal Sign^ V, is also used to indicate the 
square root of a quantity. When any other than the square root is 
to be designated by this, a small figure specifying the root is placed 
in the sign. 

38. A Negative Exponent, i. e., one with the — sign before 
it, either integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, i. e., had the 
-f sign, or no sign at all before it 

Symbols of Eelation. 

39. The Sign of Geometrical Ratio is two dots in the 
form of a colon, : . 

40. The Sign of Arithmetical Ratio is two dots placed 
horizontally, •• . 

41. The Sign of Equality is two parallel horizontal lines, 
= . The double colon, : : , is the sign of equality between ratios. 

* In giving this definition, be carertil and not add, " and indicates the power to which the 
number is to he raised." This is false : an exponent do€8 not necessarily indicate a power. 
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42. The Sign of Variation is somewhat like a figure 8 
open at one end and placed horizontally, a . 

43. Tfie Sign of Inequality is a character somewhat like 
a capital V placed on its side, < , the opening being towards the 
greater quantity. 

Symbols of Aggregationt. 

44. A VinctUum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 
thesis, ( ), the brackets, [ ], and the brace, i i , have the same 
signification. 

43, A vertical line after a column of quantities, each having its 
own sign, signifies that the aggregate of the column is to be taken 



as one quantity. Thus, -f a 

+ c 



X is the same as (a — d + c)x. 



Symbols of Conttnuation. 

46m A series of dots, , or of short dashes, ------, 

written after a series of expressions, signifies " etc." Thus, a : ar 

: «!•* : ar^ ar* means that the series is to be extended 

from ar^ to ar*, whatever may be the value of n. 

Symbols of Deduction. 

• 

47. Three dots, two being placed horizontally and the thiru 
above and between, /. , signify therefore, or some analogous expres- 
sion. If the third dot is below the first two, •/ , the symbol is read 
"since," "because," or by some equivalent expression. 

Positive and Negative Quantities. 

48. Positive and Negative are terms primarily applied to 
concrete quantities which are, by the conditions of a problem, 
opposed in character. 

III. — ^A man's property may be called positive, and his debts negative. Dis- 
tance up may be called positive, and distance dowrif negative. Time h6f(yrr, 
a given period may be called positive, and after, negative. Degrees above on 
the thermometer scale are called positive, and below, negative. 

49m The signs + and — are used to indicate the character of 
quantities as positive or negative, as well as for the purpose of indi- 
cating addition and subtraction. 
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50^ In problems in which the distinction of positive and negative 
is made, each quantity in the formulm is to be considered as having 
a sign of character expressed or understood besides the plus or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, ^ 
as it is customary to consider quantities whose character is not j 
specified as positive. 

III. 1. — In the expression ab ■{■ m^eXy let the problem out of which it arose 
be such, that a, m, and x tend to a positive result, and b and e to an opposite, or 
a negative result. Giving these quantities their signs of character, we have 
( + a) X (—6) + ( + m) — (— c) x ( + x), which may be read, " positive a multi- 
plied by negative b, plus positive m, minus negative c multiplied by positive x." 
Suppressing the positive sign, this maybe written, a{-b) + m — {—c)x, by also- 
omitting the unnecessary sign of multiplication. . 

III. 2. — As this subject is one of fundamental importance, let careful atten- 
tion be given to some further illustrations. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to ascer- 
tain the sum or difference of 468, or m, and 327, or ti, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities. No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, and then 327, or n miles directly west ^ 
or if we ask what is the difference in time between 468, or m years B. C, and 
327, or n years A. D., the numbers 468, or m, and 327, or n, take on, besides their 
primary signification as quantities, the additional thought of opposUum in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying to move a wagon. Three of the boys 
can puU 75, 85, and 100 pounds each ; and they exert their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each ; and they 
exert their strength to move the wagon west. It is evident that the 75, 86, and 
100 are quantities of an opposite character, in their relation to the problem, 
from 90 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; but the force of the current is sufficient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite character in their relation to the problem. 
Once more, in examining into a man's business, it is found that he has a farm 
worth m dollars, personal property worth n dollars, and accounts due him worth 
c dollars. There is a mortgage on his farm of b dollars, and he owes on account 
a dollars. The m, n, and e are quantities opposite in their nature to b and d, 
ThU opposition in character is indicated by calling those quantities which con- 
tribute to one result positive, and thx>se which contribute to the opposite result 
negative. 

SI. Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive, and the minus or subtractiye terms stand in the same 
relation to each other as positive and negative quantities, it is cus- 
tomary to call them such. 

III. — In the expression 6a6 — 3cd + 8ajy — 2ad, though the quantities, a, c, d, 
X and y be merely abstract, and have no proper signs of character of their own, 
the terms do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, ^ac and ^xy tend, as we may say, to 
inerecue the result, while — 3cd, and — 2ad tend to diminUh it. Therefore the 
former may be called positive terms, and the latter negative. 

52, ScH. — Less than zero. Negative quantities are frequently spoken of 
as '4ess than zero." Though this language is not philosophically correct, 
it is in such common use, and the thing signified is so sharply defined and easily 
comprehended, that its use may possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man^s pecuniary affairs, 
it is said that he is worth ^Mess than nothing; " it is simply meant that his 
debts exceed his assets. If this excess were $1000, it might be called nega- 
tive $1000, or —$1000. So, again, if a man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing, or negative. In short, in any case 
where quantities are reckoned both ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way **less than zero," or negative. 

53. The value of a Negative Quantity is conceived to increase as 
its numerical value decreases. 

III. — ^Thus — 8 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 3 miles an hour, he is evidently gaining ; i. «., — 3 is an 
increase upon —5. Finally, consider the thermometer scale. If the mercury 
'stands at 20"* below (marked —20°) at one hour, and at —10° the next hour, the 
temperature is increasing ; and, if it increase sufficiently, will become 0, passing 
tohieh it wiU reach +1°, +2°, etc. In this iUustratian, the qtumtUy passes from 
negative to^Msitive by passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90° is positive ; but if 
the arc continually increases, the tangent becomes infinity at 00°, passing which 
it becomes negative. 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in mathematics that, if a vary- 
ing QUANTITY CHANGES ITS SIGN, IT PASSES THROUGH ZERO, OR INFINITY. 



NAMES OF DIFFERENT FOBMS OF EXPRESSION. 
54* A Polynofnial is an expression composed of two or nior» 
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parts connected by the signs plus and minus, each of which parts is 
called a term. 

55. A Jtfonomial is an expression consisting of one term ; a 
Binomial has two terms; a Trinomial has three terms, etc. 

56. A Coefficient of a term is that factor which is considered 
as denoting the number of times the remainder of the term is taken. 
The numerical fiactor, or the product of the known factors in a term, 
is most commonly called the coefficient, though any factor, or the 
product of any number of factors in a term may be considered as 
coefficient to the other part of the term. 

57. Similar Terms are such as consist of the same letters 
affected with the same exponents. 



SECTION II. 

ADDITION. 



58 » Addition is the process of combining several quantities, so 
that the result shall express the aggrcgate value in the fewest terms 
consistent with the notation. 

59. The Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 

60. Prop. 1. Similar terms are united by Addition into 07ie. 

Dem. — Let it be required to add 4ae, 5cie, — %ac, and — Zac. Now 4a« is 4 
times ae, and 5ac is 5 times tlie same quantitj {ac). Bat 4 times and 5 times the 
same quantity make times that quantity. Hence, 4ac added to 5ac make Ooc. 
To add — %(Mi to 9ac we have to consider that the negative quantity, — %ac, is so 
opposed in its character to the positive, ^ac, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2ac destroys 2 of the 9 t'lnes oc^^nd gives, 
when added to it, 7ac. In like manner, — Sac added to 7a<;, gives Aac, Thus the 
four similar terms, Aac, Scte, — 206^ and — ^ctc, have been combined (added) into 
one term, 4ac ; and it is evident that any other group of similar terms can be 
treated in the same manner. Q. B. D. 

61. CoR. 1. — Li adding similar terms, if the terms are all posi- 
tive, the sum is positive ; if all negative, the sum is negative ; if 
some are positive and some negative, the sum takes the sign of that 
hind {positive or negative) which is in excess, 

ScH. — ^The operation of adding positive and negative quantities may look 
to the pupil like Subtraction. For example, we say -f IS and —9 added make 
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+2. This looks like Sribtraction, and, in one view, it ia Sabtraction. But 
why call it Addition ? The reason is, because it is simply putting ths quanU- 
ties together — aggregating them — ^not finding their difference. Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 3 
pounds in the opposite direction, the combined (added) effect is 2 pounds in 
the direction in which the first pulls. If we call the direction in which the 
first pulls positive, and the opposite direction negative, we have +6 and ~3 
to add. This gives, as illustrated, +2. Hence we see, that the sum of +5 
and —Sis +2. 

But the difference of + 5 and — 3 is 8, as will appear from the following 
illustration: Suppose one boy is trying to draw a sleigh in a certain direction, 
and another is holding back 3 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead otJiolding back 
3 lbs., the second hoy piishes 5 lbs., the first boy will have to pull only 5 lbs. 
Thus it appears, that the difference between pushing 5 lbs. (or + 5) and holdr 
ing back 3 lbs. (—3) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that is the 
aggregate value when they are combined, is $10. +25 and —15 are +10. 
But the difference between having $25 in pocket, and being $15 in debt, is 
$40. The difference between +26 and —15 is 40. 

62. Cor. 2. — The sum of two qnafitities, the one positive and the 
other negative f is the numerical difference, with the sign of the greater 
prefixed. 

63. Cor. 3. — It appears that addition in mathematics does not al- 
ways imply increase. Whether a quantity is increased or diminished 
hy adding another to it, depends upon the relative nature of the two 
quantities. If they hoth tend to the same end, the result is an increase 
in that direction. If they tend to opposite ends, the result is a dimi- 
nution of the greater by the less. 



64, JProp. 2. Dissimilar terms are not united into one hy addi- 
tion, hut the operation of adding is expressed by writing them in 
succession, with the positive terms preceded by the + sign, and the 
negative by the — sign. 

Dem. — Let it be required to add + 4cy*, + Sab, — 2xy, and — mn. 4oy* is 4 
times cy*, and Sab is 3 times iab, a different quantity from cy' ; the sum will, 
therefore, not he 7 times, nor, so far as we can tell, any number of times cy* or 
ab, or any other quantity, and we can only easpress the addition thus : 4cy* + Sab. 
In like manner, to add to this sum — 2xy we can only express the addition, as 
4cy* + Sab + (— 2xy). But since 2xy is negative, it tends to destroy the positive 
quantities and will take out of them 2xi/. Hence the result will be 4cy* + Sab 
— Zxy. The effect of — mn will be the same in kind as that of — 2xy, and 
hence the total sum will be 4cy* + Sab — 2xy — mn. As a similar course 
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of reasoning can be applied to any case, the tnithN)f the proposition ap- 
pears. 

ScH. — In such an expression as icy* + 3^ — 2a?y — »in, the — sign before the 
mn does not signify that it is to be taken from the immediately preceding 
quantity ; nor is this the signification of any of the signs. But the quan- 
tities having the — sign are considered as operating to destroy any which 
may have the + sign, and vice versa. 

65. Cor. — Adding a negative qtcantity is the same as subtracting 
a numerically equal positive quantity ; that is,m + (— w) is m — w, 
shovm as above, 

Dem. — Since a negative quantity is one which tends to destroy a positive 
quantity, — n when added to m (». e. + m) destroys n of the units in m, and 
hence gives as a result m ~ n. 



66 • Frob. — To add polynomials. 

RULE, — Combine each set of similae terms isTto one 

TERM, AND CONNECT THE RESULTS WITH THEIR OWN SIGNS. ThB 
POLYNOMIAL THUS FOUND IS THE SUM SOUGHT.* 

Dem. — The purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 
the correctness of the rule is evident, as orUy similar terms can be united into 
one (60, 64). 



67. Prop. 3. Literal termsywhich are similar only with respect 
to part of their factorsy may be united into one term with a polynomial 
coefficient. 

Dem. — Let it be required to add tkbx, — 2cx, and 2mx. These terms are 
similar, only with respect to x, and we may say 5a times x and — 2c times x 
make (5a — 2c) times x, or (5a — 2c)x, And then, 6a — 2c times x and 2m times 
X make (5a — 2^ + 2m) times x, or (5a — 2c + 2m)x. <i. s. D. 



68. Frop. 4. Compound terms tahich have a common compound, 
or polynomial factor, muy be regarded as similar and added with 
respect to that factor. 

Dem. 5(flj* — y*), 2{x* — y*) and — 8(a;* — y*) make, when added with re- 
spect to (x* — y*), 4(a;* — y*), for they are 5 + 2 — 3, or 4 times the same quan. 
tity (aj* — y*). In a similar manner we may reason on other cases. Q. e.^d. 

• This is tbe proficient's rale, as exhibited on p^e 46 of the Complsts School A Lg UBB A, 
ScH. 2. 
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ScH. — ^The object and process of addition, as now explained, will be 
seen to be identical with the same as the pupil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add 248, 10506, 5003, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
known. Again, there is nothing usually found in the decimal addition like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 



Examples. 

1. Find the sum of 2a —dx*, 6x^ — 7a, — 3a + x^, and a — dx^. 

2. Find the sum of a« - J« + SaH - 5aJ«, da* - 4a«* + 3*» 

— dab*,(^ +*' + 3a«i, 2a^ - U^ - 5aft«, 6a*b + 10aJ«, and - 6a» 

— 7aH + 4:aJ« + 2b^. 

3. Find the sum of 5ca*x* + iba^x* + mx*y*y and lOca^x* 

— 2ba*x* -h ernx^y*. 

4. Add 2x^ — 4a;^ -f x*, 6x*y — aJ + x^, ix* — x*, and 2xi - 3 
+ 2x^. 

6.' Add i{x + y) and i{x — y). 

6. Add ax+2by-{-cZy Vx -{- Vy + Vz^ dy*—2x* + d£*, ^z — 3aa: 

— 2by, and 2ax — 4Vy — 2z^. 

7. Add cz — 2ay, 2az — 3ay, my — az, with respect to z and y. 

8. Add {a+b)y/X'-{2-\'m)Vy,^y^+{a+c)x^,dnVy—{2d-e)x^y 
— 2n y/x 4- 12a \/y, and {m + n)y^ + (J + 2c) y/x. 

9. Add a;* + icy + y*, aa;« — axy + ay*, and — by* + bxy + bx*, 
10.' Add a{x + y) + b{x — y), m(x + y) — n{x -- y). 

11. Add dmVx — y + 6w V'a; — y — 6Vi»-- y — dn^x — y. 

12. Add 3aa:"8^ + 5y-* — 2c, — = h 8c, and — %ax~^ — my^ 

Vx y 

i^ 

13. Add \^a* ~ a;«, ~f v^a« - a;«, and ^a* - ««. 
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14.' Add B+±-U, ^Zll±|, and - 2«(a;« - l)-i 
Vx» - 1 (x» - 1)* 

15. Add i(^3 - y-i + «-»), and f (a;t + -y- - ■^). 

I 

16. Add (a - ft + c)Vic* - y*» {a + b — c) (x« - y«)*, and 
{b + c — a) Vx^ — y2. 

17. Condense the polynomial 4aa;t — 3y* + 2ci5 — 4wV» +3my* 
— 2aa;i + 6cif, into 2{a — 2w)Va +3(m — l)y» + 8c5^ 



SECT/ON III. 

SUBTRACTION. 

69. i9u&fi*acfion is^ primarily, the process of taking a less 
quantity from a greater. In an enlarged sense, it comes to mean 
taking one quantity from another, irrespective of their magnitudes. 
It also comprehends all processes of finding the difference between 
quantities. In all cases the result is to be expressed in the fewest 
terms consistent with the notation used. 

TtO. The Difference between two quantities is, in its primary 
signification, the number of units which lie between them ; or, it is 
tohat must he added to one in order to produce the other. When it is 
required to take one quantity from another, the difference is what 
must be added to the Subtrahend in order to produce the Minuend. 

71* Prob, — To perform Subtraction. 

RULE. — Change the signs of each term in the subtra- 
hend FROM + to — , OR FROM — TO +, OR CONCEIVE THEM TO 
BE CHANGED, AND ADD THE RESULT TO THE MINUEND. 

Dem. — Since the difference soaght is what miiBt be added to the subtrahend 
to produce the minuend, we may consider this difference as made up of two 
parts, one the subtrahend with its signs changed, and the other the minuends 
Wlien the sum of these two parts is added to the subtrahend, it is evident that 
the first part will destroy the subtrahend, and the other part, or minuend, will 
be the sum. 
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Thus, to perform the example : 
From 5ax — 66 — 8d — 4»?» 

Take 2aa + 2b — 5d + Sm 



If these three 



Subtrahend with signs changed, -2aaj~26 + 5d-8i» U^^ntities are 
Minuend, 6aaj - 66 - 8d - 4m «f^^ together, 

J the sum will 

Difference, Saa> — 86 + 2d— 13m evidently be the 

minuend. If, therefore, we add the second and third of them (that is, the sub- 
trahend, with its signs changed, and the minuend) together, the sum will be 
what is necessary to be added to the subtrahend to produce the minuend, and 
hence is the difference sought, q. s. d. 

72m Cor. 1. — When a parenthesis, or any symbol of like significa- 
Hon {4:4), occurs in a polynomial, preceded by a — sign, and the 
parenthesis or equivalent symbol is removed, the signs of all the terms 
which were within must be changed, since the — sign indicates that 
the quantity within the parenthesis is a subtrahend. 

73. Cor. 2. — Any quantity can be placed within a parenthesis, 
preceded by the — sign, by changing all the signs. Tlie reason of 
this is evident, since by removing the parenthesis according to the 
preceding corollary, the expression would return to its original form. 



Examples. 

1. How much must be added to 8 to produce 12 ? What is the 
difference between 8 and 12 ? How much must be added to dax^ 
— 6y^ (the subtrahend) to produce 8aa;« + 2y* ? 

Ansioer, — To ^ax^ we must add bax* ; and to — 5y' we must 
add + ty^A Hence in all we must add bax^ + W. 

2. From ^x^ - 2ic« — a; - 7 take 2a;8 — 3a;« + a; + 1. 

3. From a« — x^ take a« + 2ax 4- x*, '^' 

4. From 1 + 3a;* + 3a; + a;* take 1 — 3a;* -f 3a;- a;* 

5. From a;* H- 2a;*y^ + y^ ^^.ke a;* — 2a;*^^ -}- y* 

6. From 7v^l + a;^ - 3ay* take - zV\ + a;* + 3ay* 

7. From ay^ + 10\/aS take ay + x^/ab. " 

8. From bx'^ — 3V»m + 1 take b^x + (wn)* — 1. 

9. From a + J + \/a — b take * + a — (a — &)« + \/ab. 
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10. Eemove the parentheses from the following: 

« - {(^ - c) - ^} ;^ 7a- {3a - [4a - (5a - 2a)]} ; 
2{a - b) - c + d - {a - b —2 (c - d)] ; ; 

3 (2a - S - c) - 5 {a - (2J + c)} + 2 {& - (c - a)}:^ ^ ' 

11. Include within brackets the 3d, 4th, and 6th terms of 3a5 
— a" + ax — lOby + 60. Also the 4th and 6th. Also the 2d and 3d. 

Theoby of SuBTRAGTiON.-^Subtraction is finding the difference between 
quantities, that is, finding what must be added to one quantity to produce the 
other. This difference may always be considered as consisting of two parts, one 
of which destroys the subtrahend, and the other part is the minuend itself. 
Hence, to perform subtraction, we change the signs of the subtrahend to get 
that part of the difference which destroys the subtrahend, and add this result to 
the minuend, which is the other part of the difference. 



SECTION IV. 

MULTIPLICATION. 

74. M/ultiplication is the process of finding the simplest ex- 
pression consistent with the notation used, for a quantity which 
shall be as many times a specified quantity, or such a part of that 
quantity, as is represented by a specified number. 

7S* Cor. 1. — TJie multiplier must always be conceived as an ab- 
stract number^ since it shows how many times the multiplicand is 
to be taken. 

76., Cob. 2. — Tlie product is always of the same hind as the mul- 
tiplica7id. 

77. Prop. 1. — The product of several factors is the same in 
whatever order they are tahe^i. 

Dem. — Ist. ax &, is a taken h times, ora + « + a + a + a to& terms. 

Now, if we take 1 unit from each term (each a), we shaU get h units ; and this 
process can be repeated a times, giving a times &, or & x a. .'. a x 6 = 6 x a. 

2d. When there are more than two factors, as abc. We have shown that ab 
= ha. Now call this product w, whence abc = mc. But by part 1st, mc = em. 
*. abc = ha>c = cab = cba. In like manner we may show that the product of any 
number of factors is the same in whatever order they are taken. Q. E. D. 



78. Prop. 2. — When two factors have the same sign their prod- 
uct is positive : when they have differe^it signs their product is neg- 
ativB. 
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Dbm. — Ist. Let the factors be + a and + b. Considering a as the multiplier 
we are to take -\- b,a times, which gives ■{- db,a being considered as abstract in 
the operation, and the product, + ab, being of the same kind as the multipli- 
cand ; that is, positive. Now, when the product, + ab, is taken in connection 
with other quantities, the sign + of the multiplier, a, shows that it is to be 
added; that is, written with its sign unchanged. .-. (+ 6) x {+ a)= + ab. 

2d. Let the factors be — a and — b. Considering a as the multiplier, we are 
to take —b,a times, which gives — ab,a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — ab, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*. (— ft) x (— a) = •{■ ab. 

3d. Let the factors be — a and + b. Considering a as the multiplier, we are 
to take + b, a times, which ^ves -{- ab,a being considered as abstract in the 
operation, and the product, + ab, being of the same kind as the multiplicand ; 
that is, positive. Now, when this product, + a&, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*.(+&) x (— a) = — ab. 

4th. Let the factors be + a and -^ b. Considering a as the multiplier, we are 
to take —b,a times, which gives — ab,a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — ab, ia taken in connection with 
other quantities, the sign + of the multiplier shows that it is to be added ; that 
is, written with its own sign. .\ {— b) x (+ a) = — ab. q,. s. D. 

79. Cor. 1. — The product of any number of positive factors is 
positive. 

80. Cob 2. — Tlie product of an even number of negative factors is 
positive. 

81. Cob. 3. — 77^6 product of an odd number of negative factors is 
negative. . 



82. Prop. 3. — The product of two or more factors consisting of 
the same quantity affected with exponents^ is the common quantity 
with an exponent equ^l to the sum of the exponents of the factors. 
That is a"^ X a*" = a*^'* ; or «"*• «*• of = «**+•+*, etc., whether the expo- 
nents are integral or fractional, positive or negative. 

Dem. — Ist. When the exponents are paHtive integers. Let it be required to 

multiply a^ bj a" and a', a^ = aaaa to m factors, a* = acuiaa to ti 

factors, and a" = aaaaa to s factors. Hence the product, being composed 

of all the factors in the quantities to be multiplied together, contains m •{■ n + s 
factors each a, and hence is expressed «"*+'' + *. Since it is evident that this rea- 
soning can be extended to any number of factors, as a^ x a^ k a* x a**, etc., 
etc, the proposition in this case is proved. 

2 
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2d. When the exponents are paaitive fractions. Let it be required to multiply 

me - m 

a^ by a* . Now a^ means m of the n equal factors into which a is conceived to 
be resolved. If each of these n factors be resolved into b factors, a will be re- 

solved into bn factors. Then, since a** contains m of the n equal factors of a, 
and each of these is resolved into b factors, m factors will contain bm of the bn 

m bm e 

equal factors of a. Hence a* = a^ . In like manner «* may be shown eqaal to 

en fit e ^IH em 

a^ ; and a^ x a^ = a^ x a^. This now signifies that a is to be resolved into 

m e bm 

bn factors, and &m -f <!» of them taken to form the product. /. <^ x a^ = a^ 

xa*** = a *" ,OTa^ *, which proves the proposition for positive fractional 
exponents, since the same reasoning can be extended to any number of factors, 

tn e e 

ssa^ X a^ X c?, etc. 

3d. When the easponents a/re negative. Let it be required to multiply ar^hj 
ar^, m and n being either integral or fractional. By definition <r"** x a— " = 

— X — :. Now, as fractions are multiplied by multiplying numerators together 

and denominators together, we have -ir ^ "i" = , . , by part 1st of the demon- 
stration. But this is the same as a-t"*+"> or «-•*-". .'. or-* x ar^ = a-*~*. 



Examples. 

1. Prove as above that 81* X 81* = 81^ and that 81^ = 81* 

2. Prove that m* X m^ = w^"+^ 

3. Prove that 16"* x 16"^ = 16"* 

4. Prove that 25"* X 25* is 1. 

5. Prove that ar^ X a* is a. 

ScH. — ^The student must be careful to notice the difference between the 
signification of a fraction used as an exponent^ and its common signification. 
Thus I used as an exponent signifies that a number is resolved into 3 equal 
factors^ and the prodtust of 2 of them taken ; whereas J used as a common 
fmetion signifies that a quantity is to be separated into 3 equal partSy and 
the sum of two of them taken. 

83. Pvob. — To multiply monomials. 

RULE, — Multiply the numerical coefficients as in the 

DECIMAL NOTATION, AND TO THIS PRODUCT AFFIX THE LETTERS OF 
ALL THE FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
THE SUM OF ALL THE EXPONENTS OF THAT LETTER IN ALL THB 
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PACTOBS. The SIGK of the product will be + EXCEPT WHEN 
THEBE IS AN ODD NUMBEB OP MEGATIVB PACTOBS ; IN WHICH CASE 
IT WILL BE — . . 

Dem. — ^Thifl rale is but an application of the preceding prindples. Since the 
prodact is composed of all the factors of the given factors, and the order of ar- 
rangement of the factors in the prodact does not affect its value, we can write 
the product, patting the continued product of the numerical factors first, and 
then grouping the literal factors, so that like letters shall come together, 
finally, performing the operations indicated, by multiplying the numerical 
factors as in the decimal notation, and the like literal factors by adding the ex- 
ponents, the product is completed. 



84m Prob. — To multiply two factors together when one or both 
are polynomials. 

R ULE. — Multiply each tebm of the multiplic and by each 

TEBM OP THE MULTIPLIEB, AND ADD THE PBODUCTS, 

Dem. — ^Thus, if any quantity is to be multiplied by a + 6 — c, if we take it a 
times (t. e. multiply by a), then h times, and add the results, we have taken it 
a + & times. But this is taking it c too many times, as the multiplier required 
it to be taken a + & minus c times. Hence we must multiply by c, and subtract 
this product from the sum of the other two. Now to subtract this product is 
simply to add it with its signs changed (71)' But, regarding the — sign of c 
as we multiply, will change the signs of the product, and we can add the partial 
products as they stand, even without first adding the products by a and &. 
Q.B. D. 



S5. Theo. — TTie square of the sum of two quantities is equal to 
the square of the firsts plus twice the product of the two, plies the 
square of the second. 

86. Theo. — The square of the difference of two quantities is 
equal to tJie square of the first, minus twice the product of the two, 
plus the square of the second. 

87m Theo. — Ths product of the sum and difference of two quan^ 
tities is equal to the difference of their squares. 

The demonstration of these three theorems consists in multiplying 
z-h yhjx + yyX — yhjX'-yy and z + y hj x — y. 
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Examples. y 

1. Multiply together Zax^ — 3a*a;*, 4&y, — y^, and 2ic*y*. 
% Multiply together 3a;*, — maf, 2??i*, cc'"'', — 2, and 2a;'*. 

3. Multiply together 40a;*, a;*y and |a;*y* ; also 3a*J*, and 
-3a*J*. 

4. Multiply m^ by m *, a"* by a*, a'J""* by a^^, w *• bym"*, 

6. Multiply 3a - 2& by a + 4J. 

6. Multiply a;* + a;y + y* by x'^ ^ xy -^^ y». 

7. Multiply m* + n* + 0* — m*w* — m*o* — «*o» by m* + «» 

8. Multiply a"* — a* + a* by a"* — a. 

9. Multiply together 2j — a, i? — i, i? — c, 2f — d. 

10. Multiply together a; 4- y, a; — y, a;* + a;y + y* and a;* — a;y 

Sua. — Try the factors in different orders, and compare the labor required. 

m t m t_ m f 

11. Multiply o^h * - ^""l "• + 1 by cFh"'^ + 1. 

12. Multiply 2a-^-*'Ji-'' + 3a*-ift"* by 10a»--^+ift-+» - 6a'»-»J-*'. 

13. Square the following by the theorems (85, 86) : 

l+fl, a; -2, 3/ + 3(5r, a"^ — a"^i*, af+a;, j^±-, a;-* + y-*; 
fa* - ia"^' Ja;"iy" n — ay'^^x^ 2a*J-^3-j») ^ ^^.y-*. 

14. Write the following products by (87) : 

(3m* + 5w«) X (3m* - 6n*), (v^y* + >v/3;8^) X ( V2y* - v^s/), 
(1 + |a) X (1 - fa), (99aa; + 9 Va^) X (99aa; — 9a^a;^). 

15. Expand (a + ft 4- c) (a + J — c) (a — J -f c) (— a + i + c). 
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Multiplication by Detached Ooeffioientb. 

88m In cases in which the terms of both multiplicand and multi- 
plier contain the same letters, and can be so arranged that the ex- 
ponents of the same letters shall vary in the successiye terms of 
each according to the same law, a similar law will hold good in the 
product, and the multiplication can be effected by using the co- 
efficients alone, in the first instance, and then writing the literal 
factors in the product according to the observed law. A few 
examples will make this clear : 

1. Multiply 2a« — da^x + box* — a;« by 2a« — ooj + 7zK 

^ OPERATION. 

2-3+ 6- 1 

2-1+7 

4 - 6 + 10 - 2 
-2+3-6+1 

+ 14-21 + 35-7 

4 « 8 + 27 - 28 + 36 - 7 

Prod., 4a» - Sa^x + 21a^x^ - 2Sa*x^ + 36aa;* — 7a;» 

2. Multiply a;8 + 2a; — 4 by a;« — 1. 

SuG. — ^By writing these polynomials thus, aj' + (te* + 2flj — 4, «• + 0» — 1 
the law of the exponents in each case becomes evident. Hence we have. 

1+0+2-4 
1 + 0-1 

1+0+2-4 

_l-0-2 +4 



1 +0+1-4-2+4 



P«kL, aj* +0{b* +«'— 4flj* — 2aj + 4,ora!« + «»— 4«* — 3aj + 4 

3. Multiply 3a« + 4flw; — 6x* by 2a» — 6aa? + 4a;«. 

4. Multiply 2a» - 3a5« + 55» by 2a» - 5J«. 

Bug.— The detached coefficients are 2 + — 8 + 5, and 2 + — 5, 

5. Multiply a^ + a^x + ax* + x* by a — x. 

6. Multiply X* - 3«« + 3« - 1 by «« - 2ij: + 1. 
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SECTION V. 

DIVISION. 

89. Division is the process of finding how many times one 
quantity is contained in another. 

ifOm The problem of division maybe stated: Given the produ4St 
of two factors andon^ of the factors^ to find the other ; and the mffir 
dent reason for any quotient is^ that multiplied by the divisor it 
gives the dividend, 

91. Cor. 1. — Dividend and divisor may both be multiplied or 
both be divided by the same number witho^tt^ affecting the quotient, 

92. CoR. 2. — If the dividend be multiplied or divided by any 
number, while the divisor remains the same^ the quotient is multiplied 
or divided by the same. 

93. CoR. 3. — If the divisor be multiplied by any number while the 
dividend rem.ains the same, the quotient is divided by that number / 
but if the divisor be divided, the quotient is multiplied. 

94. CoR. 4. — The sum of the quotients of two or more quantities 
divided by a common divisor, is the same as the quotient of the sum 
of the quantities divided by the same divisor. 

95. CoR. 5. — The difference of the quotients of two quantities 
divided by a common divisor, is the same a^ the quotient of the dif- 
ference divided by the same divisor. 

These corollaries are direct consequences of the definition, and need no 
demonstration ; bat they should be amply illustrated. 

9Bm DBF. — Cancellation is the striking out of a factor common to both 
dividend and divisor, and does not affect the quotient, as appears from {91). 



97. Lemma L — WTien the dividend is positive, the quotient has 
the same sign as the divisor ; but when the dividend is negative, the 
quotient has an opposite sign to the divisor. 

98. Lemma 2. — When the dividend and divisor consist of the 
same quantity affected by exponents, the quotient is the common 
quantity with an exponent equal to the eaqnment in the dividend, 
minus that in the divisor. 
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Tbese lemmas are immediate conseqaenoeB of the law of the signs and 
exfMnents in multiplication. 

99. Cob. 1. — Any quantity with an ea^onent iff 1, since it may 
be considered as arising from dividing a quantity by itself. 

Thus, X representing any quantity, and m any exponent, of* -*- af^ z= x^ = "L 

100. Cor. 2. — Negative exponents arise from division when 
there are more factors of any number in the divisor than in the divi- 
dend, 

101. Cob. 3. — A factor may be transferred from dividend to 
divisor {or from, numerat.or to denominator of a fraction^ which is 
the same thing\ and vice versa^ by changing the sign of its exponent. 



102. JProb. 1. — To divide one monomial by another, 

RULE. — ^Divide the kumerical coefficient of the divi- 
dend BY THAT OF THE DIVISOR AND TO THE QUOTIENT ANNEX THE 
LITERAL FACTORS, AFFECTING EACH WITH AN EXPONENT EQUAL TO 
rrS EXPONENT IN THE DIVIDEND MINUS THAT IN THE DIVISOR, AND 
SUPPBESSINO ALL FACTOBS WHOSE EXPONENTS ABE 0. ThE SIGN 
OF THE QUOTIENT WILL BE + WHEN DIVIDEND AND DIVISOB HAVE 
LIKE SIGNS, AND — WHEN THEY HAVE UNLIKE SIGNS. 

Deh. — The dividend being the product of divisor and quotient, contains all 
the factors of both ; hence the quotient consists of all the factors which are 
found in the dividend and not in the divisor. 



103. JPvob. 2. — To divide a polynomial by a monomial. 

jR ULE. — Divide each tebm of the polynomial dividend by 

THE monomial DIVISOB, AND WBITE THE BESULTS IN CONNECTION 
WITH THEIB OWN SIGNS. 

]>BM. — ^This rule is simply an application of the corollaries {9d, BS). 



lOSm DBF. — A polyn(»nial is said to be arranged with reference to a certain 
letter when the term containing the highest exponent of that letter is placed first 
at the left or right, the term containing the next highest exponent next, etc., etc 
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lOS. Pvob. 3. — 2^0 perform divmon when both dividend an^ 
divisor are polynomials. 

i? C7ZJS^— Having arranged dividend and divisor with 

REFERENCE TO THE SAME LETTER, DIVIDE THE FIRST TERM OF THE 
DIVIDEND BY THE FIRST TERM OF THE DIVISOR FOR THE FIRST 
TERM OF THE QUOTIENT. ThEN SUBTRACT FROM THE DIVIDEND 
THE PRODUCT OF THE DIVISOR INTO THIS TERM OF THE QUOTIENT, 
AND BRING DOWN AS MANY TERMS TO THE REMAINDER AS MAY 
BE NECESSARY TO FORM A NEW DIVIDEND. DiVIDE AS BEFORE, 
AND CONTINUE THE PROCESS TILL THE WORK IS COMPLETE. 

Dbm. — The arrangement of dividend and divisor according to the same letter 
enables us to find the term in the quotient containing the highest (or lowest if 
we put the lowest power of the letter first in our arrangement) power of the 
same letter, and so on for each succeeding term. 

The other steps of the process are founded on the principle, that the product 
of the divisor into the several parts of the quotient is equal to the dividend. 
Now by the operation, the product of the divisor into the first term of the 
quotient is subtracted from the dividend ; then the product of the divisor into the 
second term of the quotient ; and so on, till the product of the divisor into e&ch 
term of the quotient, that is, the product of the divisor into the whole quotient, 
is taken from the dividend. If there is no remainder, it is evident that this 
product is egtuU to the dividend. If there is a remainder, the product of the 
divisor and quotient is equal to the whole of the dividend except the remainder. 
And this remainder is not included in the parts subtracted from the dividend, bj 
operating according to the rule. 

ScH. — This process of division is strictly analogous to ** Long Division" 
in common arithmetic. The arrangement of the terms corresponds to the 
regular order of succession of the thousands, hundreds, tens, units, etc., 
while the other processes are precisely the same in both. 

Examples. 

1. Divide m* by m"*^, n" byw"*, (aJ)**by (oi)", a^ by a*, a"* 
by fl*, a: 5 by a;"*, x'* by x\ 

„ T^ a~*b* 2a*x''^y , bcd'^hx'^ ^ 

2. Free -33— ,> » « ,., » , and -5-35 r- jfrom negative expo- 

nents, and explain the process. 

3. Divide 16ay^ by Say, 8a^b^c*d by 4a2J«c«, Sah^ by ah^, 
—35a^bx^hylla^bx,'-20ahh by -40aJ*c, y* by y^, —y by y-^ 
Uafb^'^'g by -7a-^*-''^-", -4a*J-ic» by — 12a'*Sc»-", o'-^+iJ'— c* 

m n 
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4. Divide 9a«ft« - 12<i«i»+3a«*« by 3aA, llz^y^aH + 121a;»y» 

— 44a;«y*aft* by llic'y', ISox* — 15a^x + Sax by — 6az, 4a* ^m* 

— 12a- 1 om8 + 5280 by -12a-i«, 209a;*y« — 247a;y"+* by 19a;y, 
y* + 3a«y* - 2y* by y*, J*+" - **+»• - *'+•" - y+*- by **•, az' 

— 2aa; » + 3aa; by aaf^K 

6. Divide 4a;« - 2Sxy + 49y« by 2a; - 7y. 

6. Divide 6x^ — 13aa;» + 13a«a;«— 13a»«— 6a* by 2ic«— Soa?— a«. 

7. Divide a;« + y* + 3xy — 1 by a: + y — 1. " . 

8. Divide a«Ji« - 64 by aJ« - 2, a; - 4a* by a;* - 2a* 

9. Divide a;y - a by x^y^ — a"^, 243a» + 1024 by 4 + SaT 

10. Divide y^^^y^+ |^y 3 « |y f « i^j^y + | by yi - 1 + 6. 

11. Divide 1 + 2a;» - 7a;* - 16a;« by 1 + 2a; + 3a;» + 4a;». 

12. Divide (a;« - y«)' by {x - y)', a» + J-» by a + 6"^ 

13. Divide v* 1 by V • 

^ y*' ^ ^ y 

14. Divide 1 by 1 — a;», also by 1 + a;', 1 + a;, and by 1 — as. 

15. Divide a*+" + a"J + aJ" + &*+* by a* + J". /- 

16. Divide d^'^'^^V'^c — a**+"-'i*-V + a'^'h-^nr + a***-»J**+V 
- a'"+**-*ftV-* + J«^*c«+— * by a"**-''-* + Jc*"'. C ^- 

17. Divide 7»*+* + aw»** + «m* + an'^'^^ by w + n. ^^ 

18. Divide mn{x^ + 1) + (w' + ^•) (a^* + a;) + (w« +2nm) (x^ +x*) 
by wa;* + wia; + n, 

19. Divide A*a;* + 2(A - *)a;» - (/*• + 4 - i8)a;« + 2 (A + ifc)a? 
^ hk hyksg^ — A + 2a5. 

20. Divide x -{• y + z^ i^/xyz by a; » + y » + «*. 



DrvisioK BY Detached Coeffioiekts. 

100m Division by detached coe£&eients can be effected in the same 
cases as multiplication {88). The student will be able to trace the 
process and see the reason from an example. 
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1. Divide 10a* - 27a^x + 34a«a;» - ISax^ - 8a;* by aa» - 3ax 
+ ix*. 



OPERATION. 

3-3 + 4)10-27 + 34-18-8 5 
10-15 + 30 6a» 


-6 -3 

-6aaJ-3aj« 


Quai. 


-13 + 14-18 
-13 + 18-34 


• 






- 4+ 6-8 

- 4+ 6-8 





2. Divide x^ — dax^ - Sa^x* + ISa^x — 8a* by «• + 2aa; — 2a», 

3. Divide 6a* - 96 by 3a - 6. 

Suo.— The detached coefficients are 6 + + + — 96 and 8—6. 

4. Divide 3y' + dxy^ — 4x^y —4a;' by a; + y. 

6. Divide a;'* + y'* by a; + y ; also a;* — y* by a:* — y*. 



Synthetic Division. 

107. When division by detached coefficients is practicable, as in 
the examples in the last article, the operation may be very much 
condensed by an arrangement of terms first proposed by W. G. Hor- 
ner, Esq., of Bath, Eng., which is hence called Horner^s method of 
synthetic division. A careful inspection of the operation under 
Ex. 1, in the last article, will acquaint the student with the process. 



3 

+ 3 
-4 



OPERATION. Explanation op Operation.— Arrange the 

10 — 37 + 34 — 18 — 8 coefficients of the divisor in a vertical column 

+ 15 — 30 + 34 + 8 ^^ the left of the dividend, changing the signs of 

— 18 — 6 All after the first. Draw a line underneath the 

5 ZIq Zr2 whole under which to write the coefficients of 



5a*-6<MJ-3a;*, Quat. the quotient. 

The first coefficient of the quotient is found 
evidently by dividing the first of the dividend by the first of the divisor, 
and in this case is 5. As the first term of the dividend is always destroyed by 
this operation, we need give it (10) no farther consideration. Now, multiplying 
the other coefficients after the first (t. «. + 3 and — 4) toith their signs changed, 
by 5, we have + 15 and — 30, which are to be aMed (?) to — 37 and + 34. Hence 
we write the former under the latter. The first term* of the second partial divi- 
dend can be formed mentally by adding (?) + 15 to — 37, and the next term of 
the quotient by dividing this sum (— 13) by 3. Hence — 6 is the second term of 

* strictly, the ** coefflcient of; " but tble form is aied for breviiy. 
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the quotient. (We did not (idd (?) — 20 to + 34, because there is more to be 
taken in before the first term of the next partial dividend is formed.) 

Having found the second term of the quotient (— 6), we multiply the terms 
of the divisor^ except the first, (with their signs changed) bj — 6, and write the 
results, — 18 and + 24, under the third and fourth of the dividend, to which 
they are to be ctdded (?). Now we have all that is to be added* to +34 (viz., 

— 20 and — 18) in order to obtain the first term of the next partial dividend. 
Hence, adding, we get — 4, which divided by 2 gives — 2 as the next term of 
the quotient. Multiplying all the terms of the divisor except the first, as before, 
we have — 6 and + 8, which fall under — 18 and — 8. Now adding + 24 and 

— 6 to — 18, nothing remains. So also +8 — 8 = 0, and the work is complete, 
as far as the coefficients of the quotient are concerned. 

2. Divide a;« - 6a;» + 15a;* - 24a;» + 27a;« - 13aj + 5 by »* - 2a;» 
+ 4a;» - 2a; +1. 

OPERATION. 



1 


1-5 + 15-24+27-18 + 5 


+ 2 


4,2- 4+2-1+ 3-5 


-4 


- 6 + 12- 6 + 10 


+ 2 


+ 10-20 


-1 






1-3+ 5 



Quot, SB* — 3aj + 5 

3. Divide 4y« - 24y» + 60y* - 80y» + 60y« — 24y + 4 by 2y» 
— 4y + 2. 

4. Divide a;' — y** by a; — y ; also 1 by 1 — a;, 

5. Will a; + 2 divide aJ* + 2a;» — 7a;' -20a; + 12 without a re- 
mainder? Wma;-3? 

6. Will a; + 3, or a; — 3, divide a;* — 6a;» — 16a; + 21 without a re- 
mainder ? Will a; + 7, or a; — -7 ? 



* The student will not foil to Bee that this addition is equivalent to the ordinary subtraction 
since the signs of the terms have been changed. 
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OHAPTEE n. 

FACTOBING. 



SECTION I. 

FUNDAMENTAL PROPOSITIONS. 

108. Hie JFdCtors of a number are those numbers which mul- 
tiplied together produce it A Factor is, therefore, a Divisor, A 
Factor is also frequently called a measure, a term arising in Geome- 
try. 

109. A Common IHvisor is a common integral factor of 
two or more numbers. The Ghreateat Common Divisor of two or 
more numbers is the greatest common integral factor, or the product 
of all the common integral factors. Com.mon Measure and Com- 
mon Divisor are equivalent terms. 

110. A Common M/ultiple of two or more numbers is an 
mtegral number which contains each of them as a factor, or which 
is divisible by each of them. The Least Commxm Multiple of two 
or more numbers is the least integral number which is divisible by 
each of them. 

111. A Composite Numher Is one which is composed of 
integral factors different from itself and unity. 

112. A Prime Number is one which has no integral factor 
other than itself and unity. 

113. Numbers are said to be Prime to eojch other when they have 
no common integral factor other than unity. 

ScH. 1. — ^The above definitions and distinctions have come into use from 
considering Decimal Numbers. They are applicable to literal numbers only 
in an accommodated sense. Thus, in the general view which the literal no- 
tation requires, all numbers are composite in the sense that they can be fac- 
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tored; but as to whether the factors are greater or less than unity, integral 
or fractional, we cannot affirm. 



114:m JPvop. Im — A monomtdl may be resolved into literal fac- 
tors by separating its letters into any number of groups^ so that the \ 
sum of oM the exponents of each letter shall make the ea^onent of \ 
that letter in the given monomial. 



lis* Prop. 2. — Any factor which occurs in ^very term of a 
polynomial can be removed by dividing each term of tJie polynomial 
by it. 

* 

116. Prop. 3. — J^ two term^ of a trinomial are POsrnvB and 
the third term is twice the product of the square roots of these twOy 
and POSITIVE, the trinomial is the square of the SUM of these sqiuire 
roots. If the third term is negative, the trinomial is the square of 
the DIFFERENCE Of the two roots. 



117. Prop. 4. — 77ie difference between two quantities is equal 
to the product of the sum and difference of tTieir square roots. 



118. Prop. 5. — When one of the factors of a quantity is given^ 
to find the other ^ divide the given quantity by the given factor^ and 
the quotient xoiU be the other. 



110. Prop. 6. — The difference between any two quantities is a 
divisor of the difference between the same powers of the qiurn" 
tities. 

The SUM of two quantities is a divisor of the difference of the 
same 'EVEN powers^ and the SUM of the same ot>J) powers of the quan-- 
tities, 

DsM. — ^Let X and y be any two quantitiee and n any positiye integer. Mrst, 
a — y divides oj* — y*. Second, if » is even, a? + y divides o^ — y». Third, if n is 
9dd, x + y divides o^ + y*. 
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FIBST. 

Taking the first case, we proceed in form with the division, till four 
of the 

terms of the x — y)aj" — y" (a^-'+iB*--'y+a?"-*yg + af*^y9 + etc. 

quotient (enough to a?* — ai^^^ 

determine the law) are «*"*y — y" 

found. We find that each g*-'y — g*-^g 

remainder consists of two terms, aj*-"*y« — y* 

the second of which, — y», is 4he af-«y8 ~ iff*-*p^ 

second term of the dividend constantly a?"- 'y 3 — y" 

brought down unchanged; and the first a^-'y3 — iC»-*y4 

contains x with a& exponent decreasing by aj»"*y* — y* 

unity in each successive remainder, and y with an 

exponent increasing at the same rate that the exponent of x decreases. At this 
rate the exponent of a; in the nth remainder becomes 0, and that of y, n. Hence 
the nth remainder is y" — y* or ;,and the division is exact. 

SECOND AND THIRD. 

X + y)3if^ ± y» (a^-' — off'-^y + of^-^y^ — <xf^'*y^ , etc. 
aj» + a?»-V 
— aj»-V ± y** 



a^-8y2 ± y* 
Taking a? + y a^-»y« + aj"-'y3 



for a divisor, we — aj*"*y^ ± y* 

observe that the exponent — a^-^y^ — a?*- *y* 



of a; in the successive re- a^-*y^ ± y" 

mainders decreases, and that of y increases 

the same as before. But now we observe that the first term of the remainder is 
— in the odd remainders, as the Ist, 3d, 5th, etc., and + in the eten ones, as the 
2d, 4th, 6th, etc. Hence if n is enen, and the second term of the dividend is — y*, 
the nth remainder is y** — y" or 0, and the division is exact. Again, if n is odd, 
and the second term of the dividend is + y» , the nth remainder is —y^-^y^, 
or 0, and the division is exact, q. e. d. 

120. Cob. — The last proposition applies equaUy to cases involv- 
ing fractional or negative exponents. 

Dem. — ^Thus, aj*— y* divides «*--y*, since the latter is the difference between 
the 4th jwwers of aj* and y*. So in general x"^ — y~^ divides aj"«» _ y r , « 

being any positive integer. This becomes evident by putting x "= «, and 

— f. -»"• ** 

y" »• = w ; whence aj~ » = «•, and y" ♦• = to». But «• — to* is divisible by ©— tr, 

— •■ _*• _ • — * 

hence x" « — y '* is divisible by aj "» — y" •• . 
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121m l?Tiyp. 7. — A trinomial can be resolved into two binomial 

factors^ when one of its terms is the product of the square root of 
one of the other two, into the sum of the factors of the remaining term. 
The two factors are respectively the algebraic sum of this square root^ 
and each of the factors of the third term. 

Iix. — ^Thu8, inx* +7x -¥■ 10, we notice tbat 7x is the piodact of the square 
root of X*, and 2 + 5 (the sum of the factors of 10). The factors of x* + 7x 
+ 10 are a; + 2 and a; + 5. Again, x* —9x — 10, has for its factors 2+2 and 
x — 5,^dx being the product of the square root of x* (or x), and the sum of 
— 5 and 2, (or — 3), which are factors of - 10. Still again, x* +3fl; — 10 
= {x — 2){x + 5), determined in the same manner. 

Debc. — The truth of this proposition appears from considering the product of 
a; + a by a; + &, which is a;' + (a + &) a; + a&. In this product, considered as a 

trinomial, we notice that the *«rm (a + &)a; is the product of Vx* and a-k-b, the 
sum of the factors of ab. In like manner {x + a) (a; — 5) =r a;' + {a— b)x — ab, 
and {x — a){x^h) = x* — (a + &)a; + ab, both of which results correspond to the 
enunciation. Q. E. D. 

[Note. — ^In application, this proposition requires the solution of the problem : 
Given the sum and product of two numbers to find the numbers, the complete 
solution of which cannot be given at this stage of the pupil's progress. It will 
h^ best for him to rely, at present, simply upon inspection.] 



122. Prop. 8. — We can often detect a factor by separating 
a polynomial into parts. 

Ex. Factor x* + 12a; — 28. 

Solution. — ^The form of this polynomial suggests that thero may be a bino- 
mial factor in it, or in a pa/rt of it. Now a;' — 42; + 4 is the square of x — 2, 
and («« — 4j? + 4) + (Ito— 32) makes a?« + 12aj — 28. But (aj*— 4b +4) +(16*— 32) 
= (aj - 2)(aj- 2) + (a;- 2)16 = (a; - 2)(a?-2 + 16) = (a; - 2) (aj + 14). Whence 
a; — 2, and a; + 14 are seen to be the factors of x* + 12^ — 28. 



Miscellaneous Examples. 

1. Factor "ifg^y — 2Spgy^ + 42/8^y, ix^y^ — 7x^y^ + 12ay». 

2. Factor w* — w*, 1 — 2V^ + a;, 256a* + 644a« + 289, 1 — c». 

3. Factor a;*- a;- 72,y«-.i2;Sa»+ J',^ + ^ -2, a«+23a+22. 

4. Factor ^^~+ ^-, c« - dS c* - d-«, c« - rf-«. 

m* mx* »* ' 
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6. Factor a* - m* 4a;* - 5y-*, ^ •- }i », a;« 4- 23a; - 7623. 

6. Factor af - 1, 607^* + 1326m»w^ + 867n», y/a — Vb. 

7. Factor a;»-2aa; — a«, a* =h U^Va^ + 4S8C"*, a;« + v^+2aj^. 

8. Factor A«*" - A^'**'"*'' + A**^** 3a + 3J - 6 Va*. 

9. Besolve a; into two equal fsK^tors ; also two unequal factors. 

10. Besolve 38»*y«2» — 3Vy*i into two factors of which one is 

11. Besolve 121a%%^ into two equal factors ; also into four equal 
factors. 

12. Bemove the factor 7(a*»)^ from 84a***. 

13. Bemove the factor — r + rfrom m^nr^ — -KTr* 

14. Bemove the factor a* — aH + a^h^ — bJ' 4- J* fi'om a* 
+ hK 

16. Factor 16a+5aa; -- a; — 3, 21abcd—2Scdxy'hl6abfnn-'20mnxy, 
21a;« + 23a:2^ — 20y», 12a«x* — 12a«a;^ + da*. 

16. Factor 3a;» - 12a;»y« - 4y« + 1, 72cd*m* - 84(jrf>m» 
+ d6c*d*m*. 

17. The terms of a trinomial are 30a}, 9a* and 255*. What sign 
must be given to each that the trinomial may be factored ? 

18. The terms of a trinomial are — Oa, 12 Va and 4 What must 
be the signs of the last two terms that the trinomial may be 
factored ? 

in 

19. Is a ' — }•• exactly divisible by a» — i or a» + 5 ? 

20. Is m* — n^ exactly divisible by Vm -r Vn ? by Vm +- Vn ? 

21. Is x^^^ + y*®* exactly divisible bya; + y? bya; — y? 

22. Is x«o''» + y»»''» exactly divisible by x** — y** ? by a;'' + y' ? 

23. What is the quotient of (*y* + mz^) -5- (i* \^ + Vmz^) ? 
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24. What is the quotient of {x^ + y^ -5- {x^ + y^ ? 

25. Write the following quotients: (a* + J») -5- (a* + &«); 

-r (a; + z)y m being a positive integer. 

26. Factor x* + ax -h x -^ Oy 1— a, l+o, j^— ^HT "^d 
ic* — a; — 9900. 

27. Factor lOaj^H- |;j] - 20a, 4a: + 4a:* + 1 and 36a- - 5}*-. 

28. a;» — «« - 2a; + 2, 6a;» — 7aa;« - 20a«a:, «*• + SlaT - 32. 



^•» 



SECTION IT. 

GREATEST OB HIGHEST COMMON DIVISOB. 

123* Def. — It is scarcely proper to apply the term Greatest Common Divisor 
to literal quantities, for the values of the letters not being fixed, or specific, 
gretU or smaU cannot be affirmed of them. Thus, whether a* is greater than a, 
depends upon whether a is greater or less than 1, to say nothing of its character 
as positive or negative. So, also, we cannot with propriety call a' — y* greater 
than a — y. If a = i, and y = J, a» — y» = ^, and a — y = | ; .-.in this case 
a^ —ff^<a — ff. Again, if a and y are both greater than 1, but a < y, a' — y' 
though numeriectUy greater than a ~ y is ab9okUely less, since Uiaa great&r 
negative. 

Instead of speaking of G. C. D. in case of literal quantities, we should speak 
of the HigJiest Common JXviior, since what is meant is the divisor which is of 
the highest degree with reference to the letter of arrangement. 

m 

[NoHTE. — ^The general rule for finding the Greatest or Highest Common 
Divisor is founded upon the four following lemmas.] 

12dm Lemma 1. — 7%« Chreatest or Higheat C. D. of ttoo or more 
numbers is theprodv4)t of their common prime f(ictor8. 

Dem. — Since a factor and a divisor are the same thing, all the common fac- 
tors are all the common divisors. And, since the product of any number of fac- 
tors of a number is a divisor of that number, the product of aU tlie common prime 
fartan of two or more numbers is a common divisor of those numbers. More- 
over« this product is the QreaUst or MgAest C D., since no other factor can be in- 
troduced into it without preventing its measuring (dividing), at least, one of the 
given numbers. Q. b. D. 3 
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EXAKPLES. 

1. What is the G. C. D. of 72, 84, and 180 ? 

SoLxmON. — ^Besolve the numbers into their prime facton, and take the pro- 
duct of those which are common to all. 



2. Find the G. 0. D. of 48, 204, and 228. 

3. Find the G. 0. D. of 81, 123, and 316. 

4. Find the Highest 0. D. of Sx^yz* and 16x*y. 



Solution. — Here we see that x, x, and p are all the literal factors com- 
mon to both ; and since 8 and 15 have no common factor, x x x x p is the 
Highest G. D. 

6. Find the H. 0. D. of l^Hhn^ and 30*«Z»w«»«. 

6. Find the H. 0. D. of SaHc, 18a«S», and 26a«S*mn. 

7. Find the H. C. D. of 7a;*y" V and ^xy-*sr+\ 

8. Find the H. C. D. of ba^x^y — lOax^y + 6ax^y and da*x*y 

— 3a;«y«. 

9. Find the H. C. D. of a;« - a; - 12 and a;^ - a;» - 9a; + 9. 

Solution.— «* — a? — 12 = (a? - 4) (« + 8) (121). a?» — »« — 9* + 9 = x*(x — 1) 

— 9(0? — 1) = («« — 9) (« — 1) = (a? — 3) {x -f 3) (a? — 1). Now we see that a? -f 3 is 
a common divisor of the two polynomials, and since it is the only divisor com- 
mon to both, it is the H. C. D. 

10. Find the H. 0. D. of 4i«a:> - 12J«a5« + 12S«a5 - 4i« and 4J«a:8 

— 8J«a;» - 4J«a; + 8J«. 

125m ScH. — The difficulty of factoring renders this process impracticable 
in many cases. There is a more general method. But, in order to demon- 
strate the rule, we require three additional lemmas. 

126. Lemma 2. — A polynomial of the form Ax" + Bx"-' 
4- Cx" -'---- Ex + F, which has no common factor in every 
term^ has no divisor of its own degree except itself 

Dem. — ^Ist. Such a polynomial cannot have one factor of the nth degree — ^its 
9wn — with reference to the letter of arrangement, and another which contains 
the letter of arrangement, for the product of two suck factors would be of a 
higher (or different) degree from the given polynomial. 

3d. It cannot have a factor of the nth degree with reference to the letter of 
arrangement, and another factor which does not contain that letter, for this last 
factor would appear as a common factor in every term, which is contrary to the 
hypothesis. Q. E. D. 
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127 • Lehma 3. — A divisor of any number is a divisor of any 
multiple of that number, . 

III. — This is an axiom. If a goes into b, q timeSj it is evident that it goes 
into n times b, or nb, n times q, or nq times. 

128. Lemma 4. — A common divisor of two numbers is a divisor 
of their sum. and also of their difference. 

Dem. — Let a be a C. D. of m and n, going into m, p times, and into n, q times. 
Then (m ± n) -*- a = p ± g. Q. E. D. 

129. JProb. — To find the H. C. D, of two polynofniats without 
the necessity of resolving them into their prime factors. 

RULE. — 1st. Arbanging the polynomials with bbference 
TO the same letter, and uniting into single terms the like 

POWERS OF THAT LETTER, REMOVE ANY COMMON FACTOB OR PACXOBS 
WICICH MAY APPEAR IN ALL THE TERMS OF BOTH POLYNOMIALS, EE- 
SEBVING THEM AS FACTOBS OF THE H. C. D. ^ 

2d. EeJECT FBOM each polynomial all OTHEB FACTOBS WHICH 
APPEAE IN EACH TEBM OF EITHEB. 

3(L Taking the polynomials, thus beduced, divide the one 

WITH THE GBEATEST EXPONENT OF THE LETTEB OF ABBANGEMENT, 
BY THE OTHER, CONTINUING THE DIVISION TILL THE EXPONENT OF 
THE LETTER OF ARRANGEMENT IS LESS IN THE REMAINDER THAN IN 
THE DIVISOR. 

4th. EeJECT any factor which occurs in every term OP THIS 
REMAINDER, AND DIVIDE THE DIVISOR BY THE REMAINDER AS THUS 
reduced, TREATING THE REMAINDER AND LAST DIVISOR AS THE 
FORMER POLYNOMIALS WERE. CONTINUE THIS PROCESS OF REJECT- 
ING FACTORS FROM EACH TERM OF THE REMAINDER, AND DIVIDING 
THE LAST DIVISOR BY THE LAST REMAINDER TILL NOTHING RE- 
MAINS. 

If, at any TIME, A FRACTION WOULD OCCUR IN THE QUOTIENT, 
MULTIPLY THE DIVIDEND BY ANY NUMBEB WHICH WILL AVOID THE 
PBACTION. 

The LAST DIVISOB MULTIPLIED BY ALL THE FIBST RESERVED COM- 
HON FACTORS OF THE GIVEN POLYNOMIALS, WILL BE THE H. C. D. 
SOUGHT. 
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Dmc. — ^Lei A and B repFesent any two poljnomialfl whom H. C, D. iB 

sought. 

Ist. Arrangmg A and B with reference to the same letter, for convenienoe in 
dividing, and also to render common factors more readily discernible, if any 
common factors appear, they can be removed and reserved as factors of the H. 

C. D., since the H. C. D. consists of all the common factors of A and B. 

2d. Having removed these common factors, call the remaining factors C and 

D. We are now to ascertain what common factors there are in C and D, or to 
find their H. C. D. As this H. C. D. consists of only the common factors, we can 
r^ect from each of the polynomials, C and D, any factors which are not common. 
Having done this, call the remaining factors E and F. 

8d. Suppose polynomial E to be of lower degree with respect to the letter of 
arrangement than F. (If E and F are of the same degree, it is immaterial which 
is made the divisor in the subsequent process.) Now, as E is its own only divisor 
of its own degree (Leh. 2), if it divides F, it is the H. C. D. of the two. If, in 
attempting to divide F by E to ascertain whether it is a divisor, fractions arise, 
F can be multiplied by any number not a factor in £ (and E has no monomial 
factor), since the common factors of E and F would not be affected by the opera- 
tion. Call such a multiple of F, if necessary, F. Then the H. C. D. of E and 
F', is the H. C. D. of E and F. If, now, E divides F, it is the H. C. D. of E and 
F. drying it, suppose it goes Q times, with a remainder, R. 

4th. Any divisor of E and F' is a divisor of R, since F' — QE = R, and any 
divisor of a number divides any multiple of that number (Lbm. 8), and a divisor 
of two numbers divides their difference. The H. C. D. divides E, hence it di- 
vides QE, and, as it also divides F, it divides the difference between F' and QE, 
or R. Therefore the H. C. D. of E and F, is also a divisor of E and R, and can- 
not be of higher degree than R 

5th. We now repeat the reasoning of the 8d and 4th paragraphs concerning 
E and F, with reference to E and R. Thus, R is by hypothesis of lower degree 
than E ; hence, dividing E by it, rejecting any factor not common to both, or in- 
troducing any one into E, which may be necessary to avoid fractions, we ascer- 
tain whether Ris a divisor of E. If it is, it divides F, since F = R + QE (Leic. 
8, 4), and hence is the H. C. D. of E and F. 

6th. Proceeding thus, till two numbers are found, one of which divides the 
other, the last divisor is the H. C. D. of E and F, since at every step we show 
that the H. C. D. is a divisor of the two numbers compared, and the last divisor 
is its own H. D. 

7th. Finally, we have thus found aU the common factors of A and B, the pro- 
duct of which is their JH. C. D. Q. B. D. 



Examples. 

1. Find the H. 0. D. of 12a« J« + 3J«y« - IBab^y + 12a« Jy + 3Jy» 

- 15aby^y and 6aH^ - 6a»J«y - 2d«y» +2ai«y« + 6a»Jy - 6a«4y» 

— 25y* 4- 2aby*. 
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OFUBATIOir. 

13a«6« + 86V - 15a6«y + 12a*by + 86y' - 15a^* - - (A). 

6a35t _ to«&«y - 26«y» + 2<»& V + 6a% ~ to«6y« - 26y* + 2aby* - - (J5). 

4a*6 + 6y* — Softy + 4a*y + y* - 5ay* (C). 

3a^6 - 3g*Sy - 6y^ + <%' + 3a^y - 3a«y« ~y* + qy^ (D). 

(^ + 4y)a«-(5fty+.6y«)a + (6y* + y») (^). 

(36 -^ 8y)fl&» - (36y + V)a« + (6y* + y')a- (fty» -I- y*) W- 

4a* — 6ya + y*) 8a» — 8ya* + p*a — y» 

£ 

(J) - . - - 13a» — 13ya« + 4if*a - 4y»(8a 
( JT) ... - 12g» — 15ya* + 3y*g 

(L) - 9ya* + y*a - 4y« 

4 

(Jf) 13ya« + 4y*a-l^»(?y 

(jf )...--- . 12yg« -» Ifify'q + 3y» 

(O) - * Reject 1^* ... I9y*a - 19y' G^ 

(/^ a — 'y)4a* — 5ya + y*(4» — y. 

— ya + y* 

— ya + y* 

/. The H. C. D. of (A) and (B) is (6) (6 4.y) (a — y) = a6* + a6y — 6*y — by*. 

ScH. — ^It often occurs that one or more of the above steps are not requirdd, 
espedally the remoying of a compound factor from the given polynomials. 

2. Find the R 0. D., with respect to x, of «* — 8«« + 21z* • 20aj 
-f 4, and 2x^ - 12a;« + 21a5 - 10. 

OFSBATION. 

2»»-12»« +21«*-10)aj*- 8»» + 81«« - 90» + 4 

8 

((7). -....- aaj^ - lte» + 43aj« - 40» + 8(«-» 

ag* - iaa?« + 21g' -- IQg 

- 4b» + 2U* - 8Gw + 8 

— 4g» + 24g* — 42g -I- 20 

(D) Reject - 8 - 8a?» + 12fl? - 12 

(jB?) - aj« - 4b + 4 

»• - 4c + 4)2aj« - 12a5« + 21a; - 10(2aj - 4 
2a?» — 8a?* + 8a? 

— 4fl?* -f 13a? — 10 

— 4p* + 16a; — 16 

(J?0 - Reject - 3 - - 3a;4- 6 (E) 

(GF) a? — 2)a?* — 4a? + 4(a? — 2 

a?»~2g 

-2a? + 4 

— 2g + 4 
Hence a? — 2 is the H. C. D. 
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3.' Find the H. 0. D. of 2a;8 + 5 — 8a; + a;», and 42a;« + 30 - 72a;. 

4. Find the H. 0. D. of 2aa;» + 2a + 4aa;, and 7J 4- 14&a; + Hbx^ 
+ UbxK 

6. Find the H, 0. D. of 6a» 4- 7aa; — 3a;», and 6a« + Uax 4- 3a;«. 

6. Find the H. 0. D. of 4fl8 - 4a» - ab* + 5«, and 4a* 4- 2a& 
-2S». 

7. Find the H. C. D. of 12a;* - 24a;»y 4- 12a5»y«, and 8a;>y« 

— 24a;«y« 4- ^4a;y* — 8y». 

8. Find the H. C. D. of 62aa;» - 24aa;* - 44fla;« - 12a 4- 8aa;» 
4- 60aa;, and 14a«* 4- 60aHx* — 16a»&c» 4- 2a«Sa;» - 74a«Ja; 

- 2a«Ja;*. 



130. JProb. — Tojbid the H. (7. Z>. of three or more polynomials. 

R ULE. — ^FiND THE H. C. D. of any two of the givbk poly- 
nomials BY ONE OF THE FOREGOING METHODS, AND THEN FIND 
THE H. C. D. OF THIS H. C. D. AND ONE OF THE REMAINING POLY- 
NOMIALS, AND THEN AGAIN COMPARE THIS LAST H. C. D. WITH 
ANOTHER OF THE POLYNOMIALS, AND FIND THEIR H. C. D. CON- 
TINUE THIS PROCESS TILL *ALL THE POLYNOMIALS HAVE BEEN 
USED. 

Dbm. — For brevity, call the several polynomials. A, B, C, D, etc. Let the H. C. 
D. of A and 6 be represented by P, whence P contains aU the factors common 
to A and B. Finding the H. C. D. of P and C, let it be called P'. P', therefore, 
contains aU the common factors of P and C ; and as P contains all that are 
common to A and 6, P' contains all that are common to A, B, and 0. In like 
manner if P" is the H. C. D. of P' and D, it contains all the common factors of 
A, B, C, and D, etc. Q. B. D. 

Examples. 

1. Find the H. C. D. of a;« 4- 11a; 4- 30, 2.r« 4- 21a; 4- 64, and 9a;s 
+ 53a;2 - 9a; - 18. The H.aD.i8X+ 6. 

2. What is the H. C. D. of 10a;« 4- 10a;3y« 4- 20a;*y, 2a;5 4- 2y3, 
and 4y* 4- 12a;8y* + 4a;8y 4- 12xy^ ? 
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SECTION in. 

LOWEST OR LEAST COMMON MULTIPLE. 

131. Def. — In speaking of decimal numbers, the tenn Least Common 
Multiple is correct, but not in speaking of literal numbers. For example, the 
numbers (a + &)* and (a* — b*) are both contained in (a -f b)* x (a — b), and in 
any multiple of this product, as m{a + b)* (a — b). But whether m(a+&)' (a— 6) 
is greater or less than {a + b)* (a — b) depends upon whether a is greater or less 
than b, and also whether m is greater or less than unity. In speaking of literal 
numbers, we should say Laioest Common Multiple, meaning the multiple of low- 
est degree with respect to some specified letter. 



1.32 m Fvob. — To find the L. C, M. of two or more numbers. 

R TJLE. — ^TaKE the LITEBAL NUMBBB op the highest DEaRBB, 
OB THE largest DECIMAL NUMBER, AND MULTIPLY IT BY ALL THE 

factors pound in the next lower which are not in it. 
Again, multiply this product by all the factors pound in 

THE next lower NUMBEB AND NOT IN IT, AND SO CONTINUE 
TILL* ALL THE N-UMBERS ARE USED. ThE PRODUCT THUS OBTAINED 
IS THE L. 0. M. 

Dem. — ^Let A, B, C, D, etc., represent any numbers arranged in the order of 
their degrees, or values. Now, as A is its own L. M., the L. C. M. of all the 
numbers must contain it as a factor. But, in order to contain B, the L. G. M. 
must contain all the factors of B. Hence, if there are any factors in 6 which are 
not found in A, these must be introduced. So, also, if G contains factors not 
found in A and B, they must be introduced, in order that the product may con- 
tain G, etc., etc. Now it is evident that the product so obtained, is the L. G. M. 
of the several numbers, since it contains all the factors of any one of them, and 
hence can be divided by any one of them, and if any factor were removed it 
would cease to be a multiple of some one or more of the numbers. Q. E. D. 

1. Find the L. 0. M. of (a;» - 1), (x» - 1), and (x + 1). 

Solution. — ^The L. G. M. must contain aj' — 1, and as it is its own L. M., if it 
contains all the factors of the other two, it is the required L. G. M. The factors 
of aj* — 1 are (« — 1) («* + « + 1). But this product does not contain the factors 
of (a;* — 1), which are (« + 1) (« — 1). Hence, we must introduce the factor 
(aj + 1), giving (aj' — 1) (a? + 1), as the L. G. M. of a;' — 1 and a?* — 1. Now, as 
this product contains the third quantity, it is the L. G. M. of the three. 

2. Find the L. C. M.of (a + J)S a« - SS (a- S)S and a» + 3a«6 
+ 3a*2 + ^. 
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3. Find the L. 0. M. of (a;* - 4), (a;« + 2), and («• - 2). 

4 Find the L. 0. M. of (a* - 2a* + 1), (1 + a), (a - 1), and 4. 

6. Find the L. C. M. of 3a»6»iry, 67ax^, 87y», and 9a»5* 

6. Find the L. C. M. of (1 - 18a + 81a«), (3a* + 1) (1 - 3 Va), 

and (27a* — 9a — SVa + 1). 

ScH. — ^In applying this rule, if the common factors of the two nnmbers are 
not readily discerned, apply the method of finding the H. CD., in order to 
discover them. 

7. Find the L. 0. M. of «» -2aa5« + 4a«a5 — 8a», a?» + 2ax* + 4a»a5 
+ 8a', and x* — 4a«. 

Solution.— The L. C. M. of these niimben most contain »* — 2ax* + 4a*x 

— 8a^ ; and as it is its own L. M., if it contains all the factors of z^ + 2aa;' 
+ Aa*x + 8a^, it is the L. C. M. of these two polynomials. But as the common 
factors of these numbers, if they have any, are not readily discerned, we applj 
the method of H. C. D., and find that x* + 4a' is the H. C. D. of the two. Since, 
then, x^ — 2aa!* -f 4a*aj — 8a* contains the factor x* + 4a* of the second number, 
it is only necessary to introduce the other factor in order to have the L. 0. M. of 
the two. Now, («' + 2aaj* + 4a*a? -f 8a') -*- («* + 4a*)=aj -f 2a. Hence, («* -i2aa;* 
■f 4a*aj — 8a*) (a? + 2a) or a?* — 16a* is the L. C. M. of the first two numbers, 
since it contains all the factors of each, and no more. Now, to find whether 
0?* — 16a* is a multiple of the remaining number, x* — 4a*, or, if it is not, what 
factors must be introduced to make it so, we proceed in the same way as with 
the first two numbers. But our first step (or 117) shows us that «* —16a* is a 
multiple of a?* — 4a*. .'. a?* — 16a* is the L. C. M. of the three given numbers. 

8. Find the L. 0. M. of «»- 3a; - 70 and x^ - 39a; + 70. 

9. Find the L. 0. M. of «»+ a; - 2, a;»— a; — 6, and «• — 4a; + 3. 

10. Find the L. 0. M. of a^- 4a«d + 9a6«~ 106» and a»+ 2aH 

— 3a5« + 20*8. 

11. Find the L. 0. M. of a;«- 9a;» + 26a; - 24, a;»- 10a;« + 31a; 

— 30, and a;« — lla;» 4- 38a; - 40. 

12. Find the L. CM. of a;*-10a;« + 9, a;*+10a;5+20a?«-10a;-21, 
anda;*+ 4a;8- 22a;«— 4a; +21. 
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OHAPTEB m. 



WBACTIOKS. 



DEFINITIONS AND FUNDAMENTAL PRINCIPLEa 

133. A JFrdCtionj in the literal notation^ is to be considered 
as an indicated operation in Division. 

134:, SoH. — ^In the literal notation it becomes impracticable to consider 
the denominator as indicating the number of equal parts into which unity 19 
divided, and the numerator as indicating the number of those parts repre- 
sented by the fraction, since the very genius of this notation requires that 

the letters be not restricted in their signification. Thus in =r, it will not do. 



to say, h represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantities should be sufficiently comprehensive to include all values. 
Hence 1> may be a mixed number. Now suppose "b =z 4). It is absurd to 
speak of unity as divided into 4} equal parts. 

135m OoR. 1. — Since numerator is dividend and denominator 
divisor, it follows from {91^ 92, 93) thai dividing or muUiply- 
ing both terms of a fraction does not alter its valice ; that multi- 
plying or dividing the numerator multiplies or divides the vahte of 
the fraction ; and that multiplying or dividing the denominator 
divides or multiplies the fraction, 

X36. Cob. 2. — A fracti<m is multiplied by its denominator by 
simply removing it. 

137. The terms Integer or Entire Number y Mixed Number y 
Proper and Improper, are applied to literal numbers, bnt not with 
strict propriety. 

Whether m + n is an integer, a mixed number, or a fraction, depends upon 
the values of m and n, which the genius of the literal notation requires to be 
understood as i>erfectly general, until some restriction is imposed. 

As a matter of convenience, we adopt the foUowing definitions : 
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138 » A number not having the fractional /orm is said to hava 
the Integral Form; asm + n,2c^d-' Sa''*x + dx^y^. 

lS9m A polynomial having part of its terms in the fractional 
and part in the integral form, is called a Mixed HfwrnbeVm 

14:0. A Proper Frdction, in the literal notation, is an ex- 
pression wholly in the fractional form, and which cannot be expressed 
in the integi*al form without negative exponents. 

By calling such an expression a proper fraction, we do not assert anything 

a 
with reference to its value as compared with unity. Thus "T" ifi & proper frac- 
tion, though it may be greater or less than unity. It may also be written 

14:1. An Improper Fraction is an expression in the frac- 
tional form, but which can be expressed in the integral or mixed 
form without the use of negative exponents. 

142. A Simple Fraction is a single fraction with both 
terms in the integral form. 

143. A Compound Fraction is two or more fractions con- 
nected by the word of. 

This term is not generally applicable in the literal notation. Thus we may 

2 3 am 

write -Q- of 7" with propriety, but not -r- of ---, unless a and h are integral, so 

a 2 

that the fraction -r- may be considered as representing equal parts of unity, as q- 

does. If the word of is considered as simply an equivalent for x , the notation 
is of course, always admissible. But it is scarcely a simple equivalent. 

144. A Complex Fraction is a fraction having in one or 
both its terms an expression of the fractional form. 

145. A fraction is in its Lowest Terms when there is no com- 
mon integral factor in both its terms. 

146. The Lowest Common Denominator is the num- 
ber of lowest degree, which can form the denominator of several 
given fractions, giving fractions of the same values respectively, 
while the nunierators retain the integral form. 

147. Heduction, in mathematics, is changing the form of an 
expression without changing its value. 
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Eeductions. 

148. There are five principal reductions required in operating 
with fractions, viz. : To Lowest Tei^msr-From Improper Fractions 
to Integral or Mixed FormSy — From Integral or Mixed Forms to Im- 
proper Fractions, — To Forms having a Common Denominator^ — 
and from the Ccrmplex to the Simple Form. 

149. JPrdb. 1» — To reduce a/raction to its lowest terms. 
BULK — Reject all common factobs from both terms; or 

DIVIDE BOTH TERMS BY THEIR H. 0. D. 

Deh. — Since the numerator is the dividend and the denominator the divisor, 
rejecting the same factors from each does not alter the value of the fraction 
(91). Having rejected aU the common factors, or, what is the same thing, the 
H. C. D. (which contains all the common factors), the fraction is in its lowest 
terms (14S). 

ScH. 1. — Since the H. C. D. is the product of all the common factors 
(109), the above process is equivalent to dividing both terms of the frac- 
tion by their H. C. D. Whenever the common factors of the terms are not 
readily discernible, the process for finding their H. C. D. {129) may be 
resorted to. 

ScH. 2. — ^The opposite process is sometimes serviceable, viz. : the intro- 
duction of a factor into both terms of a fraction, which will give it a mor^ 
convenient form. It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by dividing a 
term of one fraction by the corresponding term of the other. 



ISO. Prob. 2. — To reduce a fraction from an improper to an 
integral or mioced form. 

RULE. — Perform the Divisioiq- indicated (133). 

1S1» Cor. — By means of negative indices (eaponents) any 
fraction can he expressed in the integral form. 



1S2. JPvob. 3. — To reduce numbers from the integral or mixed 
to the fractional form. 

R ULE. — Multiply the integral part by the given de- 
nominator, AND ANNEXING THE NUMERATOR OF THE FRAC- 
TIONAL PART, IF ANY, WRITE THE SUM OVER THE GIVEN DE- 
NOMINATOR. 
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Dbm. — ^In tlie case of a number in the integral form, the process consists of 
multiplying the given number bj the given denominator and indicating the 
division of the product bj the same number, and hence is equivalent to multi- 
plying and dividing by the same quantity, which does not change the value of 
the number. The same is true as far as relates -to the integral part of a mixed 
form, after which the two fractional parts are to be added together. As they 
have the same divisors, the dividends can be added upon the principle that the 
sum of the quotients equals the quotient of the sum (94). 



1S3. Prob* 4. — To reduce fractions having different denomv- 
natora to equivalent fractions having a common denominator. 

BULK — Multiply both tbbms op bach feaotion^ by the 

DEKOKIlf ATOBS OF ALL THE OTHEB FBAGTIONS. 

Dem. — ^This gives a common denominator, because each denominator is the 
product of all the denominators of the several fractions. The value of any one 
of the fractions is not changed, because both numerator and denominator are 
multiplied by the same number {13S). 

lSd» Cob. — To reduce fractions to eqmvcdent ones having the 
Lowest Common Denominator ^ find the X. G. M, of aU the denomi^ 
nators for tJie new denominator. Then multiply both terms of each 
fraction by the qtu>tient of that X. (7. M, divided by the denominator 
of that fraction, 

1SS» Prob* S. — To redtice complex fra4Stions to the form of 
simple fra/stions. 

R ULE. — Multiply itumebatoe and denominatob of the com- 
plex FBACTIOlJr by the PBODUCT of all the DEN0MINAT0B8 OF 
THE PAETIAL FBACTIOXS FOUND IN THEM; OB, MULTIPLY BY THE 
L. C. M. OF THE DENOMINATOBS OF THE PABTIAL FBACTIONS.* 

Dbk. — ^This process removes the partial denominators, since each fraction is 
multiplied by its own denominator, at least, and this is done by dropping the 
denominator. It does not alter the value of the fraction, since it is multiplying 
dividend and divisor by the same quantity. 



Addition. 
156 • Prob* — To add frontons. 

R ULE. — Eeduce them to fobms having a common denomina- 

TOB, IF THEY HAVE NOT SUCH FOBMS, AND THEN ADD THE NUMEBA- 
TOBS, and WBITE THE SUM OVEB THE COMMON DENOMINATOB. 



* The papil Is pnppoBed to have ohtained sufficient knowledge of fractions in common arith- 
metic to perform these operations. 
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Deic. — ^The reduction of the fseveral f ractionB to f ormB haTing a oommon denomi- 
zuktor, if they have not such forms, does not alter their values {13S), and hence 
does not alter the sum. Then, when thej have a common denominator (divisor), 
the sum of the several quotients is equal to the quotient of the sum of the sev- 
eral dividends divided hy the common divisor, or denominator (9^). 

1S7» Cob. — Mepressions in the mixed form mat/ either be reduced 
to the improper form and then added, or the integral parts may he 
added into one aum^ and the fractional into atiother^ and these remtta 
added. 



SxJBTBAcnoK. 
1S8. l?TOh. — To subtract fractions. 
H ULK — ^Reduce the fbactioks to fobms having a oomhok 

DENOMINATOR, IF THEY HAVE NOT SUCH FOBMS, AND SUBTBACT THE 

NUMEBATOB OF tHB SUBTBAHBND FBOM. THE NUMEBATOB OF THE 

MINUEND, AND PLACE THE BEMAINDEB OYEB THE COMMON DENOMI- 

NATOB. 

Dbm. — The value of the fractions not being altered by the reduction, their dif- 
ference is not altered. After this reduction, we have the difference of two quo- 
tients arising from dividing two numbers (the numerators) by the same divisor 
(the common denominator). But this is the same as the quotient arising from 
dividing the difference between the numbers by the common divisor (95). 

lS9m Cob. — Mixed numbers may be subtracted by annexing the 
subtrahend with its signs changed^ to the mintiend, and then combining 
the terms as much as may be desired. The reason for the change of 
signs is the same as in whole numbers {71)» 



Multiplication. 
160m Proh. 1. — To multiply a fraction by an integer. 
RULE. — ^Multiply the numebatob ob divide the denomi* 

KATOB. 

Dem. — Since numerator is dividend and denominator divisor, and the value of 
the fraction is the quotient, this rule is a direct consequence of {92, 93). 

161. JProh. 2.— To multiply by a fraction. 

RULE. — Multiply by the numebatob and divide by the 

DBNOMINATOB.* 



♦ It is assamed that the pupil knows how to divide a fraction by an Integer, from his etndy 
of arithmetic Neyerthelecs the problem will be utrodnced hereafter for the purpose of famil- 
iMtaiiig tlie popU wiih the lltelal opemttoiui. 
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Dem. — Let it be required to multiply m, which is either an integer or a frac- 



tion, by r. 



1st. Suppose a and h are both integers. Multiplying mhj a gives a product 
h times too large, since we were to multiply by only a 5th part of a ; hence vre 



am 



divide the product, am, by h, and have -r-. 

2d. When either a or h, or both, are fractions. Let c be the factor by which 

a a 

numerator and denominator of r must be multiplied to make ? a simple frac- 

tion {l&S^. Then will r- be a simple fraction, t. e., O/C and he are each integral ; 



and the multiplication is effected as in Case 1st, giving -^^ This reduced by 

dividing both terms by c gives -r-. Hence we see that in am,y case, to multiply 

by a fraction, we have only to multiply the multiplicand by the numerator of 
the multiplier, and divide this product by the denominator. It is also to be ob- 
served that this reasoning applies equally well whether the mvUiplMand is inte- 
gral or fractional. 

162* Cob. — To multiply mixed numbers^ first reduce them to irr^ 
proper fractions. 

Division. 
103. JPvoh. 1. — To divide a fraction by an integer, 
RULE. — Divide the n^umebatob ob multiply the DEiq^OMi- 

NATOB. 

Dbm. — Since numerator is dividend, and denominator divisor, and the value 
of the fraction the quotient, this rule is a direct consequence of {92, 93). 

164. JProb. 2. — To divide by a fra>ction. 

R ULE. — Divide by the n^umebatob aitd multiply the quo- 
tient BY THE DENOMINATOB. Ob, WHAT IS THE SAME THINQ, 
JNVEBT THE TEBMS OF THE DIVISOB AND PBOCEED AS IN MULTIPLI- 
CATION. 

Dbm. — The correctness of the first process appears from the fact that division 
is the reverse of multiplication, and, hence, as w^ multiply by the numerator 
and divide by the denominator in order to multiply by a fraction, to divide by 
one we must^meJe by the numerator and multiply by the denominator. 

The process of inverting the divisor and then multiplying by it is seen to be 
the same as the other, since this multiplies the dividend by the denominator of 
the divisor and divides by the numerator. 

Again, this process may be demonstrated thus : Inserting the divisor shows 
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how inauy times it is contained in 1. Then if the given divisor is contained so 
many times in l,it will be contained in 5, 5 times as many times ; in f , f as many 
times ; in ax'^, ax* times as many times ; or in any dividend as niany times the 
number of times it is contained in 1, as is expressed by that dividend, whether 
it be integral, fractional, or mixed. (The author prefers this demonstration.) 

ScH. 1. — Since to multiply one fraction by another we may multiply the 
numerators together for the numerator and the denominators for the denomi- 
nator, and since division is the reverse, we may perform division by dividing 
the numerator of the dividend by the numerator of the divisor, and the de- 
nominator of the dividend by the denominator of the divisor. 

This method will coincide with the others when tJiey are worked by per- 
forming the operations by division as far as practicable, and this is worked 
by performing the multiplications equivalent to the divisions when the latter 
are not practicable. 

16Sm Cob. — TTis reciprocal of a quantity being 1 divided by that 
quantity, the reciprocal of a fraction is the fraction inverted. 

GbsteraIj Scholittm. — In both mnltiplication and division of fractions, or by 
fractions, all operations which can be performed by difoiding should be so per- 
formed^ in order that the result may be in its lowest terms. 



SiGN^s OP A Fraction. 

166. In considering the signs of a fraction, we have to notice 
three things^ viz. : the sign of the numerator, the sign of the denomi- 
nator, and the sign before the fraction as a whole. This latter sign 
does not belong to either the numerator or denominator separately, 
but to the whole expression. 

Thus, in the expression — ~ r—r, in the numerator the sign of 4a is +, 

2a? + 4y* 

and of 5ed is — . In the denominator, the sign of 2x\a + , and of 4y* + alsa 
The sign of the fraction is ~. These are the signs of operation (50). 

167m The essential character of a fraction, et,s positive or 
negative, can be determined only when the essential character of all 
the numbers entering into it is known. It may then foe determined 
by principles already given {78, 97). 
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Examples 
1. Beduce the following fractions to their lowest terms : 



a;-4 ^ yi aH-- 1 g» — 3a; — 4 3g + Say 8g» + 12g + 9 . 
a;-i — y-i' 1 + a^/V a;» — 4a; — 5* 4J*— 4J*^»' a;» + 6a;» + 6 ' 

6a;»-3a;~45 (1+a;)' gp-^'y-y^ 2a;»y»-h2 3a;»+2a;»-8a; 
6a;» + 19a;+10' (l-a;')*' ^-p+ijn-r^l' a;«y«-l '9a;»-12a;«-36a;+48' 

2a;* - a;8 --. 9a;g + 13a;- 5 2g&»+ g&«- 8gft+5g a;»- 8a;»+21a;— 18 

7a;»-19a;«+17a;-5 ' 7J»-12J«+6J ' 3a;»-16a;«+21a; ' 
16a;* - 53a;g H- 45a; -f 6 
8a;* - 30a;» + 31a;» - 12* 

2. What factor will change ^— -^ to ^^, _^; P 

g* + g»a;-h g»a;» H- ga;» -f a;* ^^ g* — a;* p g» + |a;8 -|- ^a; + i ^ 

g + a; g« — a;* ' ia;« — J 

4a:«-,a;^4 6y* - 12yy» - 6;p»g^ + 12^* ^ ^p^ - 2g^»] ^ 

a;-l ^8_jr2 ^^jr 

^ ^ , 1 a;* + 14a;« + 27 w« + n« + 2m» — x — y 

3. Beduce :; — , ^. . . ^, ^ , ^ ^> 

1— a; a;* + 4 w + » 

1 — flio 2 g* + 4g*a; + 6g«a;« + 4ga;5 + a;* af 



g 4- 1 ' 2-a;' g» + 3g«a; + 3ga;2 + a;* ' 1-ar* 



> and 



g'-+* 



g**+' -f wg 



to integral or mixed forms. 



, ^ 3g«Sy» (?w+n)» cV+« , a;-"(a+J)» 

^ ^^P^'^ W' (Urn)-- FW^' ^^* «;•-(« -6)» 
in the integral form. 

a? 
5. Beduce the following mixed to fractional forms : 1 + 



, „ „ . 14a»ft + 12a«A» - Soft , , - 4a; — 4 

l + 7a + 6a5 ^^^- , . 1 + 2a; — ^^, 

, 3a** + 2aft» — 6> , 6« + <j« — a» , , 1 — a; 

«-*+ SiTTji ' 1+ ^. ,aadl-a;-j-p^. 
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6. Eeduce ^, j^, ^, ^, and ^, to fonns haying a C. D. 

7. Eeduce , , and —z to forms havinir a 0. D. 

X a a* + a;* ^ 

£L •^— X CL "^ X €L ^— X 1 

8. Reduce y -7— r rr, -, and to equivalent 

X a;(a*— a*) a •¥ x a — x ^ 

fractions haying the L. C. D. 

1 X x^ 

9. Reduce , ; r^, and 7 -r to equiyalent frac- 

tions haying the L. G. D. 

10. Reduce 7^-- — r^ and ^- '— to forms haying the L. C. D. 

(1 -^-xy 1 — a;' ® 

11. Reduce —r, — j, — r-- — -, and — r- r to forms haymg the 

L.C. D. 

12. Reduce 5-, r — —2, and ^ ^ to forms haying the L. 0. D. 

13. Reduce the following complex fractions to simple ones : 
-S x^ a ^c m^ -^-n* ' 

be ' |*V+A^*«*' i g' ^4.5^' 7^-1 -W-* ' 



a 



c 



-^ Ajj« ^^ j^ a; — 7 J 7 — a; 1 ,1 

14. Add-,-,^,andj^; -y- and -^-; ^-—^ and ^p^j-^ ; 

a-\-b , fl^ - & - 2g 2 3 

__ and ^ ; ^3 ^ ^, -^^^ ana ^smjrqr^TTi 5 

a — b c — a ^b — c 1 a; + l ,a:»+a; + l 1 

-, and -^— ; — -^, -^ — oTT-n^ a»d 



' ad ' oc ' 6c ' a: + 3' a;« - 3a: + 9' «» + 27 ' a - J' 

— -^, and = £r. 4 

a + J a» — ft* 
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15. Add -r ; — J, — — , and -z-- — i ; « — ( t" + 4a^a:^ J 



and J + — + 4a*a?*. 



rr + Sa; — 4 -a; + 5 



17. Add 7 r-7 jT and 7 — ; — r? — ; — ^v 9 o — r ^^^ 

(a + c) (a + d) {a + c) (a + d) ' 3my« — x 

y — 6mpy* x y a ^^ 

(3my* — a;)« ' y* a? + y' *" a;» + ay* 

18. Add -A-,, 5^, -^. and ^^ -/>' + ?- ^^'^ ^^"^ 

a — V h — c c — a (a — o) (0 — c) {c — a) 

19. From -^ take -^; from i^±;^ take ^^LZL*!! ; 

a: — 3 a; + 3' ab ao ^ 

from = take 



a; — 7 a; — 3* 



20. From 7a; ^-^ — take x r — : from ^tt irr take 



6 a 



21. From :r-T r\ — -z-r-, TT take 



2 (a; 4- 1) 10 (x - 1) 5 (2a; + 3)* 



00 TUT u- 1 4^ + 1^ V. 1^ a;« - A» a;« + S» a - i 
22. Multiply -^p- by 3^-^; ^^^-^ by -^-^; ^-^-^ 

^y «_}> j+y ^^J-a;' a^^^^ b^ b' a;* + 5a; + 6 ^^ 

4a;« - 1 2a; - 40 
3a;» - 18a; + 15' 



r. 



V 
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23. Midtiply 551^ by ^; -^x'^ by ix*; -|^; by 
27a» ' l-x°^ ^ ^ + =^, f,^, bj —, — by^^.. 

o-i xr 14.- 1 a;* - 3a;* + 1 . . a;* - 1 o- + J* - 2<f . ^, 
24 Multiply -=; J J by — ; „._..._, by the 

reciprocal of ?^^; (..-;)(.. ^.)byO-y,.^,i.i^ 

^ (a!» - y»)« + (a;* + y*)* ' (a+l)» ^ (a* - a)*' 

85. Multiply together y^' FT^*' "^*^ ^ + r=l;" 

26. Multiply x* —x + l by a;-« + 2?-^ + 1 ; 1 r by 

27. Dmde -^by-—- ; -^-r-bym«7*« ; — =-^ by w"»n-» ; -r^ 



by 



^2; 



28. Divide "^^'^/^ by llm^n^V^^ ; \ by 1 + 9a» ; 

llwnV 



1 
— by ar- 

a:" 



1— «• , ^ o'— J* , a — J 



29. Dmde ^p- — by 1 — a; — --^ by 5 — --^ ; ( ) by 

(g + a;)« ; / g l^-^\ / tg _ lj-?\ . (c-b g3~63\ 

^ 'Vl+a;"^ a;y-^Vl + a; «/' Vc + * c^+Z^V 

30. Dmde m*- «-* by m + -; \^-^ by .^^— j^; «»-*« 

•'a + J — c'\ic + y yJ ^ \ y x-^ yj 



? 
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1_ 2^ /1-n' 

31. Divide ii±ll! by ( — ^ . 

32. Divide l±(*!^)L:i£V by _£L. 

33. Divide ^ + i + ^ - 3a-'J-'c-* by - + J + -. 

a* 0* c* ^ a c 

84 Free "'* + ^"' ^"^y" ^"* + y" ('^ " V)'* and a-i 
+ S~*a of negative exponents. 

35. What is the reciprocal of —= — -, (tt^ | > y 9 and 

^ cd — V \%1 1 ^ m — fi 

(m H- n) " 

36. Is the fraction -- ^-5 — j-y essentially positive, or negative, 
T^hen a, m, x, and y are each negative ? 

Solution. — Since (— a)* = a*, 4a* is essentially positiye. Since (— i»X-" *) 
= mo;, the term ^mx, in itself, is positive, and the numerator becomes 4a' 

— (+ Zmx), or 4a* — 9mx {72y Now, whether 4a* — Zmx gives a + or a — 
result, depends upon the numerical values of a, m, and x. If 4a* > Zmx, 4a* 

— 9mx is + ; but, if 4a* < Smx, 4a* — 9mx is — . Again, since (— «)' = — «*, 
the first term of the denominator, 2x^, is essentiaUy negative. And since 
(— y)* = y*, the term 4y* is essentially positive and the denominator becomes 
— • 2x^ + (+4y*), or — 2x^ + 4y*. Whether this is + or — , depends upon the 
relative values of x and y. If we suppose 4a* > 9mx the numerator becomes + , 

and if 2x^ be greater than 4^* the denominator becomes —, and we have , 

which gives a positive result. 

* 

37. What is the essential sim of r-^ r-> when a= —1, i=2, 

° <ibxy — 4 

X = —3, and y = — 4? 

38. What is the essential sign of TV^ ^ , when a = — 3, 

J = — 8, w = — 1, and y = 1 ? 
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2d^x^ Sct°b 

39. What is the essential sign of j -, when a= —32, 

J = — 2, w = — 8, and ic = — 2 ? . v 



40. Simplify 



1 y 

-J_-_i_ + ^-f y 

a — X a — y (ci — x)* (a — y)« 



(a — y) (a -a;)« (a - y)« (a -a;) 

abc 3 — a — J + c , 

> and 



dc (^ ab 



a + 



•-8 



« — 



^ («• - 5*). 



'-i 
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OHAPTEB IV. 

JPOWEMS AND BOOTS. 



SECTION I. 

INVOLUTION. 



Definitions. 

1B8. A Power is vi, product arising from multiplying a number 
by itself. The Degree of the power is indicated by the number 
of factors taken. 

ScH.7-It will be seen that a power is a species of composite number in 
which the component factors are equal. 

169m A Root is one of the equal factors into which a number is 
conceived to be resolved. The Degree of the root is indicated 
by the number of required factors. 

170. An JExponent or Index is a number written a little 
to the right and above another number, and 

1st. If a Positive Integer, it indicates a Potoer of the number; 

2d. If a Positive Fraction^ the numerator indicates a Power, and 
the denominator a Root of the number ; 

3d. If a Negative Integer or Fraction, it indicates the Reciprocal 
of what it would signify if positive. 

ScH. — ^It is obviously incorrect to read 4* ** the f potper of 4." There is 
no such thing as a 2-fifths power, as will be seen by considering the defini- 

SL — m — - 

tion of a power. Read 4 , ** 4 exponent i ; " also a" , "a exponent « ; " a " , 

**a exponent — jr." These are abbreviated forms for, **a with an exponent 

— ^," etc. In this way any exponent, however complicated, is read withouf 
difficulty. 
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IV Im A Radical Number is an indicated root of a number. 
K the root can be extracted exactly, the quantity is called Rational; 
if the root cannot be extracted exactly, the expression is called Irra- 
tionaly or Surd, 

172m A Root is iiidicated either by the denominator of a frac- 
tional exponent, or by the Sadical Sign, y/. This sign used 
alone signifies square root Any other root is indicated by writing 
its index in the opening of th&»v part of the sign. 

173. An Imaginary Quantity is an indicated even root 
of a negative quantity, and is so called because lio number, in the 
ordinary sense, can be found, which, taken an even number of times 
as a factor, produces a negative quantity. 



Thus V — 4 is imaginary, because we cannot find any factor, in the ordinary 
sense, which multiplied by itself once produces — 4. Neither + 2 nor — 2 pro- 
duces — 4 when squared. For a like reason V — 3a*, V — Ox, or ^--1402^* 
are imaginaries. 

17dm All quantities not imaginary are called ReaL 

17Sm Similar Madieals are like roots of like quantities 

Thus 4>/5a, 3x\/5a, and (a* — x*)\/6a are similar radicals. 

176m To nationalize an expression is to free it from radicals. 

177m To affect a number with an Exponent is to per- 
form upon it the operations indicated by that exponent 

178m Involution is the process of raising numbers to required 
powers. 

17 9 • Evolution is the process of extracting roots of numbers. 

ISOm Calculus of Itadic€d8 treats of the processes of re- 
ducing, adding, subtracting, or performing any of the common 
arithmetical operations upon radical quantities. 



iKVOLUnON. 

181m Prob. 1. — To raise a number to any required power. 
R ULE. — ^Multiply the number by itself as maitst times, less 

OK^E, AS THERE ARE UNITS IN THE DEGREE OF THE POWER. 

- 182m CoR. — Since any number of positive factors givee a positive 
product^ aU powers of positive monomials are positive. Again^ 



56 / .^..r,^^ 

since an 'EVEN number of negative factors gives a positive product^ 
and an odd number gives a negative product^ it foUows that even 
powers of negative numbers are positive^ and odd powers negative. 



183 • Pvob. 2. — To affect a monomial with any exponent. 
RULE. — Pbbform upon the coefficient the operations 

INDICATED BY THE EXPONENT, AND "MULTIPLY THE EXPONENTS OF 
THE LETTERS BY THE GIVEN EXPONENT. 

Dem. — iBt. When the exponent by which the m&namial is to he affected i$ a positive 

m 

integer. Let it be required to affect 4a»&' x- ' with the exponent p; or in other 
words raise it to the ^h power, p being a positive integer. The pth power of 

4a^b^ X-* \b ia'^b^ X-* x 4a^b^ x-* x 4a*6*'a:-* to p factors. But as 

the order of the arrangement of the factors does not affect the product (77), 
this product ma^ be considered as, p factors each 4, into p factors each (^, into p 



m 



factors each 6% into p factors each xr*. Now p factors each 4 give ^ b^ definition. 
p factors each a"* are expressed o^"*, since a"* is m factors each a, and p factors con- 
taining m factors each, make in the whole pm factors, or o^"". Again, p factors 

n jm % 1 

each &*' are expressed &*' , since &*' is n factors each 6'' , and p factors, containing^ 

- — 1 11 

factors each, are pn factors each b^'gorb^ , And since xr-'= — ,t) factors, or — x — 

af (V x» 

X — ... to p factors make — , as fractions are multiplied b^ multiplying 
a?* aj*' 

numerators together for a new numerator and denominators for a new denomi- 
nator, and x^ X x^ X 3fi' - ' top factors are x^*. But — = «-*>•. Hence oollect- 

^ XP* 

ing the factors we find that (4a"»6^«-*)' = 4»a«^&*" «-»•. q. b. d. 

2d. When the exponent is a positive fraction. Let it be required to affect 

• m 

4a*6 x-'j with the exponent ~. This means that 4a*&'^a?-' is to be resolved 
into q equal factors and p of them taken. Now, if we separate each of the f ac- 

m 

tors of 4a^b "" x-' into q equal factors, and then take p at each of these, we shall 
have done what is signified by the exponent-^. 

By definition, 4 ^ represents one of the q equal factors of 4. 

To obtain one of the q equal factors of o", we take one of the q equal factors 
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of a from each of the m factors represented. But one of the q equal factors of 

1 m 

a is represented by a ^ , and m of these is a ^ by definition. 

To separate h^ into q equal factors, we notice that b^ is n of the r equal fac- 
tors of b. Now, if we resolve each of these r factors into q equal factors, b is 
resolved into i*q equal factors ; doing the same with each of the n factors repre- 
sented, and taking (me from each set, we have b resolved into rq equal factors 

HL • 

and n of them taken ; that is 6^^ is one of the q equal factors of 6*^ . 

To resolve a;~'= -7 into q equal factors, we consider that a fraction is 
resolved by resolving its numerator and denominator separately. But one of the 

g equal factors of lis 1; and <m« of the g equal factors of iC is oj^ as seen in the re- 

1 1 -' 
solution of o^. Hence one of the q equal factors of x^ or J_ is ~T = .^ « 

Collecting these factors we find that one of the q equal factors of 4a^x-* is 
4^a^b^x ^. And finally |> of these being obtained according to Case 1st, gives 
49 a'l Wx * , as the expression for 4a^^ x— affected with the exponent ?; which 

q 

result agrees with the enunciation of the rule. 

3d. WTien the exponerU is negative and eUher integral or fractumal. Let 

m 

it be required to affect 4a'^x-* with the exponent —t. This by the definition 
of negative exponents, signifies that we are to take the reciprocal of what the 

expression would be if ^ were positive. But 4a'*yx-' affected with the exponent 

t (positive) is A^a^^yx'^ by the preceding cases, whether t is integral or frac- 

tionaL The reciprocal of this is j^ . But since these Actors can be 

^a^bTx-^ 
transferred to the numerator by changing the signs of their exponents, we have 

4-*a-***'' »•«*•, as the result of affecting 4a^b^x-' with the exponent —t, which 
result agrees with the enunciation of the rule. 



184m Frob» 3, — To esepand a binomial affected toith any expo- 
nent. 

RULE. — This bulb is best stated ik a fobmula. Thus, 

I*BT a, bf AND m BE ANY NUMBBBS WHATEYEB, POSITIVE 03 
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KBGATIVB, IKTEGBAL OB PBAOTIOKAL, THEN WILL (tf + ft)* BBP&B- 
SBKT Aiq^Y BIN^OML^L, AFFECTED WITH AXY EXPOKENT, AND 

{a + »)- = a- + Twa— iJ + ^^■T'^^^ fl^'y 

J. • vv 

ffl(OT-i)(OT-a) 
+ 1 • a • 3 * *^ 

ffl (fw - 1) (ot - 2) (ot -> 3) 

+ — 1 • a • 3 • 4 — * *^ 

ffl(fft-l)(m-2)(m-3)(OT-4) 
+ 1-2-3-4-6 ae», + etc. 

This is the celebrated BmoiaAL Formula, or Theobeic. Its demonstra- 
tion will be found in the subsequent part of the work. At this stage of his 
progress the student should learn the formula and become expert in applying it. 

18Sm Gob. 1. — 77ie eapanHcm of a binomicU terminates oniif token 
the eacponent is a positive integer, since only when m. is a positive 
integer will a factor of the form m(m — 1) (m — 2) (m — 3), etCy 
become 0, as is evident by inspection. 

186 • Cor. 2. — When m is a positive integer^ that is when a bino- 
mial is raised to any poieer^ tJiere is one more term in the develop- 
ment than units in the exponent. 

' ffUfli *" 1) 

Since the first coefficient is 1 ; the 2d, i» ; the 8d, ■ ; the 4th, 

m(m —1) (m — 2) ., e., m(m — 1)(*» — 2) (f» ~ 8) . *. ^v -l xv. 

' ^ . — i^— jr ' ; the 5th, — ^ — ^ — ^-i— jr — ^-^ ' ; etc., we notice that the 

2-3 2'8*4 

last factor is m — (the number of the term — 2) ; and the number of the term, 

* therefore, which has m — m as a factor is the (m + 2)th term. But this is 0. 

Hence the {m + l)th term is the last. 

187* Cob. 3. — When m is a positive integety the confidents eqiMlly 
distant from the extremes are equal. 

Thus («+&)"» = (& + a)*; the former of which gives <*» + «ia"»-*6 + 
m(m ~ l) ^,_ay ^^ ^^^^ ^^^ ^Yie latter 6- + mb^-'a + ^^o"" ^^ ^"*-'a» +. etc. 

Whence it appears that the first half of the terms and the last half are exactly 
symmetrical. 

188. Cob. 4. — The sum of the exponents in each term is the same 
as the ea^ofient of the power. 

ScH.— The last two corollaries apply to the form {x + ^)", a&d not to such 
forms as (2a^ — S^')**, after the latter is fully expanded. 
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189 • Cor. 5. — -4 convenient nde far writing out the powers of 
binomials may be thus stated: 

1st There is one more term in the development than there are 
units in the eixponent of the power. 

2d. The fibst contains only the first kUerofthe binomial^ and the 
last term only the second, while all the other terms, contain both the 
letters* 

^d. The easponent of the first letter of the binomial in the first term 
of the development is the same as the ea^onent of the required power 
and DIMINISHES by unity to the right, while the exponerU of the 
second letter begins at unity in the second term of tJie expansion and 
INCREASES by unity to the right, becoming, in the last term, the same 
as the exponent of the power. 

ah. The coefficient of the first term of the expansion is unity ; of 
the second, the exponent of the required power ; and that of any other 
term may be found by multiplying the coefficient of the preceding 
term by the exponent of the first letter in that term, and dividing the 
product by the exponent of the second letter + 1. 

190m Cor. 6. — Jf the sign between the tertns of the binomial is 
mimes, as (a — b)", the odd terms of the expansion are + and the 
even ones —. This arises from the fact that the odd terms involve 
even powers of the second or negative term- of the binomial, and the 
even terms invclve the oddpoioers of the same. 



Examples. 

1. What is the square of 3a» ? Of -2a^x? Offir*'^? Ot -l^aK? 

— - m^ 

Oi2iVx? OfiV2? Of--Y? 

2. What is the square ofl-x+x*? Of 2a-dx^? 

3. Expand the following: {3-2x-x*)\ (3a:«-l) , (aj-jf+a;) , 
{l-x^)\ {x^-y^)\ 

4. Affect M^^ with the exponent 4 ; 4a8a:« with the exponent 2 ; 

a^x with the exponent — m, with the exponent i, f ; hx^y with the 
exponent |, ^, — 3. 
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5. Perform the following operations and explain each as a process 
of factoring, according to (DEM.iS3): {126a^x^)^, (64a«a;)* 

6. Expand the following by the Binomial Formula: {x + y)"*, 

(1 «,,)*, V^iZw, ^^3, -^, (a«+te.)* 

7%ree results. 

— == = (1 - «»)"* = 1 + ia!» +|a!* + ^z« + ^z» +, etc 
V 1 — «• 

(a. + te»)' = a + ^-g^-j +j6^-,etc. 

7. Write out by Cob's. 5 and 6, the expansions of the follow- 
ing: (a + *)», («-*)% (a«-ft2)», (a;*-y*)S(a«+y«)fi,(a;"*-y->)*. 



^ 



SECTION If. 

EVOLUTION. 

19 1» JPTOb» Im — To extract any root of a perfect power ofthxxt 
degree. 

RULE. — Besolve the number into its prime factors, and 

SEPARATE THESE INTO AS MANY EQUAL GROUPS AS THERE ARE 
UNITS IN THE DEGREE OF THE ROOT REQUIRED; THE PRODUCT OF 
ONE OF THESE GROUPS IS THE ROOT SOUGHT. 

192. ScH. — The sign of an even root of a positive number is ambiguous 
(that is + or — ), since an even number of factors gives the same product 
whether they are positive or negative {70 f 80). The sign of an odd root is 
the same as that of the number itself, since an odd number of positive factors 
gives a positive product and an odd number of negative factors gives a 
negative product {80, 81), 

193 • CoR. 1. — TTie roots of monomials can he extracted by 
extracting the required root of the coefficient and dividing the expo- 
nent of each letter by the index of the root^ since to eastfract the square 
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root is to affect a number with the ea^ponent |-, the cttbe root -J, the nth 
root 1, etc. (183). 

194m Cob. 2. — The root of the product of several numbers is tike 
same as the product of the roots. 

Thus, Voftca? = Va . Vft • Vc • 'Vx, sinoe to extract the mth root of obex 

we haye but to divide the exponent of each letter by m, which giveB, 

J. L i 1 — _ • 

arlFff*^, or VflT- Vft • Vc • *V^ 

19Sm Cob. 3. — The root of the quotient of two numbers is the same 
as the quotient of the roots. 



^ n 



--?« since to extract the rih root of — 



Thus, 4/ — is the same as -J?« since to extract the rih root of — we have 



but to extract the rth root of numerator and denominator, which operation 

is performed by dividing their exponents by r. Hence i/ — = — j- = lJ!\ 

f n — w^ 



Examples. 

i. Extract the square root of each of the following numbers by 
resolving them into their factors, i. e. by (191) : 222784 ; 21316 ; 
and 5499025. 

2. Extract the square root of each of the following, as above: 
81a*a;-*yV% a*c« + 2a*5c«+a«J«c«, m^—2m^x-hm^z*. 



3. Extract as above : \/25a*i», y 64a-»a;*, y 49a;y* V144a*wi«, 



|/||^^ f^l6w"^y», ^\%hm^x^\ ^Vt%^x^y^, <^-32aior'- 

4. Solve exercises 2 and 3 also by {193)* 

5. Show as in (194L) that v^S x 27 = v^x^27; also that 

{V^6^ = \^a^* X y J» . 

6. Is V^ltT= Vadbv^? Is j/|=^? Ib Va6=Va VJ? 

Why does the reasoning in the cases which are true not apply to the 
others ? State the true propositions ; also the false assumption. 

8cH. — ^The extraction of roots by resolving numbers into their factors 
according to this rule, is limited in its application for several i^aaooa. In 
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the case of decimal numbers we can always find the prime factors by trial, 
and hence if the number is an exact power, can get its root. But in case 
the number is not an exact power of the degree required, we have no method 
of approximating to its exact root by this rule, as we have by the common 
method already learned in arithmetic. In case of literal numbers the diffi- 
culty of detecting the polynomial factors of a polynomial is usually insuper- 
able. Hence we seek general rules which will not be subject to these 
objections. 



196 • JPro6, 2. — To eostract roots whose indices are composed of 
tJie factors 2 and 3. 

SoLunoif . — ^To extract the 4th root, extract the square root of the square root. 
Since the 4th root is one of the 4 equal factors into which a number is conceived 
to be resolved, if we first resolve a number into 2 equal factors (that is, extract 
the square root) and then resolve one of these factors into 2 equal factors (that 
is, extract its square root) one of the last factors is one of the 4 equal factors 
which o(Mnpose the original number, and hence the 4th root. In like manner 
the 6th root is the cube root of the square root, etc. 



tt tt U 



197 • "Pvoh. 3. — To extranet the rath {any) root of a number, 

SoLxmON. — Instead of giving in detail the demonstrations of the processes for 
the extraction of roots, we assume that the student is familiar with the subject 
as presented in common arithmetic,* and propose here to show him how to see 
a rule for the extraction of any root of a decimal number, and of a polynomial, 
in the expansicMi of a binomial. Thus 

For the 
Square root {a + 6)* =a* + (2a + 6)& gives the rule ; 

Cube " (a+6)»=a» + (3a*+8a6 + 6«>6 

Fourth " (a + 6)*=a* + (4a» + 6a«64-4a5«+6»)& 

Fifth " {a + ly =a« + (5a* + lOa'6 + 10a*6« + tiab^ + 6*)6 

etc., etc., etc. , 

In all cases a represents the part of the root already found, and h the next 
figure or term of tiie root ; observing that in decimal numbers, a is tens with 
reference to h. 

The method of pointing off decimal numbers into periods, and the reason, 
are shown for the square and cube root in common arithmetic ; and the same 
reasoning extends to other roots. 

A polynomial must be arranged as for division, since this is the form which 
a power takes when the root is similarly arranged. 

The solution of a few examples will familiarize the student with this method. 

^^— — ^i*i^w^w^— ^ ■ ■ ■ ■■ I- I I ■■■■■■■— I ■ 11 I — ^— — ■ ■■»■■■■ ■. ■■■I— I ■ ■■» ■■ II , I ■■ ^p^— ^^^— ^ 

* Tbe whole ei^Uect is fully presented in the Coxflbtb School Alobbba. 
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Examples. 
1. Extract the sqnare root of 7284601. 



SOLUTION. 



The formula is {a + 6)» = ©■ + (2a + b)b. 



At first or =r the greatest square in 7. .\a = 2. 



i2MxA\2fM 



2a =: 2(20) = the Trial Divisor 40 

/, 328 -*- 40 = 8 is the prdbaJblef* second root figure. 

(2a + 5) = 40 + 8 is the True Divisor if 8 is ^e second root 
figure. But 48 X 8 = 384. .-. 8 is too large. We will try 
6 as the second root figure 6 

Whence (2a + 6) = the True Divisor 46 



328 



276 



JVinr, 2a = 2 (260) = the 2Wa^ Divisor 520 

.". 5246 -5- 520 = the probable next root figure 9 

(2a + 6) =520 + 9 = the True Divisor 629 



5246 
4761 



Again, 2a = 2(2690) = the Trial Divisor 

.'. 48501 4- 5380 = the probable next root figure, 
(2a + 6) = 5380 + 9 = the True Divisor 



5380 

9 

5389 



48501 
48501 



2. Extract the cube root of 99252847. 



80LX3TIOK. 



The formula is (a + 6)« = a* + (3a« + 3a6 + 6')&. 
At first a^ = the greatest cube in 99. .*. a = 4. 



9fe52847|463 
64 



8a* = 3(40)« = the Trial Divisor.. 


4800 


35252 


.-. 35252 -i- 4800 = 7, the probable next root figure. 






(3a« + 3a6 + 6«) = 4800 + 840 + 49 = 5689, the True Divisor 






if 7 is the next root figure. But, as this does not go 7 






times in 35252, 7 is too large ; and we try 6. 






Now, the corrections to be added to the trial divisor to make 






the true divisor, are 3a6 = 3 (40) 6 = 


720 




and 6« = (6)« = 


86 




Hence the true divisor is 


5556 


33336 


New IWoZ Divisor, 3a« = 3(460)* = 634800 


1916847 


(306 = 3(460)3 = 


4140 




Corrections : j ^j i_ /qvt _ 




J}rue Divisor OaftQiQ 


1916847 







* The new root fignre cannot be laiger than this quotient. It is often not bo large, and ihi^ 
pfohabflity of Its being oofialderably len increases with the degree pf the root we are eztractlDg. 
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3. Extract the 5th root of 36936242722357. 



SOLUTION. 

FormtUa : (a + by = «• + 6a*b + 10a'6« + 10a*6' + Sab* + ft* 

= a* + [5a* + 10a»6 + 10a«*« + 5a6» + ft*] 6. 

At first a* = the greatest 5th power in 869a /. a = 5. | 869^fl242'72285f|517 

3125 

THo; Divisor: 6a« = 5(50)«= 81250000 56862427 

fist. 10a»6 = 10(50)'» X 1= 1250000 

2d. 10a«ft« = 10(50)« x 1» = 26000 

3d. 6a6» = 6(50)x 1» = 250 

4th. 6* = 1* = 1 



Corrections : ^ 



7Vt4<5 Divisor : 82525261 



82525251 



Trial Divisor: 6a* = 5(610)* = 888260050000 

fist. lOa^b = 10(610)» X 7 = .. . 9285670000 
2d. 10a*ft* = 10(510)* x 7* = . 127449000 

3d. 6a*» = 6(610) x 7' = 874660 

4th. 6* = 7* = 24^1 

True Divisor: 847678946051 



Corrections : 



2488717622867 



2488717622867 



4. What is the 7th root of 1231171548132409344 ? 



S0LI7TI0K. 



FmMda : (a-\-by=a''-^7a^b + 21a»6« + 85o**» + 85o'** + 21a«6» -h 'Tab^ + b^ 

= a^ + [7a6 +21a»ft+86a*6« +85a»*' + 21a«6* + 7a6» + 6«]ft. 



128ll71648lfe409844|884 
2187 



JWerf Divisor: 7a« = 7(80)« =... 


6108000000 


101247164818 


•• 


fist. 21a«ft = 21(30)» X 8=... 


4082400000 




as 

g 


2d. 86a*ft« = 35 (30)* x 8* = . 


1814400000 




'5 1 


3d. 35a»6» = 35(30)» x 8' = . . 


483840000 




^ ' 


4th. 21a«ft* = 21 (30)« x 8* =. 


77414400 




o 


5th. 7ad« = 7(80) x 8* = 


6881280 




CP 


6th. ft6 = 88= 


262144 








11668197824 


92646682692 


TWoi Divisor: 7*6 = 7 (880)« = . . 


.21076554688000000 


87015722212409844 


• • 


r 1st. 21a» J = 21 (380)» x 4 = . . 


. 665675411200000 




i 


2d. 35a*J« = 36 (380)* x 4* = 


11676761600000 




.2 


3d. d5a*b^ = 86(380)» x 4* = 


122913280000 


■ 


g 


4th. 21a«J* = 21 (380)« X 4* = 


776294400 




6 


5th. 7aft« = 7(38Q) x 4»=... 


2728840 






L6th. b^ = 48 = 


4096 
21763930653102836 








87015722212409844 
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6. Extract the square root of each of the following numbers : 7225, 
9801, 553536, 5764801, 345642, 2, .5, 3, 50, 1.25, 1.6.. 

6. Extract the cube root of each of the following numbers : 74088, 
122097755681, 2936.493568, 61234, 12.5, .64, .08, 2, 5. 

7. Extract the 4th root of 52764813. (See 196.) 

8. Extract the 6th root of 2985984. (See 196.) 

9. Extract the 8th root of 1679616. (See 196.) 

10. Extract the 5th root of 5. \^= 1.37974 -. 

11. Extract the 7th root of 2. ^/2== 1.104 +. 

12. Extract the square root of 49a;«y« - ^Orc'y + 16y*- 24«y» 
+ 25a:*. 

BOLUnOK. 



a*=25x* 

,\ a=5aj* 



Ibrmida: (a+ft)*=a»+(2a+ft)ft. 

26a!*-30aj»y+40ajV-24fly» + l?y* 1 6g*-8fly+ V 
35aj* 



2a= Trial Div. = 10aj« 
ft= -30aj'y-*-10aj« = -3a^ 
.-. True I>iv.=10aj*— 3a^ 



s««i 



2a= Trial Div.= 10aj« -6ajy 

/. ft=40ajV-*-10«*= 4^* 

and 2Vw6Div.=10aj*— 6a!y+4^* 



-30aj«y+4«iB*y 

-30g' y+ 9a? V 

40ajV-24ay' + iefy* 



40aj*y*-3^»+l^ 



CONDENSED BOLUTIOK. 

25aj*-30aj'»y+49a?V-24cy» + 16y* |5g«~3ay+4y« 
25aj* 



10aj*-3ay 



-3Gaj»y+49aj«y* 
— 80aj'y+ 9ajV 
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15. Extract the cnbe root of each of the following : a* — 8J» 
+ 12aS« - 6a«J, 5a;» — 1 - 3i» + a;« - 3x, 66a;* + 1 - 63a;"-. 9ar 
+ 8a;« — 36a;» + 33a;», 60c«a;* + 48ca;» - 27c» + 108c»a; - 90c*a;» 
+ 8a;« — SOc^x^y 204c*a;« - lUc^x + 8a;« — 36ca;» — 171c»a;« + 64c« 

+ 102c»a;*, 27a; - 8a;* - 36 + 36a;* + 12a;-* - 64a;* + 9a;""* + 27a;* 
+ ar'— 6a;"*. 

16. What is the 4th root of 16a* — 96a»a; + 216a»a;» — 216aa;» 
+ 81a;* ? 

17. What is the 6th root of 729 — 2916a;» + 4860a;* — 4320a;« 
+2160a;8- 576a;i»+ 64a;i«? 

[Note.— Solve the 16th and 17th both hj (197) and (196)], 

18. Find the fifth root of 32a;» - 80a;* + 80a;3 - 40a;» + 10a; - 1 ; 
also of ar"+15a;-"-5a;-" + 90ar"-60ar"+280a;-'-270a;-'+496a;-* 

— 550a;-»+ 513 - 465a;» + 275a;*- 90a;» + 15a;8- x^^. 

19. Find the 6th root of a»- 6a»J + 16a*i»- 20a»*»+ 15a»A* 

— 6ai«+J«by (196). 









SECTION III. ^Vj> 

CALCULUS OP RADICALS. "^ ^ ^ 



Reduction. 
198 m JPvobm !• — To simplify a radical by removing a factor. 
R ULE. — ^Resolve the number undeb the radical sign into 

TWO FACTORS, ONE OF WHICH SHALL BE A PERFECT POWER OF THE 
DEGREE OF THE RADICAL. EXTRACT THE REQUIRED ROOT OF THIS 
FACTOR AND PLACE IT BEFORE THE RADICAL SIGN AS A COEFFICIENT 
TO THE OTHER FACTOR UNDER THE SIGN. 

DsM.— This process is simply an application of Cor., Art. 194. 

199. Cor. — The denominator of a surd fraction can always he 
removed from under a radical sign by multiplying both terms of the 
fraction by some factor which will make the denominator a perfect 
power of the degree required. 
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ScH. — ^A surd fraction is conceived to be in its simplest form when the 
smallest possible whoU number is left under the radical sign. 



200. Proh. 2, — To simplify a radicaly or reduce it to its lowest 
terms, when the index is a composite number^ and the number under 
the radical sign is a perfect power of the degree indicated by one of 
the factors of the index* 

RULE. — ^EXTBACT THAT BOOT OF THE NTTMBEB WHICH COBBE- 
8POND8 TO ONE OF THE FACTOBS OF THE INDEX, AND WBITE THIS 
BOOT AS A SUED OF THE DEOBEE OF THE OTHEB FAGTOB OF THE 
GIVEN INDEX. 

Dbm. — The mnth root is one of the mn equal factors of a number. If, now, 
the number is resolved first into m equal factors, and then one of these m factors 
is again resolved into n other equal factors, one of the latter is the mnth root of 
the number. 



201. Prob. 3. — To reduce any number to the form of a radical 
of a given degree. 

RULE. — ^BaISE THE NUHBEB TO A POWEB OF THE SAME DEGBEE 
AS THE BADICAL, AND PLACE THIS POWEB UNDEB THE BA1)ICAL SIGN 
WITH THE BEQUIBED INDEX, OB INDICATE THE SAME THING BY A 
FBACTIONAL EXPONENT. 

Dbm. — That this process does not change the value of the expression is evi> 
dent, since the number is first involved to a given power, and then the corre« 
spending root of this power is indicated, the latter, or indkaUd operation, being 
just the reverse of the former. 

202. Cob. — To introduce the coefficient tf a radical under the 
radical sign, it is necessary to raise it to a power of the same degree 
as the radical; for the coefficient being reduced to the same form as 
the radical by the last rulcy we have the product of two like roots, 
which is equal to the root of the product. 



203. JProb. 4. — To reduce radicals of different degrees to equiv- 
alent ones having a common index. 

R ULE. — ^EXPBESS THE NUMBEBS BY MEANS OF ]?BACTIONAL IN- 
DICES. Reduce the indices to a common denominatob. Peb- 

FOBM UPON the NUMBEBS THE 0PEBATI0N8 BEPBESENTED BY THE 
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iniMEBATOBS^ AKD IKDICATB THE OPEBATIOl^ SIGNIFIED BY THE 
DENOMIIfATOB. 

Dem. — The only point in this rule needing further demonstration is, that mul- 
tiplying numerator and denominator of a fractional index by the same number 

a^ ma a 

does not change the value of the expression, ». e., that oj^ = af**. Now, aj^ signi- 
fies the product of a of the b equal factors into which x is conceived to be re- 
solved. If we now resolve each of these b equal factors into m equal factors, a 
of them will include ma of the mb equal factors into which x is conceived to be 
resolved. Hence ma of the mb equal factors of x equald a of the & equal factors. 

[The student should notice the analogy between this explanation and that 
usually given in Arithmetic for redudng fractions to equivalent ones having a 
common denominator. It is not an identity.'] 



204. Pvoh. S» — To reduce a fraction having a monomial radi- 
cal denominator, or a monomial radical factor in its denomincUor^ 
to a form having a rational denominator. 

R ULE. — Multiply both tebms o:p the fbaction by the badi- 

CAL IN THE DENOMINATOB WITH AN INDEX WHICH ADDED TO THE 
GIVEN INDEX MAKES IT INTEGEAL. 



205. Proh. 6. — To rationalize the denominator of a fraction 
tohen it consists of a binomial^ one or both of whose terms are radi^ 
cals of the second degree, 

RULE. — Multiply both teems of the fbaction by the de- 

NOMINATOB WITH ONE OF ITS SIGNS CHANGED. 

Dem. — In the last two cases the student should be able to show, 1st. That 
the operation does not change the value of the expression ; and, 2d. That it 
produces the required form. [This is the substance of all demonstrations in Re- 
dttctums,] 



20S. Prop. 1. — A factor may be found which will rationalize 
any binomial radical. 

Dem. — If the binomial radical is of the form V(a + 6)*, or {a -»- 5)*, the fac- 



n — m 



tor is (a + 6) * , according to (204). 

— — Jl 1 

If the hinomial is ot the form Va*^ + V6»*, or a" -^ 6". Let a* = x, and 

1 ^ jr 

6" = y ; whence a" = a?* , and b* = y^. Also let j> be the least common multiple 



«P rp 



of m and n, whence x^ and y^ are rational. But aj» = cT, and y^ = b*. If 
now we €an find a factor which will render «• + y^, «cv db y^, this will be a fao- 



1 
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tor wMch will render a^ + h*, a^± &* which is rational To find the factor 
which multiplied by aj» + y' gives sc^ ± y^, we have only to divide the latter by 

the former. Now ^^^ = x^'-^ - a-d"-') ^ + a^"- ») y**- -aj»(»-*) y»' + 

— ± y^<'-'> (4)» the + sign of the last term to be taken whenjp is odd, and 
the — sign when it is even {JL19\ Therefore Tf^^-^ — ix^p-^ + iei<p-*Y^^ 
^>-*yr + ± y^'~'>, is a factor which will render V^+ Vibrational, 

• r_ 

X* being understood to be d!^, and y^ = 5*, and p the L. 0. M. of m and f». 

If the binomial is V^ — V^, the fkctor is found in a similar manner, and is 



)?0y. JProp. 2* — A trinomial of the form ^/Ik + Vb + VV 
may 60 traauform^ed into an expression with InU one radical term hy 

multiplying it by itself with one of the signs changed, as V^ + V b 

— ^/~ci JTie product thus arising may then he treated as a binomial 
radical by considering the sum of the rational terms as one term, 
and the radical term as the other. 

Thus, (\/a" + \/T+\/7) (y/a + yTb—yTc) = a + 6 — c + 2\/a6. Again, 
[(a + 6 - <j) 4- 2y/ab] x [(a + ft - c) - 2y/ab] = a«+d» + c^— 2a6 — 2ie 

— 2ac, a rational result. 



Examples. 
1. Reduce the following to their simplest forms: VlOSa^z^, 

^/^20a^x*y^, V66^, V^3l7w*5, V2873a»a;», \/112999b*^a^^, 
4/2646^*, (7047a;i^y«)* Va;» - a:« -f a:*, V(a;»-y*) (a;-y), 
(af— -y )•, 7V363a;y», {a - 5) [(a« - J») (a - J)]* 6V704a;«y«, 

3. Eeduce the following to their simplest forms (see Sea. 199) : 



|/y' 1^' ^fr yl' yl' ^y t [^] ' 



ly y' ny B' Y ^" ^r^' r ^ 



««_-2i!l i / 3a;» -f- 6gy'+ 3y« 
x + y y 6{z* - y») ' 




and 
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3. Seduce the following to their simplest forms (see 200) : 

\/l2ba^z^ «, *Vm3a^y Vu^x^^, V-1029a;i«, 
Vl35a*a; - ^5a^x* + 405a»a;« — IdbaxK 

4. Eeduce 6ax^ to the form of the square root; also 7xi/; also ^; 
also 3a — 2. Eeduce 2x^y^ to the form of the 3d root, — ^to the form 

of the 5th root. Eeduce -r- to the form of the 4th root, — to the 

form of the cube root Eeduce VT ^ *^® ^^^^"^ ^^ *he cube root, — 
to the form of the 4th root 

5. Introduce under the radical signs the coefficients in the folloTf- 
ing expressions : 

^Vl^. *V3", iVT, iv^, 2xV^^, (x+y) ^x^ - 3a;»y + Zxy^ - y», 
(a; + y)V^^, |'^/l25i a^^l-^j* , 

6. Eeduce to equivalent forms having a common radical index, 

^/% and ^/Z\ also V3, ^5 ; also V^ V^*, V^> and v^^* ; also 

2V^, 3^^^, and i\/5 ; also 3V5aa;, 2\/2^, v^lOa;; also x — y and 

(a; + y)* Explain each operation upon the principles of factoring 
as in {203\ 

7. Prove upon the principles of factoring that V2 = VS ; also 
that ^/l = v'as ; also that a/Z- \/27. 

8. Eeduce the foUowiug to equivalent forms having rational de- 

. . 2aV6a: 5 Va Va; ^/x 1 1 

nommators : — —=r- , — ;= , — tt. a/— > vf= > / — > "?;=- > 

V3a! 2\/a»' V? 'J/y -V^ V2 V^ 

3 V^ V^ V^ 
^5' VS' \^' \^' 

9 Eeduce the following to equivalent forms having rational de- 

. ^ Va?* 4- W + t/» 2a; a: V^— Vy 

nominators: ■====— ^ . », -> 7=? -7= jr, 

\^x — y 3V3 — a:» a; + V y Vx + Vy 

3 3 2 VT2 - VlO 3 + 2\/2 



V^+V^' \/3+v^' ^-^' A/6 + V5 ' V5"-V3' 
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X 



Va* + x^ — x' Vic* + 1 + «' V« — 1 — Va; + 1 ' 

Va;* + a: + 1 + Va;* + a; — 1 8 , 2 
:, —;=: ;= — -, and --=- 



Va;» + a; + 1 — Va;« + a: - 1 a/3 +V2 4- 1 V6 +V3— V^* 

10. What factor will rationalize ^^ ^y? What v^—V^? 
What V8 + V3 + V5? ^ 

11. By what must numerator and denominator of be 

•^ X 

multiplied to reduce it to the form of a simple fraction ? By what 



('^s)t 



a;« 

12. Introduce the coefficients of each of the following into the 

parentheses: 8 (a* — a;*)* a^{a + a*a;)* and x^{l — a;«)*. 

-io oi. . , . a + Ja; - Vo^n^ Va* + i*a;» — a , 

13. Show that , - = ; also 

a — hx •\' V «* + h^x* bx 



that ^-^ ^ a/'^'^-^.. 



SECTION IV. 

COMBINATIONS OP RADICALS. 



Addition and Subtraction. 

208* IPvoh. !• — To add or subtract radicals. 

R ULE. — If the radicals are similar, the rules already 

GIVEN {669 71) ARE SUFFICIENT. If THEY ARE NOT SIMILAR, MAKE 
THEM SO BY (198^ 203), AND COMBINE AS BEFORE. If THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WITH THE PROPER SIGNS. 

[Note. — ^The student is presumed, to be able to give the demonstrations of 
the problems and propositions in this section, as thej are but a recapitulation of 
what has preceded.] 
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Multiplication. 

209* Prop* 1. — The product of the same root of two or more 
quantities, equals the like root of their product. (See 194») 

210. Prop. 2. — Radicals of the same degree are multiplied by 
multiplying the quantities under the radical sign and writing the 
product under the common sign. 

Similar radicals are multiplied by indicating the root by fractional 
indices, and, for the product, taking the common number with an 
index equal to the sum of the indices of the factors. (See S2«) 

211. JProb. 2. — To muUiply radicals. 

RULE. — ^If the factors have not the same index, beduce 

THEM TO A COMMON INDEX, AND THEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITB THE PRODUCT UNDER THE 
COMMON SIGN. 



Division. 

212. Prop. — The quotient of the same root of tiwo quantities 
equals the like root of their quotient. 

213. Frob. 3.— To divide radicals. 

RULE. — If the radicals are of the same degree, divide 
the number under the sign in the dividend bt that under 
the sign in the divisor, and affect the quotient with the 
common radical sign. 

If THE RADICALS ARE OF DIFFERENT DEGREES, REDUCE THEM TO 
THE SAME DEGREE BEFORE DIVIDING. 



Involution. 
214. JPvob. d. — To raise a radical to any power. 

RULE, — Involve the coefficient to the required power, 

AND AI50 THE QUANTITY UNDER THE RADICAL SIGN, WRITING THE 
LATTER UNDER THE GIVEN SIGN. 

2 IS. Cor. — To raise a radical to a power whose index is the in* 
dez of the root, is simply to drop the radioed sign. 
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Evolution. 

216. J?ro6. S» — To extract any required root of a monomial 
radicdL 

RULE. — ^Extract the required root of the coefficient. 

AND OF the quantity UNDER THE RADICAL SIGN SEPARATELY, 
AFFECTING THE LATTER WITH THE GIVEN RADICAL SIGN. EeDUCE 
THE RESULT TO ITS SIMPLEST FORM. 



[NOTB. — This problem should not be taken till after Qoadratic Equations.] 

217* Pvobm 6» — To extract the square root of a binomial^ 09ie 
or both of whose terms are radicals of the second degree, 

SOLITTIOK. — Such binomials have either the form a ± nVT or mV a ± nVb. 
Now observing that (x ± y)* = «• ± 2a?y + y*, we see that if we can separate 
either term of any such binomial surd into two parts, the square root of the pro. 
duct of which shall be ^ the other term, these two parts may be made the first 
and third terms of a trinomial (corresponding tax* ± 2xy + y*), and the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 

[Note. — This process requires the solution of a quadratic equation. Thus to 

extract the square root of 12 — Vl40. Letting x and y represent the terms of 

the binomial root, we have x* + y' = 12, and 2xy = — V140. Whence x= i/ 5 

or V7, and y = V? or Vs, and the root is V5 — V7, Tlie sign between the terms 
being determined bj the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 

V140 = 2 V35. Now 4/35 = V5 x V7, and since the sum of the squares of these 
factors is 12, we have Vl2 - i/i5) = i/5— V7.] 



Examples. 

1. Add Vsb and ^98. Add Vn2a^ and \/2b2ab^ Add 
^/isna^x^ and \^6i)0a^xK Add Vx^ and Va^. Add VUBH 
and-VIOOS". Add 5 Vf and 2 V^. Add V| and ^V^. Add 
Vh Vi and iVd. Add Vl8«^^S V^OaH^ and SVlSaHxK 

2. Showthatiry 1 + (|) 4-yy l + (*^) = (a^^+y*) (y*+a;*)*. 

o, XI i. . /n*x-2ax*-{-x^ . , /a^xT^ax^Tx^ o/«*+^*\ /' 

Show that A/ — - — ^r -hA/ — 5 — ; r =^(-5 ?)Va^ 

1/ a*+2ax+x* 1/ a^—^ax+x* xa^—x^J 
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Add ^ and ; also and 

a+Va*— a:« a— va*— a;« ya + a; — va — a; 



3. Prom 3\/t <^ake 2\/^. From v^m take \^ From V^ 
take Vf From f V| take -f a/J. From \^^«6« take \^5»p. From 
V'o*^ take v^^o;**. 



4. Show that i/ 2304 - >|/7oTq^ = HV^- 



421875 



6. Show that i/ a*^2ab-[-b^ " y fl«+2a^ + ^« " a^-b^' 

6. Multiply 'v^ by V^".* Multiply ij^ by ^^3^ Multiply 
Vi by y^, >C^2^ by V^«, 2V^ by 3'v/S3^, VTT^ by 
V^rr^, >vTby ^/J, 2vT^y 3 V'2; 2 v^25 by 3^5", v^ by 6 v^S. 



7. Multiply 9 + 2vTo by 9 - 2a/I0, -v^* - \^xy + v^« by 
V^+V^, 3'v/5 + 2a/6 - 2 by 2V5 + 18\/6; v^-2v^6"by 

8. Divide JrV5 by^V^, 8a/9 by2v^> V6by\^ iVFbyiVlO. 

9. Divide 2^32 + 3^/2* + 4 by 4V8^ 4v^ hy 2'V^, 
6 + 2V3 - y^by V6, Va**a^ - **ca^ by Va -Cy A/ j^J 4/ j , 
(a + b)Va^^^l by (a - 5) V{a + 1)«, a + ft - c 4- 2 Va6 by 









• It is of the utmost importance that the pupil be able to give a complete analyeia of puch 
examples. Thus, yfT, z= V 81 since the former is me of the two equal factors of 2, and the 
latter is thrw of the «te equal fectors of 2. In like mannerV3=V9. Consequently 
yfi X V3= V8 X V9. Now since the product of the same root of two numbers is equal to 
the like root of the product, VS x V9= VtS. 



76 UTBBAL ABITHMllTia 

10. Raise S\/2z* to the second power. Baise \^2ax* to the 5th 
power. Cube — |Vf Square V3 — V^. Cube SVa—x. Cube 

11. Extract the square root of 27'V^135a;*y* ; the cube root of 
J> iV^'Vy; the4throotof 25**^/^; the 6th root of 224^^3^; the 

^ cube root of (1— a;)Vl--i; the cube root of |i/-; the square 
root of iVi- 



^) 



H 



12. Extract the square root of 49+12a/5; of 57+12^/1^; of 

(a* +a)x-2axVa', x-2^/x^', of,Vi8'-4j of ^+-|Va»-c». 
(See 217,) 

I '' ' 
I 

SECTION V. 

IMAGINARY QUANTITIES. 

218* An Tmdginary Quantity is an indicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a form either as a factor or a term. 

Thus V^, N/-y*, 6\/^^, 2+\^^, V^, 3- V^, etc., are imaginary 

quantities. 

219. ScH. 1. — ^It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them : it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220. 8cH. 2. — A curious property of these symbols, and one which for 
some time puzzled mathematicians, appears when we attempt to multiply 

y/-xhyy/—X' Now the square root of any quantity multiplied by itself 

should, by definition, be the quantity itself ; hence \/— ajx \/— «= — a?. 
But if we apply the process of multipljring the quantities under the radicals, 

we have -/^ x\/^=v/i«= +a; as well as — «. What then is the pro- 
duct of >/^xv^^? Is it —a;, or is it both +x and —a;? The true 

product is —x ; and the explanation is, that y/x* is, in general^ +x and ^x. 
But when we know what factors were multiplied together to produce «■, and 

the nature of our discussion limits us to these, the sign of \/«* is no longer 
ambiguous : it is the same as was its root. 
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221. JProp. — JSvery imaginary monomial can be reduced to the 

form m ^ — lyin which m is real {not imaginary), m may be 
rational or surd. 

Dem. X V^, p being an even number, is the general symbol for an imagin- 
ary monomial. Now if j9 is a power of 2, we may write at once p = 2», whence 

xV—y — xV—y=xVy{—l)=xVy V^^ = m V^. If jp contains other 
factors than 2, let r represent their product, and 2» the product of all the factors 
of 2 contained in p ; whence p = r2», in which r is odd, since the product of any 

number of odd factors is odd. We then have x V^^ = x V^ = z yy(— 1) 

— x V y V—1 — X yy y r — 1 =: x Vy r— 1, since any odd root of — 1 

ifl — 1. Putting X ^Ty =■ m, this becomes m V^. 

222. ScH. — ^When n=l, i. «., when there is but one factor of 2 in the 
index of the root, the form becomes mV—1, This form is called an imagin- 

ary of the second degree ; mV—1 is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. 



223m JProb* — To add and subtract imaginary m^iomials of the 
seco7id degree^ or such as may be redicced to this degree, 

RULE. — Eeduce them to the form mV— 1, akd then* com- 
bihte them, coksiderln^g the symbol v— 1 as a symbol of 
charactee.* 

Examples. 

1. Add V— 4 and V— 9. 

Operation. V^^4 = V4(-l) = 2 V^, and Y^ = 8 V^. 
... iTTi + i/zrg = 2 *f^\ + 3 y'^ = 5 V^. 

ScB. — The last operation should not be looked upon as taking the sum of 
2 times a certain quantity (represented by V—T) and 3 times the same 
quantity, but as 2 ^a certain c^rcuter added to 3 of the same character. 

* See {48^ 49 ^ SO). We mean to say that, as a guanfUy (considered nnmerically), m and 

m V—i, axe exactly tiie same, jast as is the ca^e in the expressions + m and — m ; but that the 

symbol i^ — 1 gives some pecnliar or concrete significance to m, as does the sign +, or — , or $. 
What this concrete significance is, we cannot here say. It has its clearest interpretation in the 
CoKHrdinate, or General Gteometry. 
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Thus the operation of reducing ^/^ and V^ to the forms 2 \/^ and 

8\/— 1 is to be looked upon as rendering the expressions homogeneous. It 

is, however, to be observed that the symbol y'^ is subject, also, to the 
ordinary laws of number, and may be operated upon accordingly. Thus it 
has a double significance. 

2. Add 4V-27 and 3V - 1.6; also SaA^^^ and 2aV^^; 
also b'V^^e and cV^. y>/^^ + cV~^ = (4*" + dc)V^. 

3. Add V-IOM and ^/^^^^29. 

Operation. ^-1024 = ^^/mi \/^, and ^^-729= v^TO9 >v^^. 
.-. v^-1024 + y'-729 = 69 V^. 

4. Show that in general ^ — x ± v^ — y = (v^ ± v^)V^ — 1, 
when n is any integer. 



6. From V — 9 take V^^T. From 4^/^^^ take 3V - 16. 
From 3a\/ — 25 take 2a V — 4. Show that aV— * — c^/ — d 
= (aV^ — cVd)V — 1. 

6. From V— 4096 take V — 9. -Bern. GlV'^l. 

Sett. — ^It would seem improper to omit theil before the symbol \/^ in 
such a case as the last, though it has been customary to do so. If we. are to 

consider ^/—i as a sign of character (*' affection," as some say), there is no 
more reason for omitting the 1 in such a case, than there is in such as 4 — 5 

= — 1. That is, if we write 4y'^ — 3\/^ = ^Z^, we ought to write 
4—5 = —, or $5 — $4 = $, to be consistent. 



7. Show that V^^ + V^^^l^ = 5^^=^ = 5\/2\/^=^; also 
that 4\/"^^27 + 2 V^^T2 = 16a/3 V^^ ; also that v^ - 16 
— ^/ —1 = 1 v^ — 1 ; also that 2V — a — ^ — a = \/aV — l* 



224:. Prop* — Every polynomial containing some realy and 
some imaginary terms of the second degree^ or such as can be re- 

duced to this degree, can be reduced to the form adb bV — 1, e^* 
which a and b are real, a and b may be rational or surd. 

Dem. — This is evident from the fact that all the real terms can be combined 
into one (it may be a polynomial) and represented by a, and the imaginary terms 

being reduced to the form m V-^1 can also be combined into one term repre- 
sented by ± & V— 1. 
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225. 8cH. — ^The form a ± b^—1 is considered the general form of an 
imaginary quantity of the second degree. When a = 0, it becomes the same 
as m-y/—!. The two expressions a + 6^^— 1 and a — J^— 1 are called Con- 
jugate Imaginaries. Hence the sum of two conjugate imaginaries is real 
(2a). Also the product of two conjugate imaginaries is real [(a + h^—l) 

X (« — h^—1) = a* -f y, as will appear hereafter]. The square root of tlio 
product of two conjugate imaginaries, taken with the + sign, is called the 

Modtdus of each. Thus + ^a* + J* is the modulus of both a + 5>y/— 1 and 

a - h^^. 

Exs.— Find the sum, and the diflference of 2 + V^ and 3— V--04 ; 
also of a -I- V^^ and a -\- V —c- -^fl^^ results, 2a -\- {Vi-\- Vc) V— 1, 

Multiplication and Involution. 

226. JProh. — To detertnine the character of the product of seo- 
ercU imaginary/ monomial factors of the second degree. 

BoLunoN. — Letting » represent any integer, including 0, 4n, 4n + l, 4n+2, 
and 4»+3in^iepreBentall integral ezpanente^ao that all the fonna to be treated 

are (v/:iTr. (V^r+'. (V=ir^', and (V^l)"***- THm, if n = <J. 
4» + l=:l, 4n+2 = 8, «uid4a+8 = 8. If » = 1, 4» = 4, 4»+l = 5, 4;n-3 = 6, 
and 4»+3 = 7. If n — 2, 4« = 8, etc. 

We shall now show that (-y/^)*" = 1. 

(V=ir+' = -1. 

and _ (V^)^»=_V^. 

(v^iT = (V^l V^l X v~i a/^1)" = [(-1) X (-1)]' = 1- = 1. 
since \/ — 1 -^— 1 = —1 by (220), (—1) (—1) = 1. and any power of 1 is 1. 
(^— !)*•+« = (V^l)'" X V^l = 1 V^l = V^. since (y^l)*" = t. 
( V=l)'"^' = (a/^I)*" X (V-1)' = 1 X (-1) = -1. 

(y/—i)*'*' = (v^i)*;^' X v^i = (-1) v^ = -1 v^ = - V- i- 

IsAj. — To find what (y'— l)' is, we have but to obsenre that if n=l, 4»+l=5, 

and (./3iy = (.^/in)*-^=yi:i. 

Again, {\/^iY = (V~0*"^' = -\/-^' ^^> if n = 0, 4/1 + 3 = 3. 
Once more, (-v/=:i)^= (ydlV^^' = -1, shice, if ?i = 2, 4n+2 = 10. 

In like manner, ( V^)* = (V""!)** = 1' fl^^<^» if n = 1, 4/i = 4. 
ScH. — In the above we have confined ourselves to the powers of the posi- 
tive square root, since — \/^ may be understood to be —1 V — 1, and the factors 

-1 be treated separately. Thus, {- ^^iT = (-l)'" (V-i)*" = (V^^)** 

= 1. So also (- V~l)'*^' = (-ir^^ - (V-1)*"' = (-1)V-*1 = 
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— ^— 1, etc Or, in other words, giving the — sign to \/— 1 simplj dumges 
the rigoB of the odd powers. In examples we shall confine attention to the 

+ root of V^"-!. 

Examples. 
L Multiply 4 V^=^ by 2 V^^. 

Qfbsation. 4V'^ = 4V3V=T, and 2V^ = 2V2"V^. 

2. Show that V—x* x V— y* = — ay ; also that 3V— 5 x 4>\/— 3 
= -12\/i5^ What is the product of —2'/^^ by -3 V^^ ? 

3. Show that \/^^ x V^^ = 4V^^^ also that V— 256 x 
V^^^^27 = 48a/3 \/^^; also that V^^ x 4\/^^ = 4^6 V^^ 

4. Show that 4\/^^ + V^^ multiplied by 2 V^^ — V^^ 
equals \/6 + 4\/3 — 2^2 — 8. 



5. Show that ^ — J\/— 3 squared equals — j^l + V— 3). 

6. Show that (3--2V^=^) x (5+3'/=n[)=39-2\/^; also that 
(1 + V^^) X (l--\/^^)=2. 

7. Show that 2 is the modulus of \/2 + V— 3 and V2 — V^^^ 
What is the modulus of 3+2^^^^ and 3— 2 V^^ ? Of 5-3V— 1 
and 5 + 3V^^? 

8. Show that (V'i:7)''= - T^V'^^a; also that {V^^y^=SK 

9. What is the 5th power of 2>/^^? Of 3 V-^ ? 

10. What is the product of V—x^* V—y*, V—z*^ and V— w'? 
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j?^7. JProbm — ^o divide one imaginary of the second degree hy 
another, 

RULE. — Reduce the imagikaby term, or terms, to the form 

mV— 1, OB miV— l)*, AND DIVIDB AS IN DIVISION OF RADICALS, 
OBSERVING THE PBINCIPLES OF (226) TO DETERMINE THE CHARAC- 
TER OF THE QUOTIENT OF IMAGINARIES. 
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Examples. 
1. Divide V- 16 by V^^. 

Operation. V- 16 = 4^^, and i'C^ = 2V^; .-. V^^oSe h- V'^ 
= 4VC1 ^ 2VZ1 = 3( V31)°. But by («J8«) ( V^)" = + 1 ; haiee the 
quotient is 2. 

ScH. — ^A superficial view of the case might make the quotient ± 2. Thus, 

as the radicals are similar it might be inferred that V^X + V^^ = i/ H— 

= /I = ± 1. (See 220:^ 

% Show that 6 a/"^ -^ 2 V^^^ = *\/3 ; also that - ^f^^ 
~ — 6\/ — 3 = iVV^; also that 1 ^ V — 1 = — V^ 1; also 
that 6 -4- 2^/"=!: = - 3 V"^^. 

3. Divide 2\/^=n! by v^^^; also 3v^-16 by - 12; also \/a 
Bug's. 2V=T ^ V^ig == VTe VT=i? + V^ V^T = VI *>/z:T. 

4 Show that 8 v^'^^^16 -J- 2 V^"=l^ = 4 V^ V^"=l. 

5. Show tbat (1 + a/^^) -^ (1 - V^^) = V^; also that 
(4-(.Y"Zr2) -r- (2 — V"^^) = 1 + \/2\/"^ ; also that 

1.^ (3-2^^3) = ^-^ ^^^<^; also thatl.4- ^^11^ 
^ 21 a + V - i» 

fl» — « 4- 2a V— a? . i x i. x « + V — ^ , « — V — * 
= > also that ; + 7== 

2(g« - V) 
"■ a* 4- * ' 

6 SimpHfr ^"^ "^ ^^^^^)' + (^ - ?-/^l)' 

[NoTB. — ^Heie ends the subject of Literal Arithmetic. The student is now 
prepared for the study of Algebra, properly so-called ; %, e., The Science of the 



PART 11. 



AN ELEMENTARY COURSE IN 

ALGEBRA. 



OHAPTES L 

8IMBLE EQUATIONS. 



SECTION I. 

EQUATIONS WITH ONE UNKNOWN QUANTITY. 

Definitions. 

1. An JEquation is an expression in mathematical symbols, of 
equality between two numbers or sets of numbers. 

2. Algebra is that branch of Pure Mathematics which treats 
of the nature and properties of the Equation and of its use as an 
instrument for conducting mathematical investigations. 

3. The First Member of an equation is the part on the left 
hand of the sign of equality. 2%e Second Member is the part 
on the right 

4. A JS'umerical JEquation is one in which the hnovm 
quantities are represented by decimal numbers. 

B. A Literal Equation is one in which some or all of the 
known quantities are represented by letters. 

6. The Degree of an Equation is determined by the highest, 
number of unknown factors occurring in any term, the equation 
being freed of fractional or negatiye exponents^ as affecting the un- 
known quantity. 

y» A Simple JEquation is an equation of the first degree. 

8. A Quadratic JEquation is an equation of the second 
degree. 

9. A Cubic Equation is an equation of the third degree. 
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10. Equations above the second degree are called Higher 
aquations. Those of the fourth degree are sometimes called 
JSiqtuidratics. 



Transformation of Equations. 

11. To Transform an equation is to change its form without 
destroying the equality of the members. 

12, There Skrefour principal transformations of simple equations 
containing one unknown quantity, viz : Clearing of Fractions, Trans- 
position^ Collecting Terms, and Dividing by the coefficient of the 
unknown quantity. 

13 • These transformations are. based upon the following 

Axioms. 

Axiom 1. — Any operation may he performed upon any term or 
upon either m,em,ber^ which does not affect the valite of that term or 
member^ without destroying the equation. 

Axiom 2. — If both members of an equation are increased or di- 
minished alike, the equality is not destroyed. 



14:, JPvob. — To clear an equation of fractions. 

RULE, — Multiply both members by the least or lowest 
common multiple of all the denominators. 

Dem. — This process clears the equation of fractions, since, in the process of 
multiplying any particular fractional term, its denominator is one of the factors 
of the L. C. M. by which we are multipljing ; hence dropping the denominator 
multiplies by this factor, and then this product (the numerator) is multiplied by 
the other factor of the L. C. M. 

This process does not destroy the equation, since both members are increased 
or diminished alike. 

III. — ^An equation is aptly compared to a pair of scales with equal arms, kept 
in balance by weights in the two pans. 



Transposition, 



15. Transposing a term is changing it from one member of 
e equation to the other without destroying the equality of the 

PTn"hArR- 
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16. JProb. — To transpose a term. 

R TJLE, — Dbop rr from the mbmbbb in which it stakds akd 

IKSEBT IT IN THE OTHER MEMBER WITH THE SIGN CHANGED, 

Dem. — If the term to be traneposed is +, dropping it from one member 
diminishes that member by the amount of the term, and writing it with the — 
sign in the other member, takes its amount from that member; hence both 
members are diminished alike, and the equality is not destroyed. (Repeat 
Axiom 2.) 

2d. If the term to be transposed is — , dropping it iiwreoMS the member from 
which it is dropped, and writing it in the other member with the + sign in- 
creases that member by the same amount ; and hence the equality is preserved. 
(Repeat Axiom 2.) 

17* To Solve an equation is to find the value of the unknown 
quantity; that 18, to find what value it must have in order that the 
equation be true. 

18. An equation is said to be Satisfied for a value of the un- 
known quantity which makes it a true equation ; i. e., which makes 
its members equaL 

19. To Verify an equation is to substitute the supposed value 
of the unknown quantity and thus see if it satisfies the equation. 

ScH. 2. — The pupil must not understand that the verification is at all 
necessary to prove that the value found is the correct one. This is demon- 
strated as we go along, in obtaining it. The object of the verification is to 
give the pupil a clearer idea of the meaning of an equation, and to detect 
errors in the work. 



20, JProb* 1. — To solve a simple equation with one unknown 
quantity. 

R ULE. — 1. If the equation contains fractions, cleab it of 
them by a&t. 14. 

2. Transpose all the terms involving the unknown quan- 
tity TO the first member, and the known terms to the second 
member by Art. 16. 

3. Unite all the terms containing the unknown quantity 
into one by addition, and put the second member into its 

SIMPLEST form. 

4. Divide both members by the coefficient of the unknown 
quantity. 
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Dbk. — ^The first step, dealing of fractions, does not destroy the equation, 
since both members are multiplied by the same quantity (Axiom 2). 

The second step does not destroy the equation, since it is adding the same 
quantity to both members, or subtracting the same quantity from both members 
(Axiom 2). 

The third step does not destroy the equation, since it does not change the 
▼alue of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is dividing both mem 
bers by the same quantity, and thus changes the members alike (Axiom 2). 

Hence, after these several processes, we still have a true equation* But now 
the first member is simply the unknown quantity, and the second member is all 
known. Thus we have wh(U the unknoton quantity is equal to; t. e. ite value. 

21. ScH. 1. — R must le fixed in the pupiPs mind that he can make hut two 
dosses of changes upon an equation : viz., Such as do not affect thb yalub 
of the members, or such as affect both MBMBBBSBquALLY. Ecory Opera- 
tion must he seen to conform to these conditions, 

22. OoE. 1. — AU the signs of the terms of both members of an 
equation can be changed from -\- to ^yOr vice versa, tcithotU destroy- 
ing the equality^ since this is equivalent to nmUiplying or dividing 

23m ScH. 2. — ^It is not always expedient to perform the several trans- 
formations in iJis same order as given in the rule. The pupil should bear in 
mind that the ultimate object is to so transform the equation that the un- 
known quantity will stand alone in the first member, taking care that, in 
doing it, nothing is done which will destroy the equality of the members. 

2^. ScH. 3. — ^It often happens that an equation which involves the second 
or even higher powers of the unknown quantity is stiU, virtually, a simple 
equation, since these terms destroy each other in the reduction. 



Simple Equatiois's coittaining Radicals. 

2S. Many equations containing radicals which involve the un- 
known quantity, though not primarily appearing as simple equations, 
become so after being freed of such radicals. 

20* JProb. 2.— To free an equation of radicals. 

R ULE, — The commok method is so to teak^sposb the terms 

THAI THB BADICAL, IP THEBE IS BUT ONE, OB THB MOBE COMPLEX 
RADICAL, IF THEBE ABE SEYEBAL, SHALL CONSTITUTE OKE MEKBEB, 
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4 

AND THEN INVOLVE EACH MEMBER OP THE EQUATION TO A POWER 
OF THE SAME DEGREE AS THE RADICAL. If A RADICAL STILL RE- 
MAINS, REPEAT THE PROCESS, BEING CAREFUL TO KEEP THE MEM- 
BERS IN THE MOST CONDENSED FORM AND LOWEST TERMS. 

Dem. — That this process frees the equation of the radical which coDstitutes 
one of its members is evident from the fact that a radical quantity is involved 
to a power of the same degree as its indicated root by dropping the root sign. 

That the process does not destroy the equality of the members is evident from 
the fact that the like powers of equal quantities are equal. Both members are 
increased or decreased alike. 



Summary of Practical Suggestions. 

27, In attempting to solve a simple equation, always consider, 

1. Whether it is best to clear of fractions first 

2. Z/ook out far compound negative terras, 

3. If the numerators are polynomials and the denominators mono- 
mials, it is often better to separate the fractions into parts. 

4. It is often expedient, when some of the denominators are mono- 
mial or simple, and others polynomial or more complex, to clear of 
the most simple first, and after each step see that by transposition, 
uniting terms, etc., the equation is kept in as simple a form as pos- 
sible. 

5. It is sometimes best to transpose and unite some of the terms 
before clearing of fractions. 

6. Be constantly on the lookout for a factor which can be divided 
out of both members of the equation, or for terms which destroy 
each other. 

7. It sometimes happens that by reducing fractions to mixed num- 
bers the terms will unite or destroy each other, especially when there 
are several polynomial denominators. 

28. When the equation contains radicals, specially 
consider, 

1. If there is but one radical, by causing it to constitute one mem- 
ber and the rational terms the other, the equation can be freed by 
involving both members to the power denoted by the index of the 
radiisaL 



V 
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2. If there are two radicals and other terms, make the more com- 
plex radical constitute one member, alone, before squaring. Such 
cases usually require two involutions. 

3. If there is a radical denominator, and radicals of a similar form 
occur in the numerators or constitute other terms, it may be best to 
clear of fractions first, either in whole or part 

4. It is sometimes best to rationalize a radical denominator. 



Examples fob Pbacticb in Solving Simple Equations. 

1. Solve and verify the following : ' (1.) 40— 6a;— 16=120--14a:. 
,^. X <c X ,/v>^,o\ a;— 3 . a; .^ a;— 19 , . . a:+3 x 

<^-> a - 3 + 4 = ^^- ^^-^ -^- + 3 = ^«T -T- <*•) — +3 

a:— 5 f . 9ar4-20 _4a;— 12 x . » 10a; +17 12a? 4-2 

=^ r- X~^^ "" ^^^^ "^ ^* * ~^ 13^^^=0[6 

5a;--4 ,' '. ax—h a hx hx—a ,^. a(b*-{-x*) ax 

(9.) a;»\/3 = aa: + Aa; + ca:.v (10.) 2.04 - 0.68y — 0.02y = 0.01. 
(11.) 8.4a? - 7.6 = 10 + 2.2a;. 



2. Solve (1.) -.r^ + ^-^x: = — ^- (^O >8a; - rZ^EZli^^ 
^ ' ab—ax oc—bx ac^ax y( -^ 

= 1.6a.+8.9. (3.) ""-^^^^^ = ^^5^. (x = ^<^). ( (4.) J^ 

(3fe+gd)a! _ hob _ (3fe— a(f)a ; _ 5a(2^— g) '7 _ 6a(2J— a)\ 
~ 2ad(a + J) ~ 3c^ ~ 2a*(a-J) a«-J« ' V~ Zc-i )' 

' ax ex ( _8a&«+45»--12a»A\ . . 4m(K'-5a;') 

V ^ ' S=a''"^~3^+*' V''~3a«+«6-ao + 6c;\ ' '' 8a; 

- 7wJi» + ^ . \^a; _ gg^ + 5^,;- . i?-) Ja, + rfa; + /a; + Aa; - *• 

/ox 8.5 .2_4j. l-.la; ,q. a-3a; 5a; ^x-Z_x-% 
^*^-> X ~ "5 ~ ^ S~* ^^ 1.5 1.25 9 ~ 1.8 "**'**• 



(10.) &-x{h _ I) = ix - 



3a; — (4 - 6a;) 
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3. In aolying the following be careful to observe the snggestions 

in (»r)= , (1.) l{,-iy !(«-«j)+ !(-?) =»• «• ^-^ 

18-4a; . ,„. 6a; + 7 . 7a;- 13 2x+4 ,, , a;-l a>-3 

= —3—+'^ ^^-^ — 9— "^ liTs" = ~ar- (^)i32-i=3 

_a;— 5 05—6 
""a;— 6 x— 7* 

4. Solye the following, giying special heed to the suggestions in 
(28) : (1.) V5^=^ = 16 - V«. (2.) ^ — =c. (3.) Vx 

+ Vx^7=-—==. (4.) -1= . (5.) Va+V^ 

Vx — 7 v52;4-3 2 

+ Va-A/5=V^. (6.) y (1 +a)« + (l-a)a;+ V(l~a)* + (1 +o)a; 
=2a. . (7.) V(13 + V'[7 + V(3 + V^)]}=4. ,(80 VT7V(3TV^ 

o /Q\V^-2 4^/6^-9 ,^., 243 + 324a/3^ ,^ ^^/^ 

=2. (9.) -— = = — — : — . (10.) -^ 5 = 16a;-8V3a? 

. VQx+2 4V«^+6 16a;-3 

+ 3. (11.) — — -• = ^. (12.) -— = 4 + ^-v-. 

/-io\ 3V^-4 15+^95 ,^.. \/^ + V^ Va-{-Vh 

(iO.) 7=- = ;=-. (14u) — -=r ;=. = := • 

2-^Vx ^40 + V^ V^-V^ Vb 

(15). V^-V g-V^^ ^^^ (i6.)^j^^^^^=i^ 

V^ + y a-'Va^ —ax x' Vwi — Vm — y ^ 

a + a; — V 2aa; + x^ Vx + 1 + v a; — 1 

(19.) v«+a; + ya—x = 5. (20.) — === =a — = ;zi. 

l-i-x—V2x+x^ v2+a;— vS 

V(21.) ^^ + ^=4 (23.) ^ ^ -= + -,=i p. 

V3a? + 1— v3a? , ya — a; + v « ya— a:— v« 



y 



a; 



[Several of these equations can be mora etofO&Uy reduced by the Tnf4hftfP ^yen on pi UBL 

Ex. 47.] 
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APPLICATIOKa 

29. According to the definition (2), Algebra treats of, Ist, The 
nature and properties of the Equation ; and 2d, the method of using 
it as an instrument for mathematical investigation. 

Haying on the preceding pages explained the nature and proper- 
ties of the equation, we now give a few examples to illustrate its 
utility as an instrument for mathematical investigation. 

30. The Algebraic Solution of a problem consists of two 
parts : 

1st. The Statement^ which consists in expressing by one or 
more equations the conditions of the problem. 

2d. The Solution of these equations so as to find the values of 
the unknown quantities in known ones. This process has been 
explained, in the case of Simple Equations, in the preceding articles. 

31. The Statenimit of a problem requires some knowledge of the 
subject about which the question is asked. Often it requires a great 
deal of this kind of knowledge in order to " state a problem.'* This 
is not Algebra ; but it is knowledge which it is more or less important 
to have according to the nature of the subject. 

32. Directions to guide the student in the SteUemeni of Prob- 
letns : 

1st. Study the meaning of the problem, so that, if you had the cmtwer given, 
pau could prove it, noticing ca.Tet\}l\j just what operations you would have to 
perform upon the answer in proving. This is called. Discovering the relations 
between the qyLantUies invoked. 

2d. Represent the unknown (required) quantities (the answer) by some one or 
more of the final letters of the alphabet, as x, y, z, or w, and the known quan- 
tities by the other letters, or, as given in the problem. 

3d. Lastly, by combining the quantities involved, both known and unknown 
acco^[ding to the conditions given in the problem (as you would to prove it, if the 
answer were known) express these relations in the form of an equation. 

33 • ScH. — It is not always expedient to use x to represent the number 
sought. The solution is often simplified by letting x be taken for some 
number from which the one sought is readily found, or by letting 2Xy dx, or 
some multiple of x stand for the unknown quantity. The latter expedient 
is often used to avoid fractions. 
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Pboblems. 



1. A's age is double B's, 3's is triple C's, and the sum of their 
ages is 140. Required the age of each. 

^ 2. A's age is m times B's, B's is n times C's, and the sum of their 
^ages is «. B^uired the age of each. 

^ 3. The sura ofiwo numbers is 48, and their difference 12. What 
are the numbers ? 

4. The sum of two numbers is «, and their difference d. What 
are the numbers ? 

5. Having the sum and difference of two numbers given, how do 
• you find the numbers, arithmetically ? 

6. A post is ^th in the earth, f ths in the water, and 13 feet in the 
air. What is the length of the post ? 

7. A post is ^th in the earth, ±.ths in the water, and a feet in the 
air. What is the length of the post ? 

8. What fraction is that, whose numerator is less by 3 than its 
denominator ; and if 3 be taken from the numerator, the value of 
the fraction will be J ? 

9. Give the ^e^iora? solution of the last; V.e., the solution when 
the numbers are all represented by letters. Then substitute the 

■" above numbers and find the answer to that special problem. 

Suo. — Letting the numerator be a less than the denominator, and -^ be the 

arrh 4- bn 

fraction after h is taken from the numerator, the fraction is nr~« 

an + tm 

10. A man sold a horse and chaise for $200 ; ^ the price of Ihe 
. J> horse was equal to -J the price of the chaise. Kequired, the price of 

each. ' Chaise, *120 ; horse, 180. 

Generalize and solve the last, and then by substituting the numbers given in 
it find the special answers. Treat in like manner the next nine probfefi^. 

11. Out of a cask of wine which had leaked away a third part, 21 y 
^ gallons were afterward drawn, when it was found that one-half re- ^ 

mained. How much did the cask hold ? Ans.^ 126 galls. 

12. A and B can do a piece of work in 12 days, but when A worked 
^lone he did the same work in 20. How long would it take B to do 

the same work ? An8.y 30 days. 
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13. A cistern can be filled by 3 pipes; by the first in lij- hours, by / 
the second in 2^ hours, and by .the third in 5 hours. In what time 
will the cistern be filled, when all are left open at once ? 

14. Four merchants entered into a speculation, for which they 
subscribed 4755 dollars ; of which B paid three times as much as A ; 
C paid as much as A and B ; and D paid as much as C and B. What 
did each pay ? 

15. A and B trade with equal stocks. In the first year A tripled 
his stock sTnd had $27 to spare ; B doubled his stock, and had tL53 
to spare. Now the amount of both their gains was five times the 
stock of either. What was that ? 

16. A and B began to trade with equal sums of money. In the / 
first year A gained^ dollars, and B lostTrO; but in the second A 
lost one-thu*d of what he then bad, and B gained a sum less by 40^^ 
doUaiS^han twice the sum that A had lost ; when it appeared that 
B had twice aSTmuch money as A. What money did each begin 
with ? ^ Ans,, 320 dollars. 

17. What number is that to which if 1, 5, and 13 be severally 
added, the first sum divided by the second shall equal the second 
divided by the third ? 

18. Divide 49 into two such parts that the greater increased by 6 
divided by the less diminished by 11, shall be 4^. '^- 

19. A cistern which contains 2400 gallons can be filled in 15 
minutes by three pipes, the first of which lets in 10 gallons per .' ^ 
minute, and the second 4 gallons less than the third. How much 
passes through each pipe in a minute ? 

20. Find a number such that, if from the quotient of the number 
increased by 5, divided by the number increased by 1, we subtract ^ 
the quotient of 3 diminished by the number, divided by the number * 
diminished by 2, the remainder shall be 2. 

21. Divide a into two such parts, that one may be the ^th part of 
fhe other. 

22. Divide a into two such parts, that the sum of the quotients 
which are obtained by dividing one part by m, and the other by w, / 

shall be equal to b. The parts are — -, and -^ ^. ^--^ 




n 
/ 







:? 
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23. Letting p represent the principal, % the interest for time iy a 
the amount, and r the per cent for ^ unit of time, produce the fol- 
lowing fomiuUBy and give their meaning : 



(2.) a=;, + t=^^^^^ 



' rp 



(5.);' = -^; 



7 





7 



7 



24 In what time will a given principal double, triple, or quadru- 
ple itself, at 5^ ? at 6^ ? at 7^ ? 

_^ 25. What is the worth of a note of $500 Nov. 2d, 1872, which is 
"dated Feb. 23d, 1870, bears 12^ interest, and is due Jan. 1st, 1875, 
money being worth 7^ ? Ans.y $687.23 + 

26. On a sum of money borrowed, annual interest is paid at 5^. 
After a time $200 are paid on the principal, and the interest on the 
remainder is reduced to 4^. By these changes the annual interest is 
lessened one-third. What was the sum borrowed ? 

27. An artesian well supplies a manufactory. The consumption 
of water goes on each week-day from 3 a.m. to 6 p.m. at double the 
rate at which the water flows into the welj. ' If the well contained 
2250 gallons of water when the consuinption began on Monday 
morning, and the well was just emptied at 6 p.m. on the next Thurs- 
day evening but one, how many gallons flowed into the well per 
hour? 

« 

28. The hind and fore wheels of a carriage have circumferences 
16 and 14 feet respectively. How far has the carriage advanced 
when the fore wheel has made 51^ revolutions more than the other? 

29. A merchant gains the first year 15^ on his capital ; the second 
year, 20^^ on the capital at the close of the first ; and the third year, 
25^ on the capital at the close of the second; when he finds that he 
has cleared $1000.50. Required his capital Capitaly $1380. 

30. A man had $2550 to invest. He invested part in certain 3^ 
stocks, and part in R. R. shares of $25 each, which pay annual divi- 
dends of $1.00 per share. The stocks cost him $81 on a hundred, 
and the R R. shares $24 per share ; and his income from each source 
is the same. How many R. R. shares did he buy ? 



J 
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SECTION II. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH TWO 

UNKNOWN QUANTITIES. 



Definitions. 

34:. Independent JEquations are such as express different 
conditions, and neither can be reduced to the other. 

35. Simultaneous Equations are those which express dif- 
ferent conditions of the same problem, and consequently the letters 
representing the unknown quantities Bignif;f the same things in each. 
All the equations of such a group are satisfied by the same values of 
the unknown quantities. 

36. Elimination is the process of producing from a given 
set of simultaneous equations containing two or more unknown 
quantities, a new set of equations in which one, at least, of the uur 
known quantities shall not appear. The quantity thus disappearing 
is said to be eliminated. (The word literally means putting out of 
doors. We use it as meaning causing to disappear.) 

37. There are Five Methods of Elimination, viz., by 
Comparison^ by Substitution^ by Addition or Subtraction, by Uhde- 
teniiined Multipliers, and by Division. 



Elimination by Compabison. 

38. Pirob. 1. — Having given two independent^ simultaneous, 
simple equations between two unknown quantities, to deduce therefrom 
hy Comparison a new equaJtion coiUaining only one of the unknown 
qicafitities. 

RULE. — 1st. Find expbessions fob the value of the same 

UNKNOWN QUANTITY FROM EACH EQUATION, IN TERMS OF THE 
OTHER UNKNOTTO QUANTITY AND KNOWN QUANTITIES. 

2d. Place these two values equal to each other, and the 

KESULT WILL BE THE EQUATION SOUGHT. 

Bem. — ^The first operations being performed according to the rules for simple 
equations with one unknown quantity^, need no further demonstration. 
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2d. Having formed expressions for the value of the same unknown quantity 
in both equations, since the equations are simultaneous this unknown quantity 
means the same thing in the two equations, and hence the two expressions for 
its value are equal. Q. £. D. 

8cH. — ^The resulting equation can be solved by the roles already g^ven. 



Elimination by Substitution. 

39. Pvobm 2m — Saving given two independent^ simultaneousy 
simple equations, between two unknown quantities, to deduce there- 
from by Substitution a single equation with but on^ of the unknown 
qiiantities. 

RULE.— Ist Find from one of the equations the value 
OF the unknown quantity to be eliminated, in teems of the 
other unknown quantity and known quantities. 

2d. Substitute this value for the same unknown quan- 
tity IN THE OTHER EQUATIOJT. 

Dem. — The first process consists in the solution of a simple equation, and is 
demonstrated in the same way. 

The second process is self-evident, since, the equations being simultaneous, 
the letters mean the same thing in both, and it does not destroy the equality of 
the members to replace any quantity by its equal. Q. B. D. 



Elimination by Addition or Subtraction. 

dOm Pvob* 3m — Having given two independent, simultaneous, 
simple equations between two unknown quantities, to deduce therefrom, 
by Addition or Subtraction a single equation with but one unknown 
quantity, 

RULE. — 1st Reduce the equations to the forms ax •\' by 
= m, AND ex -{- dy ^= n. 

2d. If the coefficients of the quantity to be eliminated 
are not alike in both equations, make them^o by finding 
their L. C. M. and then multiplying each equation by this 
L. C. M. exclusive of the factor which the term to be 
eliminated already contains. 

3d. If the signs of the terms containing the quantity to 
be eliminated are alike in both equations, subtract onb 
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EQUATION FBOM THE OTHER, MEMBER BY MEMBEB. If THESE SIGNS 
ARE UNLIKE, ADD THE EQUATIONS. 

Dem. — Tlie first operations are performed according to the roles already given 
for clearing of fractions, transposition, and uniting terms, and hence do not viti- 
ate the equations. The object of this reduction is to make the two subsequent 
steps practicable. 

The second step does not vitiate the equations, since in the caae of either 
equation, both its members are multiplied by the same number. 

The third step eliminates the unknown quantity, since, as the terms containing 
the quantity to be eliminated have the same numerical value, if they have the 
safne sign, by subtracting the equations one will destroy the other, and if they 
have different signs, by adding the equations they will destroy each other. The 
result is a true equation, since. If equals (the two members of one equation) are 
added to equals (the two members of the other equation), the sums are equal. 
Thus we have a new equation with but one unknown quantity. Q. B. D. 



Elimination by Undetermined Multipliers. 

dl» JPvob. dm — Having given two independent^ simultaneous^ 
simple equations between two unkviown quantities^ to deditce therefrom 
by Undetermined Multipliers a single equation with but one unknown 
quantity. 

RULE. — 1st. Eeduce the equations to the forms ax + by 
= m, AND ex '\' dy = n. 

2d. Multiply one of the equations by an undetermined 

FACTOR, AS /, AND FROM THE RESULT SUBTRACT THE OTHER EQUA- 
TION, MEMBER BY MEMBER. 

3d. In the RESULTING EQUATION, PLACE THE COEFFICIENT OF 
THE UNKNOWN QUANTITY TO BE ELIMINATED EQUAL TO 0; FROM 
THIS EQUATION FIND THE VALUE OF /, AND SUBSTITUTE IT IN THE 
OTHER TERMS OF THE EQUATION. 

# 

Dbm. — [Reason for the first step, same as in the last method.] 

Now multiply one of the equations, as ax + by =z m, by /, and subtract the 
otner, member by member, giving (a/— c)x + (&/— d)y = mf—n. To eliminate 

y, put bf—d = 0, giving f = -j- This value of / substituted in (af — c)x 

+ (&/— d}y = mf— n, will cause the term containing y to disappear by making 
its coefficient 0, and there will result an equation containing only the unknown 
iinantity ip, and known quantities. Q. £. D. 
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-Thus, given 8a;+7y=83,andaaj+4y=20. 

Multiply the 1st by/, 3jfe + 7/y = 88/ 

Subtract the 2d, 2^; + 4^ = 20 

Audwehave (8/ - 2>e + (7/ - 4)y = 8^- 20. 

Putting7/-4 = 0,/=f Substituting. (3 xf-2)a; = 33x^-20. Whence, 
— ^a; = — f , or « = 4. 

In like manner, putting 8/- 2 = 0,/= f . And (7 x | - 4)y = 83 x f - 20- 
Whence y = 3. 



Elihihtation by Division. 

42m JPvob* Sm — Having given two independent^ simultaneous, 
equations of any degree^ between two unknown quantities, to deduce 
therefrom hy Division a single equation with but one unknown 
quantity. 

R ULE. — Cleab the equations of fractions, and transpose 

ALL THE terms TO ONE MEMBER. TrEAT THE POLYNOMIALS THUS 
obtained as in the PROCESS FOR FINDING THE HIGHEST COM- 
MON Divisor, continuing the process until one unknown 

QUANTITY DISAPPEARS FROM THE REMAINDER. PUTTING THIS RE- 
MAINDER EQUAL TO 0, WE HAVE THE EQUATION SOUGHT. 

Dem. — Since each of the polynomials is equal to 0, any number of times one 
subtracted from the other (t. e, any remainder) is 0. 



Examples. 

[NoTPB. — ^The pupil should solve the following by each of the preceding 
methods, so as to make all familiar, and in each instance notice what method is 
most expeditious.] 

(1.) 2x + 7y=41, (2.) a:+15y=49, (3.) 6a; 4- 4y=236, 
J> 3a; + 4y=42. - Zx+ 7y=71. y 3a;+159=573. 

•(4.) 29a;-175=14y, (5.1188- 5a;- 9y=0, (6.) 5a;-4=3y, 

87a;-56y=497. j/ 13a;=57 + 2y. ^ 10 + 7a;-12y=0. 

- <7.) 5y-21= 2a;, (8.) 7y-3x=139, (9.) 69y-17a;= 103, 
, 13a;-4y=120. -) 2a;+5y= 91. / 14a;-13y=-41. 

/I AX ^—2 10— a; y-10 ,^^^ ^ -, o -- ' 

(10.) — — = L_, (11.) o5a;+ctfy=2, 

2y + 4 4a;+y + 13 d— J 

.-, -ar- = — 8 — • ^-"2^ = "w"- 
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(12.) ^ = 3^ (13.) (b+c){x+c-b) +a{y+a) = 2««, 
0^) ;7?-. + i=2«, and S? = 1. ^J 



a+6 a—b 4ab 



,(15.) 2.4x+.32y— -g =.8x+-—^—, _^_=_^_. 

22; 5^ 32; y 

/i«\ '3'~i2 T^S ^ , a;-y 1 ^ 
(16.) — ^ — = 2, and — — ^ = =* 

4 2 

(17.) -+I- = 5, (18.) - + - = 19, (19.) H+^^m +n, 
^ ^ ax by ^ ' X y ^ ' nx my ' 

y ax by oc y ^ y 

[Note. — Solve the following by (4:2).'\ . y 

20. Eliminate x between the following: 5a;+y=105_ and x+^y 
=35 ; alRoJ(2£ ^3 y )=8-J[-3; and ll4-y=:f(7^/-aj;)V "' also i(y— 2) 
-i(10-y)= }(2; -10) and .i(22J + 4) - \{^-\'Z) = ^(y + 13) ; also 
x^+6xy=lU: and 6a;y-f-36y2=432J/"also a;» +.y3=2728 and a;«— ay 
+y« = 124; also a;*-fa;^y-f-a;2y«+a;y3+y*=l and a;2+y«=2; also 
a;H-y4-a;y=34 and a;*+y2=52. ^^ 

SOLUTION OF THE IA8T. 

X'\'y+xy—U ) a;»+y^-52[ a; + 34— y 

(l+y)a;+y-34 ) (l+y)rr« + (l4-y)y«-52(l+y) 

{l-}-y)x^-{-xy—d4:X 

(34-y)a;+(y»-52)(l+y) 
(H-y)(34-y)2; + (y8-52)(l+y)« ' 
(l+y)(34-y)a;-(34-y)« 
Equation sought, (34-y)2-f-(y2— 52)(l+y)»=0. 

[Note. — The equations resulting from the elimination in several of tbe above 
cases are of degrees higher than the first, and hence their resolution is not to 
be expected at this stage of the student's progress.] ^* , 

7 ^' 
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7 






Applications. 

1. A wine merchant has two kinds of wine, one worth 72 cents a 
quart, and the other 40 cents. How much of each must he put in a 
mixture of 50 quarts, so that it shall be worth 60 cents a quart? 

2. A crew that can pull at the rate of 12 miles an hour down the 
stream, finds that it takes twice as long to row a giyen distance up 
stream as down. What is the rate of the current ? 

3. A man sculls a certain distance down a stream which runs at a 
rate of 4 miles an hour, in 1 hour and 40 minutes. In returning it 
takes him 4 hours and 15 minutes to reach a point 3 miles below his 
starting place. How far did he scull down the stream, and at what 
rate could he scull in still water? 

4. A man puts out $10,000 in two investments. For the first he 
gets 5^ and for the second 4^. The first yields annually t50 more 
than the second. What is each inyestment ? 

[NoTB. — Generalize the statement and eolation of the preceding problems.] 

6. What fraction is that whose numerator being doubled and de- 
nominator increased by 7, the yalue becomes f ; but the denomina- 
tor being doubled, and the numerator increased by 2, the yalue be- 
comes \ ? 

6. There is a number consisting of two digits, which is equal to 
four times the sum of those digits ; and if 18 be added to it, the 
digits will be inverted. What is the number? 

7. A work is to be printed, so that each page may contain a cer- 
tain number of lines, and each line a certain number of letters. If 
we wished each page to contain 3 lines more, and each line 4 letters 
more, then there would be 224 letters more in each page; but if we 
wished to have 2 lines less in a page, and 3 letters less in each line, 
then each page would contain 145 letters less. How many lines are 
there in each page ? and how many letters in each line ? 

8. A sum of money put out at simple interest amounted to $5250 
in 10 months, and to 15450 in 18 months. What was the principal, 
and what the rate ? 
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9. In an alloy of silver and copper, — of the whole + p onnces 

was silver, and — of the whole — q ounces was copper. How many 
ounces were there of each ? 

10. When a is added to the greater of two numbers, it is m times 
the less; but when b is added to the less, it is n times the greater. 
What are the numbers ? 

11. When 4 is added to the greater of two numbers, it is 3^^ times 
the less ; but when 8 is added to the less, it is ^ the greater. What 
are the numbers?^ Solve by substituting in the results of the pre- 
ceding. 

12. There is a cistern into which water is admitted by three cocks, 
two of which are of exactly the same dimensions. When they are 
all open, five-twelfths of the cistern is filled in 4 hours ; and if one 
of the equal cocks be stopped, seven-ninths of the cistern is filled in 
10 hours and 40 minutes. In how many hours would each cock fill 
the cistern? 

13. A banker has two kinds of change ; there must be a pieces of 
the first to make a crown, and I pieces of the second to make the 
same : now a person wishes to have c pieces for a crown. How many 
pieces of each kind must the banker give him ? 

An8.y -\ of the first kind, -\ '- of the second. 

— a — a 

14. An ingot of metal which weighs n pounds loses ^ pounds when 
weighed in water. This ingot is itself composed of two other metals, 
which we may call M and M' ; now n pounds of M loses q pounds 
when weighed in water, and n pounds of M' loses r pounds when 
weighed in water. How much of each metal does the original ingot 
contain ? 

Ans., ^l!lZL2l pounds of M, ^^^^^"^ P^^^^^ ^^^'- 
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SECTION III. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH MORE 

THAN TWO UNKNOWN QUANTITIES 

4:3. Prob. — Having given severed independent y simvltaneouSy 
simple eqitations^ involving us many un-knoton quantities as there are 
equations^ to find the values of the unknown quantities, 

R ULE. — Combine the equations two and two bt ant of 

THE methods of ELIMINATION, ELIMINATING BY EACH COMBINA- 
tion the same unknown quantity, thus producing a nbw set 
of equations, one less in number, and containing at least 
one less unknown quantity. combine this new set two and 
two in like manner, eliminating another of the unknown 
quantities. repeat the process until a single equation is 
found with but one unknown quantity. solve this equation 
and then substitute the value of this unknown quantity in 
one of the next preceding set of equations, of which there 
will be but two, with two unknown quantities, and there 
will result an equation containing only one, and that 
another of the unknown quantities, the value of which 
can therefore be found from it. substitute the two values 
now found in one of the next preceding set, and find the 
value of the remaining unknown quantity in this equation. 
Continue this process till all the unknown quantities are 
determined. 

Dem. — ^1. The combinations of the equations give true equations because they 
are all made upon the methods of elimination already demonstrated. 

2. That the number of equations can always be reduced to one by this pro. 
cess, is evident, since, if we have n equations and combine any one of them with 
each of the others, there will be 7t — 1 new equations. Combining one of these 
w — 1 new equations with all the rest there will result n — 2. Hence n—1 
such combinations will produce a single equation ; and as one unknown quan- 
tity, at least, has disappeared from each set, there will be but one left. Q. e. d. 

ScH. 1. — If any equation of any set does not contain the quantity we are 
seeking to eliminate, this equation can be written at once in the next set, 
and the remaining equations combined. 

ScH. 2. — ^In eliminating any unknown quantity from a particular set of 
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equations, any one of the equations may be combined with each of the 
others, and the new set thus formed. But some other order may be prefer- 
able as giving simpler results. 

ScH. 3. — It is sometimes better to find the values of all the unknown 
quantities in the same way as the first is found, rather than by substitution. 











Examples. 










1. 




2. 


3. 




X 


+ y 


+ 2? = 


31, 


x-{- y+ « = 9, 


2a; + 3;v + 42; = 


:29, 


X 


+ y 


— 21 — 


25, 


a; + 3y ~ 3^; = 7, 


3a; + 23/ -f 52; = 


:32, 


X 


y 


— « = 


9. 


re - 4y + 82 = 8. 


4a; 4- 3y + 22; = 


25. 



4. 



5. 



l^+iy+i^=62, a:+iy=100, 
iaJ+iyH-i^=38. i2;+i^a;=100. 




6. 
64; ?^+2.=8, 
a; + 2«^— 52;=2, 



_ . 5a;— 6v , « 

84. — 3 + ^=2-. 



X: 

y 



!^ «/= 



3; 
2; 



a=l. 



7. 
, x-\-z 



= 85, 



= 85, 



= 85. 



10. 

y+zz=%yz^ 

X-\'Z=dXZy 

a;-fy=4a;y. 



8. 
ay 4- ^a; 



9. 



= c. 



ca; + «z = J, 



fo + cy = a. 



11- 

? + ?^:=.l, 

a? y 

y « 
?+^-=i. 

2J a; 



a; 


i_ 

y~ 


3 

z' 


. 3_ 

z 


2 _ 


3, 


a; 


i_ 


4 
3* 


13. 






+y+2 


=0, 





(S+c)a;4-(c+a)y + (a-f J)2:=0, 



13. xyz=a{yz—zx'-xy)=b{zx'^xy^yz)=ic{xy--yz'-zx). 
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14. 15. 16. 

3w— 2y= 2, 3a;— 4y+32;+3i;— 6tt=ll, i^+»+a;+y=10, 

bx—Kz =11, 3a:— 5^ + 22— 4w= 11, u+v+x-{-z = lly 

2a; + 32^=39, 10«^— 3z +3w— 2i;= 2, u+v-^-y + z^U, 

4y+3^=41. 5;8;+4w4-2t;— 2a;= 3, u+x-^y+z=Vdi 

6u—3v+ix—2y= 6, t; +a;+y+^=14. 

17. x+y-i'Z=a+b+Cf bX'\-cy+az=cx+ay+bz=za^'{-b^+c*- 



Applications, 

1. Three persons, A, B, and C, were talking of their guineas; 
says A to B and C, give me half of yours and I shall have 34 ; says 
B to A and C, give me a third part of yours and I shall have 34; 
says C to A and B, give me a fourth part of yours and I shall have 
34. How many had each ? Aits., A 10, B 22, C 26. 

2. For $8 I can buv 2 lbs. of tea, 10 lbs. of coffee, and 20 lbs. of 
Sugar, or 2 lbs. of tea, 5 lbs. of coffee, and 30 lbs. of sugar, or 3 lbs. 
of tea, 6 lbs. of coffee, and 10 lbs. of sugar. What are the prices ? 

3. A person possesses a certain capital which is in Tested at a certain 
rate per cent. A second person has £1000 more capital than the 
first and invests it at one per cent, more ; thus his income exceeds 
that of the first person by £80. A third person has £500 more 
capital than the second, and invests it one per cent, more advan- 
tageously ; and thus receiyes £70 more income. Find the capital of 
each and the rate of investment. 

4. Find four numbers, such that the first with half the rest, the 
second with a third the rest, the third with a fourth the rest, and 
the fourth with a fifth of the rest shall each be equal to a. 

5. A number is represented by 6 digits, of which the left-hand 
digit is 1. If the 1 be removed to units place, the others remaining 
in the same order as before, the new number is 3 times the original 
number. Find the number. 

6. A man has £22 14.9. in crowns (55.), guineas (21^.), and moidores 
(27^.) ; and he finds that if he had as many guineas as crowns, and 
as many crowns as guineas, he would have £36 6s. ; but if he had 
as many crowns as moidores, and as many moidores as crowns, he 
would have £45 16s. How many of each has he F 
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7. A person has four casks, the second of which being filled from 
the first, leaves the first 4 full. The third being filled from the 
second, leayes it J full; and when the third is emptied into the 
fourth, it is found to fill only ^ of it. But the first will fill the third 
and fourth and have fifteen quarts remaining. How many quarts 
does each hold ? 

8. A, B, G, and D, engage to do a certain work. A and B can do 
it in 12 days, A and D in 15 days, and D and C in 18 days. B and C 
comnience the work together, after 3 days are joined by A, and after 
4 days more by D. Then, all working together, they finish it in 
2 days. How long would each have required to do the entire work ? 
Solve with one unknown quantity, as well as with four. 

9. A person sculling in a thick fog, meets one tug and overtakes 
another which is going at the same rate as the former ; show that if 
a is the greatest distance to which he can see, and b, V are the dis- 
tances that he scuUs between the times of his first seeing and of his 

,, . 2^1 1 

passing the tugs, - — j + p- 





^o y- 







~ Ck 



0--=. ^«- 



60 






77 



104 BLEHSNTABY ALQEB8A* 



OHAPTEB n. 

BATIO, rBOrOBTION, AND rBOGBESSIOIT. 



SECTION I. 

RATIO. 

44. JRatio IB the relative magnitude of one quantity as com- 
pared with another of the same kind, and is expressed by the quotient 
arising from dividing the first by the second.* The first quantity 
Tiamed is called the Antecedent, and the secpnd the Consequent. 

Taken together they are called the Terms of the ratio, or a Couplet 

• 

4S» The Sign of ratio is the colon, : , the common sign of 
d>%ision, -=-, or the fractional form of indicating division. 

The last fonn is coining into use quite generally, and is to be preferred. 

46m CoR. — A ratio being merely a fraction, or an unexecuted 
problem in Division, of lohich the antecedent is the numerator, or 
dividend, and the consequent the denominator, or divisor, any changes 
made upon the terms of a ratio produce the same effect upon its value, 
as the like changes do upon the value of a fraction, when made upon 
its corresponding terms. TTie principal of these are, 

1st. Tjf both terms are multiplied, or both divided by the same 
number, the value of the ratio is NOT CHANGED. 

2d. A ratio is multiplied by multiplying the antecedent, or by 
dividing the consequent, 

3d. A ratio is divided by dividing the antecedent, or by muUiply- 
ing the consequent. 

■*- — ■ — ■ t 

* There is a Gommon notion among ns that the French express a ratio by dividing the con- 
feqnent by the antecedent, while the English express it as above. Snch is not the fact. 
French, German, and English writers agree in the above definition. In fact, the Germans very 
generally nse'the sign : instead of ^; and by all, the two signs are used as exact equivalents. 
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47. A Direct Matio is the quotient of the antecedent divided 
by the coDsequent, as explained above, (44). An Indirect or 
Reciprocal Katio is the quotient of the consequent divided by 
the antecedent, L e., the reciprocal of the direct ratio. A ratio is 
always written as a direct ratio. 

• 45. A ratio of Greater Inequality is a ratio which is 
greater than unity, as 4:3. A ratio of Less Inequality is a 
ratio which is less than unity, as 3 : 4. 

4:9m A Compound JRatio is the product of the corresponding 
terms of several simple ratios. Thus, the compound ratio a : 6, 
c\ dyfYixn. is acm : Mn. This term corresponds to compound frac- 
tion. A compound ratio is the same in effect as a compound fraction. 

SOm A Duplicate Ratio is the ratio of the squares, a tri^ 
plicate^ of the cubes, a 8ubduplicate^ of the square roots', and 
a stibtriplicatef of the cube roots of two numbers. Thus, a^ : A*, 

a^ : b^, Va : Vb, and \^ : \^. 



Examples. 
1. What is the ratio of 8 to 4? of 4 to 8 ? of ^to f ? of 6ahn 

iA}3am? of x^- y^ to x-y? offtoi? of-to^? of ^^^^ 

^ ^ * y n b l—x 

. a + b^ 

to r 

1 — x 

2. Write the inverse ratio in each case in the last paragraph. 

3. Reduce the following to their lowest terms : 86 : 187, a* — ^^ 
: «* - b^, 12{a - a;)* : 6{a^ - x^). 

4. What is the duplicate ratio of 3:5, of a: J? What the tripli- 
cate ? What the subduplicate of 25 : 16 ? of 3 : 7 ? of m : n ? What 
the subtriplicate of 729 : 1728 ? of x:y? 

5. Which is the greater, the compound ratio of | : | and 5:4, or 
the inverse triplicate ratio of 3:2? 

6. Prove that a ratio of greater inequality is diminished by adding 
the same number to both its terms. How is it with a ratio of less 
inequality ? How with equality ? 

7. If 5 gold coins and 30 silver ones are worth as much as 10 gold 
coins and 10 silver ones, what is the ratio of their values ? 
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8. Prove that a« — a;» : a« + ic* > a— a: : a+x. Ib «• + y* : x^ +y« 
greater, or less, than x^ + y* :x + y? 

9. Prove that 4a»— 3a»a; — 4aa;« + Sx^ : Sa^— 2a«a; — 3aa;« + 2a;» 
is equal to 4a — 3a; : 3a — 2a;. 

10. Prove that, if a; be to y in the duplicate ratio of a to J, and a 
to b in the subduplicate ratio of a + a; to a -- y, then will 2x : a 



SECTION II. 

PROPORTION. 

Rl. FropovHon is an equality of ratios, the terms of the ratios 
being expressed. The equality is indicated by the ordinary sign of 
equality, =, or by the double colon, : : . 

a c 
ScH. — The pupil should practice writing a proportion in the form r = j, 

still reading it ** a is to 5 as c is to d."^^ One form should be as familiar as 
the other. He must accustom himself to the thought tluit a :b :: e : d means 

a 

32. Tfie JExtremes (outside terms) of a proportion are the 
first and fourth terms. The IHeans (middle terms) are the second 
and third terms. 

S3. A Mean Proportional between two quantities is a 
quantity to which either of the other two bears the same ratio that 
the mean does to the other of the two. 

34. A Third Proportional to two quantities is such a 
quantity that the first is to the second as the second is to this third 
(proportional). 

55. A proportion is taken by Inversion when the terms of 
each ratio are written in inverse order. 

56. A proportion is taken by Alternation when the means 
are made to change places, or the extremes. 

57. A proportion is taken by Composition when the sum of 
the terms of each ratio is compared with either term of that ratio, 
the same order being observed in both ratios ; or when the sum of 
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the antecedents and the sum of the consequents are compared with 
either antecedent and its consequent. 

S8. If the difference instead of the sum be taken in the last defi- 
nition, the proportion is taken by Division* 

59* Four quantities are Inversely or Reciprocally Proportional 
when the first is to the second as the fourth is to the third, or as the 
recipi*ocal of the third is to the reciprocal of the fourth. 

60. A Continued Proportion is a succession of equal 
ratios, in which each consequent is the antecedent of the next ratio. 
Thus \ia\b'.\b'.c\\c\d\id:ey we have a continued proportion. 



61. Prop. 1. — In any proportion the product of the extremes 
equals the product of the means. 

Dem. — If a\h\\c\d then ad^hc. For a\h\\c\dSB the same m r = 3* 'vi^hieh 

a 

cleared of fractions becomes ad=zbc. (^ E. D. 

62. CoR. 1. — The square of a mean proportional equals the pro- 
duct of its extremes, and hence a mean proportional itself equals the 
square root of the product of its extremes. 

If a\m::m:d,hj the proposition m' = ad. Whence extracting the square 
rootof both members, m = V^. 

63. CoR. 2. — Mther extreme of a proportion equals the product 
of the meafis divided by the other extreme ; and, in like manner, 
either mea7i equals the product of the extremes divided by the other 
mean. 



64. Prop. 2. — If the product of two quantities equals the pro- 
duct of two others, the two former may be made the extremes^ or the 
means of a proportion, and the two latter the other terms. 

Dbh. — Suppose my === nx. Dividing both members by xy, we have — = -, 

X y 

i, e.,m:z::n:y. In like manner dividing by mn we have - = — , i, e., y:7i 

iixim. 

Deduce each of the following forms from the relation my = nx : 



^1. m :x :: n: y. 

2. m-.nwx'.y. 

^^^> y :n : : x:m, 

r 4. X : y :: m: n. 



>* 5. y :x i: n:m, 

— 6. x:m:: y :n» 

• ' 7. mm:: y :x. 

8. n: y ::m:x. 
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6S. Cob. — If four quafUities are in proportion^ thej/ are in pro- 
portion by aUemation and by inversion. 



66. Prop. 3, — If four quantities are in proportion, ths propor- 
tion is not destroyed by taking eq^ial multiples of 

1st The terms of the same couplet, 

2d. 77ie antecedents, 

3d. The consequents, 

4th. All the tenns. 

Demonstrate these facts from the nature of a proportion as an equality of 
ratios. 

67« ScH. — Observe that such changes, and only snch, may be made upon 
the terms of a proportion without destroying it, as 

1st. Do not change the values of the ratios, 

2d. Ghomge loth ratios alike. 

QuxaiY. — If the first term of a proportion be divided by any number, in what 
ways may the operation be compensated for so as to preserve the proportion ? 



68. Pvop. 4. — The products or the quotients of the correspond- 
ing terms of tfjoo {or more) proportions are proportional to each 
other. 

Demonstrated on the axioms that equals multiplied by equals give equal 
products, and that equals divided by equals give equal quotients. 

69. Cor. — Like powers^ or roots^ of proportionals are propor- 
tional to each other. 

How does this corollary grow out of the proposition ? 



70. Prop. S.'—If two proportions have a ratio in one equal to 
a ratio in the other, the remaining ratios are equal and may form a 
proportion. 

Demonstrated on the axiom that things which are equal to the same thing 
are equal to each other. 



71. Pvop. 6. — Any proportion may be taken by composition, 
or by division, or by both at once, without destroying it. 
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Bbm. — ^If a:b::c:d, . 

f a^- b:b ::c + d:d, (1) 

a -^-b: a: 16 -^ die, (2) 

a^ c:a: :b •{- dib, (8) 

^ a ■¥ c:e lib ■{■ d id, (4) 

By division, we may write the same forms with the — sign instead of the + . 

By composition and 
division at the 
time, we may write, 



We may write by 
composition. 



same < 
rit© la-heia — ciib + dib — d. 



These forms may all be verified by representing the ratio of is to 6 by r, 

a 
whence -r- = r, or a = r5, and since the ratio of e to d is the same as that of 

aiob, -=zr,OTC=dr, and then substituting in each of the above forms these 
d 

values of a and c. Thus, the 1st becomes br+bibiidr-hdi d, which ratios are 

equal, since each isr + 1. Let the student verify the other forms in the same 
way. 

QuBBiES. — It a ibiici d,\B a±b lai: e±d : &? Is a-\-b i e-\-d :: a—c i b—dJ 

72m Cor. — ^ there be a series of equal ratios in the form of a 
continued proportion^ the sum of all the antecedents is to the sum of 
all the consequents^ as any one antecedent is to its consequent. 

Dbm. — If aibiieidi I eifiig ih, etc., a+c + d+^r+etc. : ft+d+/+A+etc. 
: : a : 6, or ei d, or eif,oT g i h, etc. Substitute for a br, for e dr, for e fr, for 
g hr, and we have 

br-^dr+fr^-hr-^etc i 6+d+/+A+etc. 1 1 br : b, 

in which the ratios are seen to be equal, since each is r. 

7S. ScH. — The method pursued in the demanstratian of the preceding propo- 
sition will be found sufficient in itself to test any proposed transformation of a 
proportion: We will give a few examples : 

1. J{ a : b :: c : d, prove as above that ad = be, 

SuG. — By substituting as above we have the identity brd = bdr, 

2. Iia:b::c: dy prove as above that a:c::b: d, and b: a:: d : c. 

3. Jfa:b::c:dy and m : ni: x : y, prove as above that am: bn:: 
^cxi dy. 

Bug's. — Let — = r, whence ^ = r ; and ~ = /, whence £. = r*. Substitut- 
b d n y 

ing for a br, for c dr, tat m nr', and for x yr', in the proportion to be tested, it 

la shown to be true. 
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4. Jfia — X : ia -\- X :: b — y I b + ffy show that 2x: y\:a:i. 

Sno's. — From , "" = r find x in temuof a and r, and from r— ^ = r find tt 
ia + x b + y " 

in termfl of b and r. 

« 

6. If a : b ::p : a^, prove that a* + J* : =- : : o« + fl^* : -^ — . 

6. Four giyen numbers are represented by a, byC,d; what quantity 
added to each will make them proportionals? 

J be ^^ ad 
Ans., = =. 

a — b — c + a 

, 7. If four numbers are proportionals, show that there is no num- 
ber which, being added to each, will leave the resulting four num- 
bers proportionals. 

5. If a :b :: c: d, show that maimb:: c:d] aibiimcimd; max 
b ::mc: d; a: mb :: c: md ; and ma inbiimc: nd. 



Applications. 

[Note. — ^The first five of the following examples shonld be solved without 
converting the proportions into equations.] 

1. A merchant having mixed a certain nuL ^ ^Uons of brandy 

and water, found that if he had mixed 6 gallons lu^.. ^ each, there 
would have been 7 gallons of brandy to every 6 gallons of water, 
but, if he had mixed 6 gallons less of each, there would have been 
6 gallons of brandy to every 5 gallons of water. How much of each 
did he mix ? 



Solution, a? + 6 

Hence x — y 

Hence ^ + 6 

Substituting, a; + 6 



y + 6 : : 7 : 6, and a? — 6 : y — 6 : : 6 : 5. 
y + 6 : ; 1 : 6, and « — y:y — 6::1:6. 
y ~ 6 : : 6 : 5, or 2y : 12 : : 11 : 1, or y : 66 : : 1 : 1. 
72 : : 7 : 6, or a; + 6 : 6 : : 14 : 1, or aj : 6 : ; 13 : 1, or « : 
1 : : 78 : 1. 



2. Find two numbers, such, that their sum, difference, and pro- 
duct, may be as the numbers «, d, and jt;, respectively. 

Solution, x -¥ y ix — y wsid, and x — y :xy :: dip. 
Hence x :y :: s ■\- d : s — d, and x : y :: dx -k- p :p. 

Hence dx+p :p::8-\-d : s — d^oidx :p ::2d:s — d,orx:p :i2:»'^dt 

OTXil ::2p:»-'d,i. 6.xz^ "ITd' 
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3. It is required to find a number, such, that the sum of its digits 
is to the number itself as 4 to 13 ; and if the digits be inverted, their 
difference will be to the number expressed as 2 to 31. 

4 Divide the number 14 into two such parts, that the quotient 
of the greater divided by the less shall be to the quotient of the less 
/ divided by the greater, as 16 to 9. 




7 



5. Find two numbers whose difference is to the difference of their 
squares as m : n, and whose sum is to the difference of their squares 
as a : & 

[Note. — ^In the following, use the proportion more or less, as is found ex- 
pedient.] 



6. The sides of a triangle are as 3 : 4 : 5, and the periQieter is 480 
^^^ yards : find the sides. 

/ 7. A fox makes 4 leaps while a hound makes 3 ; but two of the 

hound's leaps are equivalent to 3 of the fox's. What are their relative 
"grates of running ? 

8. A courier sets out from Trenton for Washington, and travels 
at the rate of 8 miles an hour; two hours after his departure 
another courier sets out after him from New York, supposed to be 
68 miles distant from Trenton, and travels at the rate of 12 miles an 

jT hour. How far must the second courier travel before he overtakes 
the first? 

9. There are two places, 154 miles apart, from which two persons 
set out at the same time to meet, one travelling at the rate of 3 miles 

, in two hours, and the other at the rate of 6 miles in four houi*s. How 

' long, and how far, did each travel before they met ? 

10. A courier, who travels 60 miles a day, has been dispatched 
five days, when a second is sent to overtake him, in order to do 
which he must travel 75 miles a day. In what time will he overtake 
the former? 



7 



11. Two travellers, A and B, set out at the same time from two 
different places, C and D ; A from C to D, and B from D to C. 

"^ When they met, it appeared that A had gone 30 miles more than 
B ; also, that A can reach D in 4 days, and B can reach C in 9 days. 
Eequired the distance from C to D. 

12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to 
7 the greyhound's 3 ; but two of the greyhound's leaps are as much as 





7 
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three of the hare's. How many leaps must the greyhound take to 
catch the hare ? 

13. A runner left this place n days ago, at the rate of a miles 
daily. He is pursued by another, at the rate of h miles a day. In 

how many days will the second overtake the first ? 

. an 

-^^^•' T — :;• 

— a 

14. Find the time between 3 and 4 when the bands of a watch are 
pposite each other. When they are at right angles to each other. 

When they are together. 

15. How often does the minute hand of a watch pass the hour 
hand ? How often at right angles ? How often opposite ? 

16. Do the hands of a watch occupy the three relative positions 
of opposite, at right angles, and together between each two hours of 
the \% ? If there are exceptions point them out, and show why they 
occur. 

17. Before noon, a clock which is too fast, and points to afternoon 
time, is put back 5 hours and 40 minutes ; and it is observed that 
the time before shown is to the true time as 29 to 105. Required 
the true time, 

18. Two bodies move uniformly around the 
circumference of the same circle, which measures 
s feet When they start, one is a feet before the 
other ; but the first moves m and the second M 
feet in a second. When will these bodies pass 
each other the first time, when the second, when 
the third, etc., supposing that they do not disturb 
each other's motion ? When will they pass if 
the first starts t seconds before the second, and M > m? When.ijf_ 
M < w ? ,, When will they pass if the first starts t seconds later than 
the second and M > m ? When if M < m ? When will they meet 
if they start at the same time and move toward each other, or over 
the distance a, first ? If they move from each other, or over the arc 
B — a first ? When will they meet if the first starts i seconds before 
the other, and they move toward each other, or over the distance a 
first ? If they move from each other, or over the arc 5 — a first ? 
If they move in opposite directions, and the first starts t seconds 
later than the second ? When they move over the arc a first ? When 
they move over the arc b-- a first ? 
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19. The force pf graTitation is inversely as the square of the dis- 
tance from the centre of the earth. At the distance l^from the 
centre of the earth this force is expressed by the number 32.16. By 
what is it expressed at the distance 60 ? Ans.^ 0.0089. 

20. If the velocity of one body moving around another is propor- 
tional to unity divided by the duplicate of the distance, and the 
velocity be represented by v when the distance is r, by what will it 
be expressed when the distance is r' ? 

A ^*^ 



r 



SECTION III. 

PROGRESSIONS. 

74* A Progression is a series of terms which increase or de- 
crease by a common difference, or by a common multiplier. The 
former is called an Arithmeticaly and the latter a Geometrical Fro- 
gression. A Progression is Increasing or Decreasing according as 
the terms increase or decrease in passing to the right. The terms 
Ascending and Descending are used in the same sense as increasing 
and decreasing, respectively. In an Arithmetical Progression the 
common difEerence is added to any one term to produce the next term 
to the right. If the progression is decreasing the common difference 
is minus. In an increasing Geometrical Progression the constant 
multiplier by which each succeeding term to the right is produced 
from the preceding is more than unity ; and in a decreasing progres- 
sion it is less than unity. This constant multiplier in a Geometrical 
Progression is called the Ratio of the series. 

75. The character, ••, is used to separate the terms of an Arith- 
metical Progression, and the colon, : , for a like purpose in a Geo- 
metrical Progression. 

nXUSTRATIONS. 

1 .. 3 .. 5 .. 7, etc., etc., is an increasing Arithmetical Progression with a common 

difference 2, or + 3. 
15-10--5--0-- — 5, etc., etc., is a Decreasing Antnmetical Progression with a 

common difference — 5. 
a-a ±d" a ±%d -a ±My etc., etc., is the general form of an Arithmetical 

Progression, ± d being the common difference. 
2:4:8: 16, etc., etc., is an increasing Geometrical Progression with ratio 2. 
12 : 4 : 1 : J : -/r» etc., etc., is a Decreasing Geometrical Progression with ratio i. 

8 



/ 



114 ELEMENTABY ALGEBRA. 

a: or: or* : or' : ar^, etc,, etc.» is the genenl fonn of a Geometrical Piogresr 

sion, r being the ratio, and greater or less than unity, 
according as the series is increasing or decreasing. 

76. When three quantities taken in order are in arithmetical pro- 
gression, the second is the Arithmetical Mean between the other two, 
and is equal to half their sum. 

III. — If a •• & •• c, 6 is the arithmetical mean between a and e ; and since & — a 
= c — 6, 6 = i(a + e). 

77* When three quantities taken in order are in geometrical pro- 
gression, the second is the Oeometric Mean between the other two, 
and is equal to the square root of their product. 

Let the student illustrate. 



78. There are Five Things to be considered in any progression ; 
viz., the first term, the last term, the common difference or the ratio, 
the number of terms, and the sum of the series, any three of which 
being given the other two can be found, as will appear firom the sub- 
sequent discussion. 

Arithmetical Progression. 

79. Prop. 1. — The formula for finding the n<A, or last term of 
an Arithmetical I^ogression; or, more properly^ theformvla express- 
ing the rekUion between the first term^ the nth term^ the common dif- 
ference^ and the number of terms of such, a series, is 

1 == a + (n - l)d, 

in which a is the first term, d the common difference, n the number 
of terms, and 1 the nth or last term, d being positive or negative 
according as the series is increasing or decreasing. 

Dem. — ^According to the notation, the series is 

a '- a -^ d - a -^ Zd •' a •{■ Sd " a -^ 4d -' a -h M, etc., etc. 

Hence we observe that as each succeeding term is produced bj adding the com- 
mon difference to the preceding, when we have reached the nth term, we shaH 
have added the common difference to the first term n — 1 times ; that is, the nih. 
term, or i = a 4- (n — l)d. q. b. d. 

ScH. — ^As this formula is a simple equation in terms of a, 2, n, and d, any 
one of them may be found in terms of the other three. 
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80. Prop. 2. — The formula for the sum of an Arithmetical 
JProgression^ or expressing the relation between the sum of the series^ 
the first term^ last temiy and number of termSy is 

ra + l-] 

s r^fyresenting the sum of the series^ a the first term^ 1 the last term^ 
and n the number of terms. 

Bem. — If I is the last tenn of the progression, the term before iival^d, and 
the one before that ^— 2(i,etc. Hence, as a"a+c2'*a+2d--a+3<2 ? re- 
presents the series, ^••i— d--^— 2d--^— 8d a represents the same series 

reversed. Now the sum of the first series is 

«=a+(a + d) + (a + 2(i)+ - - - p— 2(f) + (?— <f)+i; 
and reversed 8=1 +(l — d) + (^ — 2d)+ - - - (a-\-M)-^(a-\-d)-\-a. 

Adding 2«=(a + + (a + +(a + 0+ - - (a + + (a+0 + (a + 0. 

If the number of terms in the series is 7i, there will be n terms in this sum, each 

ra+n 

of which is (a + Q ; hence 2« =(a + l)n, or « = -x- \n. Q. B. D. 



ScH. — This formula being a simple equation in terms of «, a, 2, and n^ 
any one of the four can be found in terms of the other three. 



81. Cob, 1. — Formulas 

(1) l=a+(n-l)d, and 

(2) s =[^— — Jn, being two equations between 

the five quantities^ a, 1, n, d, and s, any two of these five can be found 
in terms of the other three. 

82. Cob, 2. — Theformidafor inserting a given number of arith- 

tnetical means between two given extremes is d= 7, in which m 

^ m + l 

represents the number of means. From this d, the common differ^ 
encCj being found, the terms can readily be written. 

m 

Dkm. — If a is the first term and I the last, and there are m terms between, 
or m means, there are in all m + 2 terms. Hence, substituting in the formula 

i=a+(n-l)cf,forn,w+2,wehave^=a+(m+l)d. From this c2=-~j. Q. b. D. 
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83. Formula ik Akithmetical Progbessiox. 

[It will afford a good exercise for the student to solve the following cases on 
review, after having gone through Quadratics ; though no importance need, be 
attached to remembering the results, as the fundamental formulas 

(1) l=a + (n-l)d, and (3) «=[^y^», 
are sufficient to resolve all cases.] 
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Examples. 

7?^1. Find the 2l8t term of 3 •• 7 •• 11 •• etc^ and the sum of these ^ 
terms. 

2. Find the 24th term of 7-6*-3- etc., and the sum of these ^ 
terms. — V / _ ,. '^ ^ . 

^3. Find the wth term of |..|..^.. etc., and the sum of the n ^ 
>ferms. 

4. Find the nth term of ^^=-^ •• — ^•' etc., and the sum ^-' 

n n n 

of the n terms. 

^ 5. Insert four arithmetical means between 193 and 443. ^- 
^6. Prove that the sum of n terms of 1 •• 3 •• 5 •• 7 •• etc., is to the . 





sum of m terms as »* : »i*. 

/ 

7. What is the first term of an arithmetical progression whose 

59th term is -2^, and 60th -If ? Whose 2d term is \, and 55th 5.8? 

^ 8. How many terms in the progression whose common differ- 
ence is 3, first term 5, and last term 302 ? 

9. Insert three arithmetical means between m and n. 




^ 10. Produce the formula for inserting m arithmetical means be- 
f tween a and ^, viz., 

am-^l aw — rt + 2ft Jw— ftH-2a Jm + a , 

fit • • • • ----•« . . , ** b» 

7/1 + 1 m-hl m + l m + l 

^11. If a body falling to the earth descends a feet the first second, 
^a the second, 5fl the third, and so on, how far will it fall during the 
^th second ? ^ AM.y {%t — l)a. 

12. If a body falling to the earth descends a feet the first second, 
3a the second, ha the third, and so on, how far will it fall in t 
seconds ? Ans>i at^. 



Geometbical Progression. 

84, Prop, 1, — The formula for finding the r^th, or last term 
of a geometrical progression ; or^ more properly, the formvla ex- 
pressing the relatio7i between the first term^ the nth term, the ratio^ 
and the number of terms of such a series, w 1 =i= ar""', in which 1 is 
the last, or nth term, a the first term, r the ratio, and n tfie number of 
terms. 
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Dem. — Letting a repTesent the first term and r the ratio, the series is 
a: ar : ar* : (vr^ : a/r* : etc. Whence it appears that any term consists of the 
first term multiplied into the ratio raised to a power whose exponent is one 
less than the number of the term. Therefore the nth term, or 2 = ar*~ '. Q. E. D. 

85. Prop. 2m — The/ormula for the sum of a geometrical pro- 
gression^ or eaipresaing t/ie relation between the sum of the series, the 
first termy the ratio, and the number of terms is 

ar" — a 

in which s represerUs.the sum, a the first term,, r the ratio, and n the 

number of terms, 

Dbm.— The sum of the series being found by adding all its terms, we have, 
i = a + fltr + ar* ^^ cvr* ■\- — a/r*'* 4- ar*-' + at*-^, and multiplying by r, 
r8=: ar + ai* ■\- a/r^ ■\- • ' a/r^-^ + ar*-* + ar*~' + gr». Subti^cting, 

r* — « = ar» — a, or 

af^ — a 
(r — 1)« = Of* — a, and s = — ^^ . <^ B. D. 

86. OOB. 1. — Formulas 

(1) 1 = ar"-*, and 

ai* " a 
{%) 8 = being two equations Je- 

tween the five quantitieSj % 1, r, n, and s, are sufficient to determine 
any TWO of them when the others are given. 

87. Cor. %— Since l = ar"-S lr=ar", which substituted in (2) 

Ir ^~ a 
gives s = :r ; which formula is often convenient. 

88. Cor. Z.—T7ie formula for inserting m geometrical means 

m + l/f . 

between a and 1 w r = y -. 

'^ a 

89. Cor. 4:,— The formula for the sum of an infinite decreasing 

a 
geometrical progression is s = ^ _^ > 

Dkm. — Since in a decreasing progression the ratio is less than unity, the last 
term, ar*-\ is also less than the first term, and numerator and denominator of 

the value of *, ^""^ , become negative. Hence it is well enough to write the 

r — 1 

formula for the s^ of such a series 8 = ^-^-^, that is, change the fiigns of 

both terms of the fraction. Now, if the terms of a series are constantly decreas- 
ing, and the number of terms is infinite, we can fix no value, however small, 
which will not be greater than the last, or than some term which may be 
reached and passed. Henc« we are compelled to call the last term of such a 

series 0. which makes the formula s = z . Q. K. ix 
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90. Geometeical Foemuljb. 

[In a review, ttfter the pupil hag been through the hook, it will be a good exer- 
cise for him to deduce the following formulas from the two fundamental ones. 
It is not necessary to memorize these.] 
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log r 
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Examples. 



^ 



1. In a geometrical progression the first term is 3, the ratio 6, and 
C' the number of terms 7. What is the last term ? What the sum ? 



r" 



2. Insert 5 geometrical means between 2 and 1458. 

3. Find the 11th term of -^ : ^^ : ^ : etc., and the sum of the 
Ca/^II terms. 

4. Find the 7th term of ~ | : ^ ; — | : etc., and the sum of the 7 
terms. 

5. Insert 4 geometrical means between i and J^. 

6. Find the sum of 3 : ^ : ^ : etc., to infinity. Also of i : —^ 
: etc., to inanity. Also of .54. Also of .836. 

7. If a body move 20 miles the first minute, 19 miles the second, 
18t^ the third, and so on in geometrical progression forever, what is 
the utmost distance it can reach ? Ans., 400 miles. 

8. What is the distance passed through by a ball, before it comes 
to rest, which falls from the height of 50 feet, and at every fall 
rebounds half the distance, the time of ascent equalling the time of 
descent? Ans.^ 150. 

''v \ ^ 9. In the preceding problem, suppose the body falls 16^ feet the 



\ 






st second, 3 times as far the jiext second, and 5 times as far the 
ii'd second, and so on, how long will it be before it comes to rest ? 

'•^ ** • A71S., 3^^^579(4 + 3^2) = 10.27657 + seconds. 



^ , \^ 10. Find the sum of the following series : 

^— ^ + f — ^H- etc., to n terms. 
l+^-f^ + ^+ etc., to 10 terms. ^Also to infinity. 
li + .5+ etc., to 12 terms. Also to infinity. 

11. To find what each payment must be in order to discharge a 
given principal and interest in a given number of equal payments at 
equal intervals of time. 

Solution. — Let p represent the principal, r the rate per cent., t one of the 
equal intervals of time, n the number of payments (i. e., nt is the whole time), 
and X one of the pa3rments. 

There will be as many solutions as there are different methods of computing 
interest on notes upon which partial payments have been made. 

1st. By the UhUed States Court EuU.—Aa the payments must exceed the 



1 
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interest in order to discharge the principal, this rule requires that we find the 

J— ^ 
amount of p, for time t, at r per cent. This is done bj multiplying by 1 + — — , 

and gives p(l + itt^* From this subtracting the payment a;, the new prin- 
cipal is pf 1 + I-A—x, Again, finding the amount of this for another period 

\ iUU/ 

of time, t, and subtracting the second payment, 

'('-s)'-(' *»)-•• 

In like manner, after the third payment there remains 

'(■^%)"--('*S)'--('-S)-' 

After the 4th payment, the remainder is 

'(-sr-'('*^)'--('*s)"-('-iS)- 

Finally, after the nth payment, we have 

\ 100/ 
Whence 



X = 



-(•*s)^o*a'*('*s)" (>-s) 



•-1 



This denominator being the sum of a geometrical progression whose first term 

/ rt\ ^ 100/ - 1 
18 1, ratio (1 + =|gr)» and number of terms n, its sum is ^^ : — . 

ioo 



„ looV^ ^ 100/ 

Hence x = 



2d. By the VemunU JSttfe.— The amount of the principal for the whole time 
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The amount of the lat payment ia - -- ajl + ^^» — l)"!. 

" 2d " ir[l+^»-2)]. 

" 8d « *[*+S^»-*>]' 

etc., etc., ---.«--- etc. 

The nth payment (with no interest) is x. 

The Bum of the amounts of these payments is 

«aj + J^aj[(n-l) + («^a) + (n-8) 1]. 

The series in the brackets being an arithmetical progression whose first term 
is (n — 1), common difference — 1, last term 1, and number of terms (n — 1), its 

sum is rlSZ^jn, Hence the sum of the payments \b nx -^ —-x Cl^—jn, 



fiTt 

OT x\ n -¥ ft 

the principal ; consequently 

nrt 



Ijn H 5 J. But by the ccmdition tliis sum equals the amount of 



AS 

SoH. — ^If the payments are made annually, t = 1. And letting f'a: — — , 
*. e., letting the rate per cent, be expressed decimally, the formulas become. 

By the ir. 8. BuU, x^^^±^; 

12. What must be the annual payment in order to discharge a note 
of 15000, bearing interest at 10^ per annum, in 5 equal payments ? 

An8.y By the XJ. S. Eule, $1318.99 within a half cent. 

By the Vermont Eule, tl25a 

QuEBT.-— What occasions the great disparity between the pay)nents required 
by the different rules t 
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SECTION IV. 

VARIATION. 

91m V€iTiaHon is a term applied to the conBideration of quan- 
tities so related to each other that any change in one makes the 
others change in the same ratio^ direct or inverse. 

One quantity varies directly as another, when any change in the 
latter makes the former change in the same {direct) ratio. 

One quantity varies inversely as another, when any change in the 
latter makes the former change in the corresponding inverse ratio. 

Ill's. — ^Tke amount earned by a laborer in a given time varies directly as bis 
daily wages. Tbe time required to earn a given amount varies inversely as the 
daily wages. 

92m One quantity YaiieB jointly as two others, when any change in 
the product of the latter two makes the former change in the same 
n^o as thifl product 

III. — ^The amount a laborer receives varies jointly as his daily wages and the 
time of service. 

93. One quantity varies directly as a second and inversely as a 
thirdy when it v%ries as the quotient of the second divided by the 
third. 

III. — ^The time required to earn any amount varies direetly as the amount, 
and inversely as the daily wages. 

94. The Sign of variation is a. 

III. — ^If X varies directly as y, we write xccy, and read." x varies as y" If x 
▼aaries inmersdy as y, we write xcc-, and read " x varies inversely as y" If x 

if 

YBiiea jointly as y and z, we write x<xyz, and read " x varies jointly as y and e.** 

if X varies dvreeUy as y and inversely as s, we write xo:^, and read ** x varies 

s 

directly as y, and inversely as s." 

9Sm JP'Topm — Varicttion may ahioays be eagprtssed in the form of a 
proportion. 

DXK. — ^Ist. The expfression xo:.y signifies that if x is doubled y is doubled, 
if a; is divided y is divided by the same number, etc. ; i, e,, that thie ratio of sb to 

y is constant. Let m be this ratio, so that — = m. Theref(ure x:y,:; mii. 
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2cL The expression xoc — signifies that if y is multiplied hj anj number, x is 

divided hy the same, and if y is divided hy any number x is multiplied bj the 
same. Hence the product of x and y is constant. Let this product be m. Then 
xy = m,OT x:l ::m:y, 

3d. a; a ^ signifies that the ratio of iv to ^ is constant. Let this be m. Then 

a; • 1 

— := m, 01 X :ffz :: m :1, oixiy ::inz:l,oix:z::myil,OTx:v iiz:---, 
yz . *' vfi 

4th. xcxi. signifies that the ratio of a; to i^ is constant. Let this be m. Then 
s 

x: U^wmiX, OT X'.y:\mi9 

s 



Exercises. 

1. If X a jfy and y cnZy show that x cxz. 

Dbm. — If xa,y, the ratio of a; to y is constant. Let this ratio be m. Then 
X = my. In like manner let n be the ratio of ^ to s. Then y=:ng. Hence 
X = mtui. That is, the ratio of a; to s is constant, or a; a s. 

2. If « a — , and v « -> show that x <x z. 

y ^ z' 

SuG's.— We may write d; = — , and ^ = ~. Hence a; = ^ s. That is, the ratio 

y • n 

of ^ to s is constant, or a; a e. 

3. If a; a z. and y <x —. show that a; a—. 

Sug's. « = f7M}, y = -!:, .'. flj = — ,or«a-, » 

4. If a: a y, show that - oc ^, and xz a yz, 

5. If a; a y^ and z ex u, show that xz a yw, and — a — . 

6. If a; a y, and y« a «•, how does a: yary in respect to « ? 

7. If a; a y, and for a; = 8, y = 4, what is the yalue of y for 
a: = 20? 

Solution.— ^ince a; oc y, and for a; = 8, y = 4, the ratio of a; to y is 2. That 

is, — = 2. Hence for a? = 20, we have ~ = 2, or y = 10. 

y y 

8. If aj a -, and for aj = 6, y = 2, what is the value of a; for y = 3 ? 

y 

SUG. x:l :: 6:1. Hence for y = S, ir = 4. Or we may reason thus, in 

y 2 

changing from 2 to 8, y increases } times. Then, as x changes in the reciprocal 
ratio, 9 s i of 6 St 4. 
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9. Ifa + Jaa — S, prove that a' + 8*a ai. 

10. K y :=zp + q, in which p ccx and y oc -; and if when x = l, 

Qu 

4 14 
y = 6 ; and when a; = 2, y = 5 ; proye that y = ^a; + ^. 

11. The area of a triangle equals half the product of the base and 
altitude. Show that if the base is constant the area varies as the 
altitude ; if the altitude is constant the area varies as the base ; and 
if the area is constant the altitude and base vary inversely. 

12. The volume of a pyramid varies jointly as its base and alti- 
tude. A pyramid whose base is 9 feet square, and height 10 feet, 
contains 10 cubic yards. What must be the height of a pyramid 
with a base 3 feet square in order that it may contain 2 cubic yards ? 

13. Given that s a ^*, when / is constant ; and « a /, when t is 
constant ; also, 25 =/, when / = 1. Find the equation between /, «, 
and t " 

8uo. — ^The first two conditions are equivalent to saying that « varies jointly as 
t* and f, i. e. a<x ft* ; since in this expression if / is constant s a t*, and if t is 
constant 8ocf, 



SECTION V. 

HARMONIC PROPORTION AND PROGRESSION. 

96. Three quantities are in Harmonic Proportion when the dif- 
ference between the first and second is to the difference between the 
second and third (the differences being taken in the same order) as 
the first is to the third. 

IlIi. 6,4, and 3 are in harmonic proportion, since 6 — 4 : 4 — 3 : : 6 : 8. If a, &, 
e are in harmonic proportion, a — h\h — c:\a\c, 

97. Dbf. — ^When three quantities taken in order are in har- 
monic proportion, the second is the Harmonic Mean between the 
other two. 

98. Pvop. — If three quantities are in harmonic proportion^ their 
reciprocals are in arithmetical proportion, 

DsM.—If a, b, c are in harmonic proportion, a — b : b —e :: a : e, and 

oe — Ac = a5 — oc. Dividing by abe, we have £ = »»*•*• -; . 

"•^ b a c b abe 
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99. Def. — ^The reciprocals of the terms of an arithmetical pro- 
gression form what is called a Harmonic Progression. 

lLL.^Thus as 1, 2, 3, 4, 6, 6 is an arithmetical progiesBion, 1, — , — , — , —, — 

« o 4 6 

IB a harmonic progression. Also if a, b, e, d, etc., constitute a harmonic progres- 
sion, — , T, ^t -%, etc., oonstitate an arithmetical progression. 
a e a 

100m ScH. — The term Harmonic is applied to such a series, since, if strings 
of the same size, substance, and tension, be taken of the lengths 1, i, ii i* iy it 
aay two of them vibrating together produce harmony of sound. 



EXEBOISES. 

1. If ay ij Cy d are in harmonic progression, show that db: cd :: 
a-'b : c "^ d. 

Sug's. —..—.. — ..--. Hence X = 3r , or (ted — bed = abc — abd, 

abed bade 

2. If ay I, c are in harmonic proportion, show that i (the harmonic 

V 2ac 

mean) = . 

' a -{- c 

3. Show that the geometric mean between two numbers is a geo- 
metric mean between their arithmetic and harmonic means. 

4. To insert n harmonic means between a and 3. 

Suo. — ^First find the form of the terms for n arithmetical means between 
■1 and i See (82). The harmonic series is a, ^"^ "*" ^^ ^"^ '^ ^^ 



a b' ^'* ' bn-^ a * bn^-%a — b' 

ab(n + 1) 



an ■{■ b 



-»b. 



5. If a and i are the first two terms of a harmonic progression, 

nh 

show that the nth term is -7 -r ^n j^t* 

a(n — 1) — b{n — 2) 

6. Insert 3 harmonic means between \ and -j^* 

ScH. — ^There is no method known for finding the sum of a harmonic 
series. 
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CHAPTER m. 

QUAI>BATIC EQUATIONS. 



SECTION I. 

PURE QUADRATICS. 

101^ A Quadratic JEquation is an equation of the eecopd 
degree {6f 8). 

102. Quadratic Equations are distinguished as Pure (called also 
Incomplete)^ and Affected (called also Complete), 

103. A Pure Quadratic JEquation is an equation which 
contains no power of the unknown quantity but the second; as 
!«;«+* = cdy iB« — 3* = 102. 

• 

104:. An Affected Quadratic Mquation is an equation 
which contains terms of the second degree and also of the first, with 
respect to the unknown quantity or quantities; as :c' — 4a;= 12, 
bxy — a; — y* = 16«, mxy + y = J. 

lOS. A Hoot of an equation is a quantity which substituted for 
the unknown quantity satisfies the equation. 



106. Prob. — To solve a Pure Qtiadratic Equation. 

R ULE, — ^TBAisrsposB all the terms containing the unknown 

QUANTITY INTO THE FIRST MEMBER, AND UNITE THEM INTO ONE, 
CLBABINa OF FRACTIONS IF NECESSARY. TRANSPOSE THE KNOWN 
TERMS INTO THE SECOND MEMBER. DiVIDE BY THE COEFFICIENT OF 
THE UNKNOWN QUANTITY. FINALLY, EXTRACT THE SQUARE ROOT 
OF BOTH MEMBERS. 

Pbm. — ^Aeooidiug to the definition of a Pure Quadratic, all the terms contain- 
ing the unknown quantity contain its square. Hence they can be transposed 
and united into one by adding with reference to the square of the unknown 
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quantity. That transposition, and division of both members bj the same quan- 
tity, do not destroy the equality has already been proved. Extracting the square 
root of the first member gives the first power of the unknown quantity, i. e. the 
quantity itself. And taking the square root of both members does not destroy 
the equation, since like roots of equal quantities are equal. 

107. Cor. 1. — Every Pure Quadratic Equation has two roots 
numericaUy equal but with opposite signs. 

For every such equation, as the process of solution shows, can be reduced to 
the form x* =a {a representing any quantity whatever). Whence, extracting 
the root, we have x= ± V~a ; as the square root of a quantity is both + , and 
- (203, Pabt I). 

108. Cob. 2. — The roots of a Pare Quadratic Equation may 
both be imaginary, and both will be if one is. 

For if after having transposed and reduced to the form jb* = a, the second 
member is negative, as jb* = — a, extracting the square root gives re = + V— a, 
and « = — V— a, both imaginary. 



Examples. 
1. 6iaj«-18a;+66=(3aj-3)«. 2. 6a;«-9=2a;«+66. 



« a Va*-a;* X A 4:5 _ 57 

O. —-I" -^T • *• 



V«--a?4- V^ V«4-aJ— V« x 3 4 

7. «»— aa;4-J=aa;(a;—l). 8. 8+3a;» = 5 + 2a;«. 

2 + a; 1 



«• |/^r^- j/ir^=*- !«• 



4+9n 2— a;' 



11. 12+4(a;« + 12)=(2-a:)(2+rc)-16. 12. a;V6+a:»=l+ic». 



13. —jbx. 14. . =& 

flKC+l— va^* — 1 a+3J— v2aa;-fii;» 



Applications. 

1. Find two numbers which shall be to each other as 3 to 5, and 
the difference of whose squares shall be 256. 



-^ 
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8. Find a number such that if the square root of the difference 
between the square of the number and a*, be successively subtracted 
from and added to a, the difference of the reciprocals of these results 
shall be equal to a divided by the square of the number. 

3. Find three numbers which shall be to each other as m, n, and - 
p, and the sum of whose squares shall be 8. 

4. An army was^ drawn up with 5 more men in file than in rank, 
but when the form was changed so that there were 845 more in ^. _ 
rank, there were but 5 ranks. How many men were there in the 
army? 

5. From two towns, m miles asunder, two persons, A and B, set 
out at the same time, and met each other, after travelling as many 
days as are equal to the difference of miles they travelled per day, 
when it appeared that A had travelled n miles. How many miles 
did each travel per day ? 

6. For comparatively small distances above the earth's surface the 
distances through which bodies fall under the influence of gravity 
are as the squares of the times. Thus, if one body is falling 2 
seconds and another 3, the distances fallen through are as 4 : 9. A 
body falls 4 times as far in 2 seconds as in 1, and 9 times as far in 3 
seconds. These facts are learned both by observation and theoret* 
ically. It is also observed that a body falls 16^ feet in 1 second. 
How long is a body in falling 500 feet ? One mile (5280 ft.) ? Five 
miles ? 

7. The mass of the earth is to the mass of the sun bb 1 : 354936, 
and attraction varies directly as the mass and inversely as the square 
of the distance. The distance between the earth's centre and sun's 
centre being 91,430,000 miles, find the point between the earth and 
sun where the attraction of the earth is equal to that of the sun. The 
earth's radius being 3,962 miles, where is this point situated with 
reference to the earth's snrface ? 

8. A certain sum of money is lent at 5^ per annum. If we multiply 
the number of doUars in the principal by the number of dollars in 
the interest for 3 months, the product is 720. What is the sum lent ? 

9. The intensity of two lights, A and B, is as 7 : 17, and their dis- 
tance apart 132 feet. Where in the line of the lights are the points 
of equal illumination, assuming that the intensity varies inversely 
as the square of the distance ? 
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10. The londnesB of one church bell is three times that of another. 
Now, Bupposing the strength of sound to be inyersely as the square 
of the distance, at what place on the line of the two will the bells be 
equally well heardj the distance between them being a ? 



SECTION II. 

AFFECTED QUADRATICS. 

109. An Affected QucLdratic equation is an equation which 
contains terms of the second degree and also of the first with respect 

^dx -f- 3&C* 
to the unknown quantity. «* — 3a; = 12, 4a; + 3aar* =s: = , 

and -7| ^ax + 3d* = are affected quadratic equations. 

110. Frob. — To solve an Affected Quadratic Equation. 
RULE.—l. Reduce the equation to the poem «« + o« = J, 

THE CHARAGTEBISTICS OF WHICH ARE, THAT THE FIRST MEMBER CON- 
SISTS OF TWO TERMS, THE FIRST OF WHICH 18 POSITIVE AISD SIMPLT 
THE SQUARE OF THE UNKNOWN QUANTITY, ITB COEFFICIENT BEING 
UNITT, WHILE THE SECOND HAS THE FIRST POWER OF THE UNKNOWN 
QUANTITY, WITH ANY COEFFICIENT {o) POSmVE OR NEGATITB, 
INTEGRAL OR FRACTIONAL ; AND THE SECOND MEMBER CONSISTS OF 
KNOWN TERMS {h). 

2, Add the square of half the coefficient of the second 

TERM to both MEMBERS OF THE EQUATION. 

3. Extract the square root of each member, thus peoducino 
a simple equation from which the value of the unknown 
quantity is found by simple transposition. 

Dem. — 'Bj definition an affected quadratic eqnation contains bnt three kinds 
of terms, Tiz : terms containing the square of the unknown quantity, terms con- 
taining the first power of the unknown quantity, and knoun terms. Hence each 
of the three kinds of terms may, by clearing of fractions, transposition, and 
uniting, as the particular example may require, he united into one, and the 
results arranged in the order given. If, then, the first term, t. e. the one con- 
taining the square of the unknown quantity, has a coefficient other than unity, 
or is negative, its coefficient can he rendered unity or positive without destroy- 
ing the equation by dividing both the members by whatever coefficient this term 
may chance to have after the first reductions. The equation will then take the 



form afi ±a»=s ±h. Now adding ( o) to the fiiBt membw makeB it a'J>erfect 

square (the square.of x ± ^j , since a trinomial is a perfect isqiutfe when one of 

its terms (the middle one, aa;, in this case) is ± twice the prodnct of the square 
roots of the other two, these two being both posiUve {116, Pabt I.). But, if wo 
_add the square of half the coefficient of the second term to the fint memb^ to 
make it a compile equase, we must add it to the second member to preperve tiie 
equality of the members. Having extracted the square root of each member, 
these loot^t are equiJ, since like joots of equals fuce eqqaL Now, Binee tho ^ffft 

term of th. tmom«a aquaw U *», «id the l«t (J) does not arnUin <t. )^ 

aqnare root is a binomial eonststing Qtx± the square root of its third term, or 
half the coefficient of the middle term, and hence a known qoantitj. The 
square root of the second member can be taken exactly, approximately, or indi- 
cated, as the case may be. Finally, as the first term of this resulting equation 
is simply the unknown quantity, its value is found by transposing the second 
term. 

ScH. 1. — ^This process of adding the square of half the coefficient of the 
first power of the unknown quantity to the first member, in order to make 
it a perfect square, is called Comfletino the Squabb. There are a variety 
of other ways of completing the square of an affected quadratic, some of 
which will be given as we proceed ; but this is the most important. This 
method will solve all cases: others are mere matters of convenience, ia 
special cases. 

HI. Cob. \.-^An affected quadratic equation /las two roots. 
These roots may both be positive, both be negative, or one positive and 
the oth$r negcstim. They. are both real, or both imaginary. 

Deh. — Let a;' 4- jxv = g be any affected quadratic equation reduced to the form 
for completing the square. In this form p and q may be either positive or 

negative, integi^l or fractional. Solving this equation we have x = — -^ 

± y ^ + 9- We wiU now observe what different forms this expression can 
take, depending upon the signs and relative values of p and q. 

1st. When p cmd q cm'c bath pontvoe. The signs will then stand as given ; i. «., 

r = — § ± i/^ + q. Now, it is evident that 4/^ + q>~f for i/^ + q 
is the square root of something more than —-. Hence, as o <y ^+fi^' 

^^4-y-7- + g'is positive ; but — ^ — 4/4-+fi'is negative, for both parts 

are negative. Moreover the negative root is numerically greater than the 
positive, since the former is the iiameaical sum of the two parts, and the kufcter 



/^ 
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the numerical difference. .*. Wheni) and q are both + in the given form, one 
root is positive and the other negative, and the negative root is numericallj 
greater than the positive one. 

2d. When^ii negaHoe andqposUive, We thenhave a? = — -^^y' ^ +g 
= ~±y4~ + 9* ^^^ ^^® ^^® pl^ B^^ o' the radical, x is positive ; bat if 

we take the — sign, x is negative, since y T "*" ^ '^ 2 * Moreover, the positive 

root is numerically the greater. .'. When p is negative and q positive, one root 
is positive and the other negative ; but the positive root is numerically greater 
than the negative. 

8d. When ^ and q are both negoHoe. Wethenh»ve«= — ^±|/ ^^^~- +(~g') 



both values are positive. 11 ^=zq, y ^ — q^^ ftnd there ii^ but one value 

of X, and this is positive. (It is customary to call this two equal positive roots 
for the sake of analogy, and for other reasons which cannot now be appreciated 

by the pupil.) If ^ <q, y £-.-^q becomes the iiquare root of a negative 
• quantity and hence imaginary. 

4th. When p is poeitvoe and q negative. We then have jp = — ^ ±i/£._y. 

As before, this gives two real roots when 9 < -x* ^^^n this is the case both 

roots are negcUive. [Let the pupil show how this is seen.] When qz:z^, the 

roots are equal and negative ; ». 0., there is but one. When ^<q both roots 
are imaginary. 

112. Gob. 2. — An affected qiuidratic being reduced to tJie form 
x' + px = q, ^A6 value of x can alwaye he written oiU without taking 
the intermediate etepa of adding the square of half the co^oient of 
the second temiy extracting the rooty and transposing. The root in 
such a case is JialftJie coefficient of the second term taken with the 
' apposite sign^ db the square root of the sum of the square of this 
half coefficienty and the known term of the equation. This is observed 

directlt/ from the form x = •— ? db A/^ + q, and more in detail 
in the demonstroHon of the preceding coroSary. 



/ 
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113. Gob. 3. — Upon the principle thcU the middle term of a tri- 
nomial square is twice the product of the square roots of Uie other 
twoy we can often complete the square more advantageously than by 
the regular rule. 

Thus having 42' — \%x = 16. Since 4a* iB% perfect square, and 12a; is diyis- 
ible by twice the equare root of 4x*, t. e, hj 4as, we see that the wanting third 
term is 3', or 9. Adding this to both members, we have 4b'— 12a; + 9 = 25. 

Again, if the coefficient of x* is not a perfect square, it can be rendered such 
hy multiplying by itself (or often by some other factor). If then the second 
term (the term in x) is not divisible by twice the square root of this first term, we 
may multiply both members of the equation by 4, and the first term will still 
be a perfect square, and the second term divisible by twice its square root. 

1144 ScH. 2. — ^The method of Abt. 110 is perfectly general, and will 
solve all cases ; but some may prefer the more elegant methods indicated in 
{113% in special cases. Some Ulastrations of these methods are given in 
the examples following. 



Examples. 



1. aj»-6a?=16. ^T 2. 3a;«= 24a;-36. < 3. aj«-.4aa:=7a«. <^ 

T -I 

4. ««— tz + 2=10. 5. 3a;« + 135= 12a:. 6. a?« + (a— l)a:=a. <- 

y rc — 12 2 a;+7 2a;+3 b* c c* 

^0. Solye 9a;«+12a;=32, ,7ic«-14ic= -Sf, and 3««--13a?=10, 
by Abt. 113. '' 

Bug's. — ^Dividing 12a; by 2^9x*, or ftv, we have 2 as the square root of the 
third term. Hence 93;' + 12a; + 4 = 86, is the equation with the square com- 
pleted. 

7a;*— 14a; = — 5f, becomes, by multiplying by 7, 49a;*— 98a; = — 40. Hence, 
completing the square as in the last, 49a;' — 98a; + 49 = 9. 

3a;«— 18a; = 10, multiplied by 3 and by 4 becomes 36aJ*— 166a; = 120. Hence, 
completing the square as before, 86a;*— 156a; + (18)* = 289. 

[NoTB. — Solve the following by any of the preceding methods, according to 
taste or expediency.] 

y" 11. (2a; + 3)* X (3a:+7)*=12. U2. 3x* +2a;=85. 

"713. a»(H-&«a;«)=S(2a«a;+J). - 14. 5a;«-9a;4-2i=0. 

15. 3V112-8x=19 + \/3x+7. 16. 7a;»-ll»=6. 



M 
^ 




. y 17. (a;-<?)\/a«-(a— *)V^=a 18. 3a?»+ir=ll, 

19. J^> + 4==3V^ ' 20. '-jLV^g^?. 

' I4-VI+2; 1— Vl— a?* y ' x-^Vx+l 11* 

23. *( 4-lJ( +11= a. 24 -r -5=0. 

\ X J\ X J X ^ X rc+l a;+2 

26. |/4+ V'2^M^« =^- y^^' ^V^+ -7=^=5. 

27. ?-4-a^+2x-^=46-3:r'+4iB. 28. -^+?:i??=l. 
3 5 a;— 2a «+« 



^9. 2V^+i/4a;+V7JT2=L 30. ^"*" V ^ =(g-.2)« 

^ - 31. /' . -(a^~ft^a;= 



a*+6* ^ (ai«)'"* + (a**)"*' 



SECTION III. 

EXtUATIONS OF OTHER DEGREES WHICH MAY BE SOLVED AS 

QUADRATICS. 

lis* Prop, l*'^Any Pure EquaUon (i. e., <me containing^ the 
unknown quantity affected with but one eacponent) can be solved in 
a fnanner similar to a Pure Quadratic, 

Dem. — In any sucli equation we con find the valae of the unknown quantitj 
affected by its exponent, as if it were a simple equation. If then the unknown 
quantity is affected with a positive integral exponent it can be freed of it by 
evolution ; if its exponent be a positive fraction it can be freed of it by extract- 
ing the root indicated by the numerator of the. exponent, and involving this root 
to the power indicated by the denominator. If the exponent of the unknown 
quantity is negative it can be rendered positive by multiplying the equation by 
the unknown qoaa^ty with a numerically equal positive exponent. ^ & D. 
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US. Prop. 2, — An^ equoMon carUammff one tmknovm qucm^ 
tUy affected with only two different exponents, one of which is twice 
the other ^ can he solved (zs an Affected Quadratic. 

Dbk. — Let m repieBent an^ number, poeitiye or lusgative, Uitegral or frai:; 
tiosuil ; then the two exponents will be represented by m and 2m ; and the 
equation can be reduced to the form «*" + pa?** = q. Now let y = af», and y" =«}•«, 

whatever fn mstj be. Substituting we have ^*-^py = g, whence y = — -^ 

1. 

±|/^ + q. But y = a!»; hence « = T— | ± |/£- 4- gj . q. B. D. 

117 • Prop. 3. — £!g[uations may frequently be put in the form 
of a quadratic by a judicious grouping of terms containing the 
unJhnown quantity, so that one group shaU be the square root of the 
other. 

Itec — ^This proposition will be established by a few examples, as it is not a 
general truth, but only points out a special method. 

118. Cob.— The foem op the compound term may sometimes 
be found by transposing all the terms to the first member y arranging 
them, with rtference to the unknown quantity ^ and extracting the 
zqwire root. In trying this eoepedienty if the highest exponent is 
not even it mfist be made so by mfuUiplying the equation by the 
unknown quantify. In like manner the coefficient of this term is 
to be made a perfect square* When the process of extracting the 
root terminates f if the root found can be detected as apart^ or factor ^ 
or factor of apart of the remainder ^ the root may be the polynomial 
term. 



119. Prop. 4» — When an equation is reduced to the form 

X' -f Ax"~* -f Bx"""' + Cx'-" h L = 0, the roots with their signs 

changed are factors of the absolute {known) term L. 

Deh. — 1st. The equation being in this lorm, if a is a root, the equation is 
divisible by x — a. For, suppose upon trial x — a goes into the polynomial 
«• + Aaj*— •+, etc., Q times toith a remainder R. (Q represents any series of 
terms which may arise from such a division, and R, any remainder.) Now, since 
the quotient multiplied by the divisor, + the remainder, equals the dividend, we 
have (a? — a)Q + R = a?* + Aa?"-* +Ba!»--' 4-Ca?*-*--- + L. But this polyno- 
mial = 0. Hence (x — a)Q + R = 0. Now, by hypothesis a is a root, and conse- 
quently « -- a r= 0. Whence R = 0, or there is no remainder. 

2d. If now a? — a exactly divides a?* + Aa^~ * + Baf - ' -h Car»— • (- L, a 

moat exaetly 4ivide L, 0» jeadUy appears from cansidfifling the process of 



i 
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diyiflion. Hence — a la a factor of L, a being a zoot of the equation. 

Q. E. D. 

120* Many equations of other degrees than the second, and 
irhich do not fall under the preceding cases, may still be solved as 
quadratics by means of Special Artifices. For these artifices the 
student must depend upon his own ingenuity, after haying studied 
some examples as specimens. These methods are so restricted 
and special that it is not expedient to classify them; in fact, 
every expert algebraist is constantly developing new ones. See 
Ex's. 47-57. The following principle is often of service in such 
solutions: 

121, JPropm S* — When an equation can be put in such a farm 
that the product of any number of factors equals 0, the equation is 
satisfied hy putting any one of these factors equal to 0. 

Beic — ^Thifl scarcely needs demonstration, but will appear evident if we 
consider such an expression as («' -^ 1) (a^ — a^ + 1) (« — !) = 0. Now, on the 
hypothesis that any factor, as 2* + 1, is 0, the equation is satisfied.* So also, if 
a^ — a^ + 1 = 0, the equation is satisfied, etc. 

122. &cn.—AbUiti/ to reeognm a fadbor in a pc^^rumicd i$ of prims tf9i- 
portance in the solution of such equations. It is the grand hey to difficiiU 
solutionB, 



N 



Examples. 



« 1. «* = 81. 




-, 2. ir» = 32. 


8. «• = «!. 


4 y* = 243. 




, 6. «* = 1331. 


^^. »* = 4. 


7. «" = ». 


r 




^ 9. a* + 4aj« = 12. 

/ 



^10. a^ + ar =p. 11. X* — x^=z 66. -^12. ax^ + bx* = c. 

7^7 7 

^13. or - 2ax^=z b. 14. a;* + a;* = 756. ^5. a^ + 6a;*— 22 = 0. 
16. ax^ ^bx^-^c-O. ' 17. aj* + — j = ^i- 



■ M 



* In ttrictneBs we shoald add " evince this hypotbMU eaonoi rendflr aaj oUier factor ».* 
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2aJ* ———————— 

18. 3x* V^ + 3^= = 16. 19. a;« - 2a; + 6 Va;» - 2a; + 6 = 11.* 

Va;" 



20. a; + 16 - 7Va; + 16 = 10 - 4Va; + 16. 

21. x'^ "X-k- 5V2x* — 6a; + 6 = t(3a; + 33). 

22. Vic + 12 + v^a; + 12 = 6. 23. V a;- i+ f/l - i=:a;. 



a; a; 

142 



24. 1 +/r:£ = i/TTi. 26...4, 4-a(. + l)= ,- 

26. 2a;« — 2a; + 2 V2a;« — 7a; + 6 = 6a; — 6. 

27. v^(lTi)» - v^(l-a;)» = v^iT^.f 

28. a;* - 8a;» + 29a;« - 62a; + 36 = 126. 

Solution. — See (118). Transpoeing 126, and extracting the sqoaie 
root ; when we have the two tenns x* —4a of the root, we have a 
remainder Idx* — 52a; — 90. We now notice that, if we call 4 the next term 
of the root, the next remainder will be So;' — 202; —106, which we may 
write 5(iv' — 42; + 4) — 126. Hence our equation may be put in the form 

29. a;*— 6a;»+6a;«+12a;=60.iC 80. a;»-6a;«+lla;=6. 
31. 4a;* + f = 4a;» + 33. 32. a;« + 6a;« + 3a; - 9=0.t 
33. a;»-6a;«+13a;-10=0. 34. a;»-.13a;«4-49a;-46=0. 

36. a;«+8a;«+17a; + 10=0. 36. a;»-29a;» + 198a; -360=0. 

37. a;»-16a;« + 74a;- 120=0. 38. a;* + 2a;»-3a;« -4a;+4=0. 



♦a;«-aiJ+6 + 6Va;*-2a; + 5 = 16. Pnttiiig a;*-aa; + 6 = y», y«+6y = 16. 
Snch Ribstltatioii !■ not absolutely necessary, as we may treat a;' — 2a; + 6 aa the unknown 
quantity without substitnting. Solve the following in like manner. 

t Dividing by yi-aj*, we have I/L±f - i/1^1^ = 1. Then, multiplying by 

y \ — x y \ -\-x 

X By {119) we are led to try 4- 1 or — 1, or + w — 8, asroota. The equation ifl divisible 
by ip — 1, and a; + 8. 
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39. aj*-10a?»+35aj»-60a?+24=0. 40. a:*-4a?»-|-8z»-8a;=21. 
41. aj*-f2a;»-25a;«+26ic=— 120. 42. 3ic*+13aj»-ina:=243. 

43 ^30 12+ia: _ Y 
^•14 7a:»+ 3a; - 2»» ^ ^*^ 

. 44. aj =5 f—. Put Vic =y. 



Special ExPBDiEinB. 

45. To find the roots of «• = ± 1, «• = dbl, aj* = ±l, «» = *:!, 

r»' = ± 1, and «« = =fc 1. ji^^ ^^..tAArtt-l/ , 

Bug's. «»-1 = 0. Factoring («-1) («* + «'+«• + « + 1) = 0. .-.ajsI, 

andalfloaj* + «» +«•+»+ 1 = 0. Dividing 1^ ««, ««+aj + l + - + -^=:0,or 

46. To find the roots of vt . ^\a = ^ 

Sto's. l + «* = a(l + «)* = a(H-4» + te*+4flJ«+«*). Whence, dividing 

. 1 4a / 1\ 6a 
by «« and arranging terms, «' + J^ - fT^V* '+' 5 / = iTI^' 

^•v m 1 2aVl + X* ■ . 

47. To solve ,, ~ a + S. 

1 — a; + V 1 4- «• 

Sue'Sw— This can be cleared of fractions, and then of radicals, in the ordinary 
way. But the following expedient will be found elegant in this case, and 
convenient in many. Dividing by 2a, treating the resulting equation as a 

l—x a^b ! + «•— a« 
proportion, and taking it by division, we have — y- ■ = — -—r* •' i , t — 

=(:-5i)"."T^='-(i^r=sw- ■^'^"^^ 

(! + «)« (a4-&)'4-4a& (a-&)*H-8a& 
pofdtion and division, we o^***!?^ (fZ^ ~ (^ + 6)« - -toft ~ "^(0^6)* ' 

l_±j,^V{a^br + m ^^^^ ^y ^^^^^ ^^ composition, we obtain 
4/(a-6)« + 8a6+(a-6)' 
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48. To solve (1 + a; +»«)« = ^^---j (1 + »« + a:*). 

Sto'b.— Dividing by l+x + af", 1 +» + aJ« = l±i (l-« + af),or J±£±f^ 

— ^ + ^ . 1 + ^ _ 
a — 1 a; 

49. To solve a = re* + (1 — a?)*, 

Bug's.— Since (l-»)* = («-!)*, we may write a = (« — i + J)* + (« - ^ — t)*. 
Now put X'-i=:y, Bubfititate and expand. 



60. To solve i/a;-i - i/l - i = ?^. 



Bug's.— Dividing by i/i_l, V^+l -l= '^v- • Squaring, etc., 2 ^i+l 

r a? ^ y « 

= 1 H h «, Squaring, etc., again, fa? j — 2/^» j = — 1. 



X 



51. Solve «« - a; + 3V2a;« - 3a; + 2 = | + 7. 

9 '■' \ '.' 

62. Solve r— ■ — r. = 6 — a? — «»• ^ /<^ 

1 + a? + a;» t. , ^.^ ' 

63. Solve -r ; r = -z . 7^ 

a» — aa; + a;» a;" 



a? — V a?* -~ fit* 4 y '■ . ■■ ■■! ■ y ■ ■ I ■ y- ■ ^ . ■ ■ ■! 

64. Solve ^ = v«* — «• ( v»* + aa? — v»* — aa:). 

rt 



A/x-{-Vx*^a^ 



1 +x^ 13 



V • 



66. Solve 2a? V 1 - a?* = a(l + a?*). Also ,, ,, - „. 

^ ^ (1 + x)^ 2o 

66. Solve 6x^ — 6a;* + a; = 0. Also a;» + a;« — 4a; — 4 = 0. 

67. Solve 8a;» + 16a; = 9. Also 3a;« + 8a;* — 8a;« = 3. 

Bug. — ^The solntionB of the last four depend ax>on the recognition of a com- 
mon factor. ^ ^ 



-<,-. 



N^ 



^M / 'f .^ \ " 
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SECTION IV. 

SIMULTANEOUS EQUATIONS OP THE SECOND DEGREE BETWEEN 

TWO UNKNOWN QUANTITIES. 

I^i3. Prop. 1. — Two equations between two unknown quanti- 
tieSj one of the second decree and the other of the firsts may always 
he solved as a quadratic, 

Dem.— The general form of a Quadratic Equation between two unknown 
quantities is 

asfi + bxi/ + cy^-^dx-hey +/= 0, 

since in eyery such equation all the tenns in x^ can be collected into one, and its 
coefficient represented hja; all those in xy can also be collected into one, and 
its coefficient represented by b, etc., etc. 

The general form of an equation of the First Degree between two variables is 

a'x 4- h'y + c' = 0. 

Now, from the latter x = —, . which substituted in the former irives 

a ^ 

no term containing a higher power of y than the second, and hence the resulting 
equation is a quadratic. Q. B. d. 



124» Prop* 2» — In general^ the solution of two quadratics 
between two unknown quantities^ requires the solution of a biquor 
dratic ; that is^ an equation of the fourth degree. 

Dem. — Two General Equations between two unknown quantities have the 

forms 

(1) ooj" H- hxy ■\- ey^ -\' dx + ey +/= 0, and 

(3) a'oj* + h'xy + c'y^ + d'x + e'y +/' = 0. 



Prom(l),aj= __±|/____ _ . 

Now, to substitute this value of a; in equation (2), it must be squared, and 
also, in another term, multiplied by y, either of which operations produces 
rational terms containing ^', and a radical of the second degree. Then, to free 
the resulting equation of radicals will require the squaring of terms containing 
y*, which will give terms in ^, as well as other terms. Q. B. D. 



125. Def. — A Homogeneous Eqtiation is one in which 
each term contains the same number of factors of the unknown 
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quantities. 2x* — 3xy — y» = 16 is homogeneous. 3a;* — 2y + y* 
= 10 is not homogeneoas. 

126. JProp. 3. — Two Homogeneous Quadratic Equations be- 
tween two unknown quantities can always he solved by the method 
of quadratics^ by substituting for one of the unknown quantities the 
product of a new unkrwwn quantity into the other, 

Dem. — The truth of this proposition will be more readily apprehended by 
means of a particular example. Take the two homogeneous equations x* 
— xy + f/^ = 21, and y" — 2a?y + 15 = 0. Let x = f)y,v being a new unknown 
quantity, called an auxiliary, whose value is to be determined. Substituting in 
the given equations, we have «V — cy* + y" = 21, and y* — 2^ = — 15. From 

these we find y» = -y-- — — -r , and y* = 5—^ . Equating these values of y*, 

21 * 15 

-5 r- = ;r 7 ; whence 42v — 21 = 15f)' — 15c + 15. This latter equation 

«' — « + 12o — 1 ^ 

is an affected quadratic, which solved for v, gives « = 8, and i. Knowing the 

values of v we readily determine those of y from y* = ^ r , and find y 

= ± >\/3 when v = 3, and y = i: 5 when « = |. Finally as a; = 1^, its values 
are a; = ± 3 yli, and ± 4. 

By observing the substitution of «y for a; in this solution, it is seen that it 
brings the square of y in every term containing the unknown quantities, in each 
equation, and hence enables us to find two values of y' in terms of «. It is easy 
to see that this will be the case in any homogeneous quadratic with two 
unknown quantities, for we have in fact, in the first of the given equations, all 
the variety of terms which such an equation can contain. Again, that the equa- 
tion in V will not be higher than the second degree is evident, since the values of 
y' consist of. known quantities for numerators, and can have denominators of 
only the second, or second and first degrees with reference to v. Whence v can 
always be determined by the method of quadratics ; and being determined, the 

value of y is obtained from a pure quadratic (y* = — z^ , in this case), and that 

2« — 1 
of X from a simple equation (ii; == 1^ in this case). 



127. JPvop. 4. — Wften the unknown quantities are similarly 
involved in two quadratic^ or even higher equations, the solution can 
often be effected as a quadratic, by substituting for one of the un- 
known quantities the sum of two others, and for the other unknown 
quantity th^ difference of these new quantities. 

As this is only a special expedient, and not a general principle, its truth will 
be rendered sufficiently evident by the solution of a few examples. See Ex's. 18. 
14^1fi. 
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Examples. 









'^^ ^' (ay-y«= 2. .-. V ' '*' 1 8a;»+8y»=14. 

' * \%x*+2xif+ y»=73. ' Uy+y»=2. 

^rx«-4y=9, ^ ^^ jx«+y»+l=3ay, ^^^^ 

{a!y+2y»=3. * (2(ay+4)=3y». 

( a;y -a:« =8. '^ ( ^a;« +2ay-y« =101. 




16 ^^y(^+y)=^^> 



'• 



Suo.— The iMt three are readily solved by (127)* Thus, in the IGth, putting 
0r=e + «, and ^ = ff -•«« the equatioBB become di*— de'0 = 8O, and ds'+ 8e'i 
= 85. 

r^+y «iJf^5 ^^ (rr-y = 8, 

^ L«+y«-20 ^•+y»+xy=133. (tr*-y* =14560. 



Special Solutions. 

19. y • — 4ay + 20a;» + 3i/ - 264a;=0, 5y« — 38ay + a:« — 12y 
+ 1066« = 0. 

Suo. — Add 4 timeB the first to the second. 

* Two homogeMOia qnadraticB can «! wayi be solved by (ii96), but epecial expedients are often 
more elegant. In this case by adding twice the second to the iirst, and extracting the sqnare 
root, we hare «+ys ±11. Sabtracting twice the second from the flnt, and eztnwtiQg the 
sqnare root, we have 2— |r=±8. 



i 
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20. X + y = «», B]f — z=: y». 
STTG.-r-Sabtract the first from the second. 

Bug's.— To solve the 2Sd, squlure the fiist, writing the result a^ + ^ = 16 
— 2xy, and square again. Then f or ir* + y* substitute 82. 

24. To solve a; -y = 3, and a;* -y* = 3093. 

Sue's. — Divide the second by the first, and proceed in a manner similar to 
that given for the last. 

25. To solve «« — ay + y« = 7, and «* + ««y» + y* = 133. 

* 

Suo.— Divide the second by the first. 

26. To solve (3 ^) + (3 + ^ztY = ®^' *^* «y = 2. 

Buo's.-Write the first (^H^Y^ (^±^)'= 83; and put ^T^^^^. 

o 

Whence 9f>» + -^ = 82. 

27. To solve «» + y (a?y — 1) = 0, and y» — a; (ay + 1) = 0. 

8uo's.-~Write a?* + «*y* — ay = 0, and y^ — aV — «y— ^» »»d subtract the 
second from the first. Whence a?* — y* + 2a^ = 0, or «• +28^^* +y* = 2y*, and 

a^ + y" = >y/2 y", or - = Vv 2 — 1. From the given equations we get ^ ^ 
= ^. Hencej-=^ = 8-2v^.oray = ty^. 

28. Given ay = fl(a; + y), a» = J(aj + «), and y%^€{^ '\' «). 

Sua.— These are readily put into the forms ^ = ^ + - , ^=:- + -, and ^=:- 

aya^osa; cs 

1 

29. Given a;(a?+y+«) = 18, y(a?4-y+«) = 12, and «(a?+y+«) = 6. 

80. Giren ay« = 48, — = :n;> and — = s • 
^ * y« 12 « 3 

81* Given a? + y + « = 6, 4a? + y=2if, and a:* + y* + «• = 14 

82. Given 2 V»* — y* + ay = 26, and - - ^ = st: . 

^ ^ y a; 20 
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83. Given ^-±-2? 4. lO^Llll = 7 and w» = 8. 
a; — y ac + y ^ 

34. Given y(a;« + y*) = 4(« + y)«, and ay = 4(aj -|- y). 



35. Given a? + v = 



/i^/i 



36. Given Vi — Vy = 2'v/a;y, and a? + y = 20. 

37. Given v^«"Ty» + VS*"^^^ = 2y, and a?* — y* = a*. 

88. Given i/f + /i/| = -^ + 1, and VJiy + V^ = 78, 

39. Given ya? + y + 2Vx — y = \ ^ , and — ^^-^ = -- . 

Vx — y xy 15 

8a;*-y*=14, 



(y«-64=8a;V 4^ (a:*4-y*=3a:, 
( y— 4=2y*a?*. (a;*4-y*=a!i 



7 



40. -!^ — -y. 41^ ^- .:,-..., 42. . 

a:*y*=2y*. 



Applicatioks. 

1. The plate of a looking-glass is 18 inches by 12, and it is to be 
surrounded by a plain frame of uniform width, and of surfiftoe equal 
to that of the glass. Bequired the width of the frame. 



2. A person bought some fine sheep for $360, and found that if he 
^-7 had bought 6 more for the same money, he would have paid $5 less 

for each. How many did he buy, and what was the price of each ? 

3. A traveller sets out for a certain place, and travels one mile the 
~y first day, two the second, three the thii*d, and so on : in 5 days after- 
/ ward another sets out, and travels 12 miles a day. How long and 

how far must he travel before they will come together ? 

4. Divide the number 48 into two such parts that their product 
may be 432. 



; 



5. Divide the number 24 into two such parts that their product 
^may be equal to 35 times their difference. 1 ^ - 

6. For a journey of 108 miles, 6 hours less would have sufficed^ 
^^ had the traveller gone 3 miles an hour faster. At what rate did he 

travel? 



p- 
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7. The fore wheel of a coach makes 6 revolutions more than the 
hind wheel in going 120 yards ; but, if the circumference of each 
wheel be increased by 1 yard, the fore wheel will make only 4 revo- 
lutions more than the hind wheel in the 120 yards. What is the cir- 
cumference of each wheel ? 

8. The product of two numbers is^; and the difference of their 
cubes is equal to m times the cube of their difference. Find the 
numbers. 




9. Find two numbers whose product is equal to the difference of 
their squares, and the sum of their squares equal to the difference of 
their cubes. 

10. There are 4 numbers in arithmetical progression. The sum of 
►the extremes is 8 ; and the product of the means is 16. What are 
the numbers ? 

SuG. — In solving examples involving several quantities in arithmetical pra 
gression, it is usuaUy expedient to represent the middle one of the series, when 
the number of terms is odd, by x, and let y be the common difference. If the 
number of terms is even, represent the two middle terms by ic — y, and a; + y, 
making the common difference 



11. Five persons undertake to reap a field of 87 acres. The five 
terms of an arithmetical progression, whose sum is 20, will express 
the times in which they can severally reap an acre, and they all 
together can finish the job in 60 days. In how many days can each, 
separately, reap an acre ? 

12. There are three numbers in geometrical progression, the sum 
of the first and second of which is 9, and £he sum of the first and 
third is 15. Eequired the numbers. 

Sug's. — In solving examples involving several quantities in geometrical pro- 
gression, it is sometimes expedient to represent the first by a?, and the ratio by .y, 
BO that the numbers will be x, xy, xy^, etc. In other cases it is expedient, if the 
number of numbers sought is odd, to make xy the middle term of the series and 

y . a;' v' ^ ^ 

- the ratio. Thus 5 terms will be represented - , ««, xy, y«, — . When the 

y •*' 

number of numbers sought is even, it is sometimes expedient to represent the 
two means by x and y, and the ratio by -. Thus 4 terms become — , «, y, — . 

X y X 

13. There are three numbers in geometrical progression whose 
continued product is 64, and the sum of their cubes is 584. Bequired 
the nnmbera 10 



7 
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14. The sum of the first and second of four numbers in geometri- 
cal progression is 15, and the sum of the third and fourth is 60. 
Required the numbers. 



^ 15. There are three numbers in geometrical progression, whose 
/^ product is 64, and sum 14. What are the numbers ? 

16. It is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, the 
sums shall be in geometrical progression. 

17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 

18. The sum of 700 dollars was divided among four persons, A, B, 
C, and D, whose shares were in geometrical progression ; and the 
difference between the greatest and least, was to the difference be- 
tween the two means, as 37 to 12. What were the several shares ? 

19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032 ; required the numbers. 

20. The 2d and 6th terms of a geometrical progression are respec- 
J> tively 21 and 1701. What is the first term, and what the ratio ? 

21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles firom the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours ; and 
two hours after, he meets a second traveller who goes at the rate of 
9 miles in 4 hours. B overtakes the first traveller 45 miles from D, 
jind meets the second 40 minutes before he (B) reaches the 31st mile- 
stone from D. How far are A and B apart ? 

22. The joint stock of two partners, A and B, was $2080. A's 
money was in trade 9 months, and B's 6 months, when they shared 
stock and gain, A receiving $1140 and B $1260. What was each 
man's stock ? 

23. There is a number consisting of three digits, the first of which 
is to the second as the second is to the third; the number itself is 
to the sum of its digits as 124 to 7; and if 594 be added to it the 
digits will be inverted. What is the number ? 

24. A person has $1300, which he divides into two portions, and 
loans at different rates of interest, so that the two portions produce 
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eqnal returns. If the first portion had been loaned at the second 
rate of interest, it would have produced $36, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced $49. Bequired the rates of interest. 

25. A person traveling from a certain place, goes 1 mile the first day, 
2 the second, 3 the third, and so on ; and in six days after, another 
sets out from the same place to overtake him, and ^vels uniformly ^1 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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OHAPTEB IV. 

INEQUALITIBS. 

128. An InequtUity is an expression in mathematical sym- 
bols, of inequality between two numbers or sets of numbers. 

III.— Thus a> b (read "a greater than 6") is an inequality; also ««« — 8 
< 6 + 2 (read "a*z - 8 leee than 6 + 2"). (See Pabt I., 43.) 

129. Fundamental Principle. — In comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Thus 6 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less. Thus — 5 < — 3. 
Of course any negative number is less than any positive number. In 
general, we call a>b when a — i is positive, and a <b when a — ft 
is negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called the first member y and the part at the right, the second mem-- 
her of the inequality. 

131. For the purposes of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but with 
certain characteristic differences in the result£f, which will be pointed 
out in the following propositions. 

132. If, in transforming an inequality, the same member that 
was the greater before the transformation is the greater after, the 
inequality is said to continue to exist in the same sense; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
less after^ the inequality is said to exist in an opposite sense in the 
two inequalities. 

133. Prop. — The sense in which an inequality exists is not 
changed^ 

Ist. By adding egiuzls to both members^ or subtracting equals from 
both; 



2dL By tmdtijdyinff or dividing the memben by equal posttive 
numbers / • 

3d. By adding or multiplying the corresponding members of two 
inequalities which exist in the same sense^ if all the members are 
essentially positive ; 

4th. By raising both members to any power whose index is an odd 
number ; 

5th. By raising both members to any power, if both members are 
essentially positive ; 

6th. By extracting the same root of both members, if when the de^ 
gree of the root is even, only the positive roots be compared. 

IiiL. and Dem. — The 1st is, in general, an axiom. Thus if a > &, it is evi- 
dent that a ± e > b ±c. When e> a, a — c is negative, bat since b < a, b — e 
is also negative and MimericaUy greater than a — c. Therefore, in this case, 
a — Ob-c (129). 

2d. This is wholly axiomatic. If a > 6 it is evident that ma > vnb, and that 

a b 
— > —. 

m m 

8d. This, too, is an axiom. 11 a >b, and c > d, a, b, «, and d being each + * 
it is evident that a + c > b •{■ d; and that ae > bd. 

4th. This becomes evident by considering that if a > 6, raising both members 
to anj power whose degree is odd will leave the signs of the members as at the 
first, and also the sense of the numerieal inequality the same. 

5th. This appears from the fact that neither the signs nor the sense of the 
numerical inequality of the members is changed by the process. 

6th. This is evident from the fact that the greater number has the greater 
root, if only positive roots are considered. 



134m Prop. — The sense in which an inequality exists is changed, 

1st. By changing t?ie signs of both m^emhers; 

2d. By m,ultiplying or dividing both members by the sam£ negative 
quantity; 

3d. By raising both memlfers to the same even power, if the members 
are both rUgative in the Jtrst instance ; 
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4th. By comparing the negative even roots (the memberB^ in thefiret 
instance^ being both essentially positive). • 

III. and BEic^The first is eyident, sinoe M Q>h, — a< — ftby (12V). 
That is, of two negatwe quantities the nnxnericallj greater is really the less. 

2d. These operations do not change the numerical relation of the members, 
Imt do change the signs of the members ; hence it fills under the preceding. 

9d. and 4th. EssentiaUy the same reasoning aa in the last. 



Exercises. 

1. When a and h are nneqaal, show that a*+ l^>%ab. 

Solution. — ^Let a> 6; whence a— 5>0, or a*— 2a6+6*>0, ora*+6*>3a&. 
Similarly if a < 6. 

2. Prove that the arithmetical mean between two quantities is^ 
in general, greater than the geometrical How if the quantities are 
equal ? 

3. If ay b, Cj are such that the sum of any two is greater than the 
third, show that a* + J* + c* <2(aA + ac •\- be). 

4. If a* + S* + c*= 1, and m* + n* + r*= 1, show that am + Jn 
+ cr < 1. How ifa = J = c = m = w = r? 

6. Show that, in general, (a+J— c)*+ (a+c— J)*+ (J + c— a)» 
>ah-{-bc-{-ac. How if a=:J=c? 

6. Which is greater, 2a:* or a; + 1 ? 

Solution.— Ist. If x>\, «•> 1 (?), ^*>%x{J)\ but 2aj > » + 1 (?). 
.-. 2aj'> « + 1. 

If 9 < 1, a similar process shows 2aj* < « + 1. 

7. From 6a; — 6 < 3ii; + 8, and 2a; + 1< 3a; — 3, show that x 
may have any value between 7 and 4 ; t. «., that the limiting values 
are 7 and 4. 

8. What are the limiting values of x determined from the con- 
ditions 3a; -2 > ^a; — f , and | - fa; < 8 — 2a; ? 

9. The double of a number diminished by 5 is greater than 25, 
and triple of the number diminished by 7 is less than the double 
increased by 13. What numbers will satisfy the conditions ? 



PART III. 



AN ADVANCED COURSE IN 

ALGEBRA. 



CHAPTER I. 

INFINITESIMAL ANALYSIS., 



SECTION I. 

DIFFEBBNTIATION. 

135. In certain dasses of problems and disemnonB &e qoantitiffi 
inrolTed aie distingaished as Constant and VariaSle. 

136. A Constant quantity is one which maintains the same 
Talne throughout the same discussion, and is represented in the 
notation by one of the leading letters of the alphabet 

137. Variable quantities are such as may assume in the same 
discussion any value within certain limits determined by the nature 
of the problem, and are represented by the final letters of the 
alphabet. 

III.— If X is the radius of a circle and y is its area, y = fcx'*, as we learn from 
Geometry, re being about 3.1416. Now if x, the radius, varies, y, the area, will 
Tary ; but ie remains the same for all values of x and y. In this case x and y 
are the variables, and ;r is a constant. 

Again, if y is the distance a body falls in time x, it is evident that the greater 
X is, the greater is y, i, e., that as x varies y varies. We learn from Physics that 
y = IQ^fX*, for comparatively small distances above the surface of the earth. 
In the expression y = 16-jV«*» * ^^d y are the variables, and 16tV is a constant. 

Once more, suppose we have y* = 25a;® — 3aj* — 6, as an expressed relation 
between x and y, and that this is the only relation which is required to exist 
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between them ; it ia evident that we may give values to 2 a< pUctsure, and thus 

obtain corresponding values for y. Thus if x = l, y = ± Vl7, if x = 2, p 

= ± Vl83, etc., etc. In such a case x and y are called variables. But we notice 
that if we give to x such a value as to make 3x' + 5 > 25x^ (as, for example, i, 
i, etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables.* 

138. ScH. — ^The pupil needs to guard against the notion that the terms 
eonttant and variable are synonyms for hn&wn and ttnhunim^ and the more so 
as the notation might lead him into this error. The quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have aU been 
constant. The distinction here made is a new one to him, and pertains to a 
new class of problems and discussions. 

139* A Function is a qnantity, or a mathematical expresBion, 
conceived as depending for its yalue upon some other quantity or 
quantities. 

III. — ^A man's wages ^br a given' time is a function of the amount received per 
day, or, in general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = l&iVi^' (137), second illustration, 
y is a function of x, i. e., the space fallen through is a function of the time. The 
expression %ax* ~ 3a; + 5&, or any expression containing x, may be spoken of aa 
a function of x. 

*140. When we wish to indicate that one variable, as y, is a func- 
tion of another, as x, and do not care to be more specific, we write 
y =zf(x)y and read "y equals (or is) a function of x." This means 
nothing more than tBat y is equal to some expression containing the 
yariable Xy and which may contain any constants. If we wish to 
indicate several different expressions each of which contains a?, we 
write /(a;), <p{x)y or /'(«), eta, and read "the /function of x,** "the 
€p function of x^ or " the/' function of a." 

III.— The expression /(2) may stand for a;' — 2a; + 5, or for 3(a* — x% or for 
any expression containing x combined in any way with itself or with constants. 
But in the same discussion /(x) wiU mean the same thing throughout. So again, 
if in a particular discussion we have a certain expression containing x (e. g., 
dx* -~ax'\- 2ab), it may be represented by /(a;), while some other function of x 
(e. g., 5(o» — »•) + 2x*) might be represented hjf'{x), or g){x). 

141. In equations expressing the relation between two variables, 
as in y* = Zax^ — a:*, it is customary to speak of one of the variables, 
as y, as a function of the other x. Moreover, it is convenient to think 

* The limit? of this Tolnme do not permit the interpretation of imaginaiies as other than im- 
possible qoantities, i. 0., Inconsistent with the restricted Tiew taken of the partlciilar probfcm 
which may be under consldeiation. 



I 
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of 2; as yarylBg and thus producing change in y. When so con- 
sidered, x is called the Independent and y the Dependent yariable. 
Or we may speak of y as a function of the yariable x. 

142. An Infinitesimal is a quantity conceiyed under such 
a form, or law, as to be necessarily less than any assignable quantity. 

Infinitesimals are the increments by which continuous number, or 
quantity (8), may be conceived to change yalue, or grow. 

Ill, — 2\me affords a good illoBtration of oontinnous quantity, or number. 
Thns a period of time, as 5 hours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, %. e., not by hours, minutes, or even seconds, 
but by elements which are less than any assignable quantity. In this way we 
may conceive any continuous, variable quantity to change value, or grow, by 
infinitesimal increments. 

143. Consecutive VaZties of a function, or yariable, are 
yalues which differ from each other by less than any assignable 
quantity, i. e., by an infinitesimal part of either. 

144. A Differential of a function, or variable, is the differ- 
ence between two consecutive states of the function, or variable. It 
is the same as an infinitesimal. 

III. — Besuming the illustration y = IBi^* {^S7)9 let x be thought of ao 
soime particular period of time (aa 5 seconds), and y as the distance through 
which the body falls in that time. Also, let x' represent a period of time infini- 
tesimally grater than x, and y' the distance through which the body falls in time 
sc'. Then x and x' are consecutive values of x, and y and y' are consecutive 
values of y. Again, the difference between x and x',eLB x^ — x, is a differential 
of the variable x, and y'—ylBB. differential of the function y. 

145. Notation. — ^A differential of 2; is expressed by writing the 
letter d before Xy thus dx. Also, dy means, and is read '^ differen- 
tial y.** 

Caution. — Do not read dx by naming the letters as you do ax ; but read it 
'* differential x'* The d is not a factor, but an abbreviation for the word differ- 
ential, 

146. To IHfferetUiate a function is to find an expression 
for the increment of the function due to an infinitesimal increment 
of the yariable; or it is the process of finding the relation between 
the infinitesimal increment of the variable and the corresponding 
increment of the function. 
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BULES FOR DiFFERENTIATIKG. 

14!t. R TJLE 1. — To differentiate a single variable, sim- 
ply WRITE THE LETTER d BEFORE IT. 

This is merely doing what the notation reqaiies. Thus if x and t! are oonse- 
cntive states of the variable a;, ». e., if vl is what x becomes when it has taken an 
infinitesimal increment^ a;'— a; is the differential of x^ and is to be written 6x. In 
like manner, ^— y is to b^ written dy, jf' and y being consecutive values. 



1^8. RULE 2. — Constant factors or divisors appear in 

THE DIFFERENTIAL THE SAME AS IN THE FUNCTION. 

Dbm. — ^Let us take the function y =r ikt, in which a is any constant, integral 
or fractional. Let x take an infinitesimal increment dx^ becoming x ■{- dx; and 
let dy be the corresponding* increment of y, so that when x becomes x '\- dx, y 
becomes y + dy. We then have 

Ist state of the function ...- y = ax; 

2d, or consecutive state y ■}- dyz= a{x + dx) =ax + adx. 

Subtracting the 1st from the 2d dy = adx, 

which result being the difference between two consecutive states of the function, 
is its differential {14^\ Now'a appears in the differential just as it was in the 

function. This would evidently be the same if a were a fraction, as — . We 

should then have, in like manner, dy = —dx as the differential of y = —x. 
Q. E. D. 



149. RULE 3. — Constant terms disappear in differen- 
tiating; OR THE DIFFERENTIAL OF A CONSTANT IS 0. 

Dbm. — ^Let us take the function y =ax-{-b,ixi which a and b are constant. 
Let X take an infinitesimal increment and become x + dx; and let dy be the 
increment which y takes in consequence of this change in a;, so that when x 
becomes x + dx, y becomes y + dy. We then have 

1st state of the function yzsax + h; 

2d, or consecutive state - - - - y -\- dy= a{x + dte) + 6 = aaJ H- adx + 6. 

Subtracting the 1st from the 2d - - • • dy=^ adx, 

which being the difference between two consecutive states of the function, is its 
differential {144:), Now froni this differential the constant h has disappeared. 

We may also say that as a constant retains the same value, there is no differ- 

%. 

* The word ^^contempoxaneoas ** is often used In tbls connectioa. 
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ence between ItB consecative states (properly it has no consecutive states). 
Hence tlie differential of a constant may be spoken of (though with some lati- 
tude) as 0. (^ E. D. 

150. RULE 4 — To differentiate the algebraic sum of 

SEVERAL VARIABLES, DIFFEREiniATE EACH TERM SEPARATELY AND 
CONNECT THE DIFFERENTIALS WITH THE SAME SIGNS AS THE TERMS. 

Dem. — Let u^x-^y ^ t, u representing the algebraic sum of the variables 
X, ff, and —z. Then is (2tt = dc + (2y — <&. For let dx, dy, and dz be infinitesimal 
increments of x, y, and z ; and let du be the increment which u takes in conse- 
quence of the infinitesimal changes in x, y, and e. We then have 

1st state of the function tt = a; + 2f — s; 

2d, or consecutive state tt4-(2tf = a; + (22; + y-l-(2y — (e + dz\ 

Or u + du^rzx + dx-^-y-^-dy — z — dz. 

Subtracting the 1st state from the 2d - • - du = dx ■{■ dy — dz, q. E. D. 



ISl. RULE 5. — The differential of the product of two 

VARIABLES IS THE DIFFERENTIAL OF THE FIRST INTO THE SECOND, 
PLUS THE DIFFERENTIAL OF THE SECOND INTO THE FIRST. 

Dem. — Let tt = a^ be the first state of the function. The consecutive state is 
tt + dii = (a; + dx) (y + dy) =xy + ydx + xdy + dxdy. Subtracting the 1st state 
from the consecutive state we have the differential, i, e., du = ydx + xdy •{■ dxdy. 
But, as cZa;-c?^ is the product of two infinitesimals, it is infinitely less than the 
other terms (ydx and xdy), and hence, having no value as compared witii them, is 
to be dropped * Therefore du = ydx + xdy, q. B. D. 



1S2. RULE 6. — The differential of the product of sev- 
eral VARIABLES 18 THE SUM OF THE PRODUCTS OF THE DIFFER- 
ENTIAL OF EACH INTO THE PRODUCT OF ALL THE OTHERS. 

Dem. — Let u = xyz ; then du = yzdx + xzdy + xydz. For the 1st state of tho 
function is tt = xyz, and the 2d, or consecutive state, u -i- du z= (x -{• dx)(y + dy) 
(e + dz), oi u -{• du = xyz -f- yzdx + xzdy + xydz + xdydz + ydxde -f- zdxdy 



* It win donbtlesf appear to the pnpil, at first, as if this gave a result only agsproxUntUdy cc>r. 
lect Sach is not th^ fact. The result is absohUdy correct. No error is introduced by droppin«; 
dx- dy. In fact this term mutt be dropped according to the nature of infinitesimals. Notice 
that by definition a quantity which is infinitesimal with respect to another is one which has nn 
assignable magnitude with reference to that other. Hence we must so treat it in our reasoning. 
Now dx-dyinan iDfinitesimal of an infinitesimal (i. &, two infinitesimals multiplied together), 
and hence is infinitesimal with reference to ydx and xdy^ and must be treated as having no nn- 
ilgnablo value with respect to them ; that is, it must bo dropped. 
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•f dxdf/de. Subtracting, and dropping all infinitesimals of infinitesimals (see 
preceding role and foot-note), we have du = ptdx + xzdy + xydz. 

In a similar manner tlie rule can be demonstrated for any number of varia- 
bles. Q. E. D. 



1S3. RULE 7. — The diffbrential of a fraction having 

A VARIABLE NUMERATOR AND DENOMINATOR IS THE DIFFEREK- 
TIAL OF THE NUMERATOR MULTIPLIED BY THE DENOMINATOR, 
MINUS THE DIFFERENTIAL OF THE DENOMINATOR MULTIPLIED BY 
THE NUMERATOR, DIVIDED BY THE SQUARE OF THE DENOMINATOR. 

Dem. — Let u =: - ; then is du =? 5 — - . For, clearing of fractions, 

y y* 

ffUT=x, Differentiating this by Rule 5th, we have udy + ydu = dx. Substi- 

X xdv 

tuting for u its value — , this becomes — - + ydu = dx. Finding the value of 

du, we have du = = — -, Q. b. d, 

y 

154:. Cor. — The differential of a fraction having a constant 
numerator and a variaMe denominator is theprodttct of the numeror' 
tor with its sign changed into the differential of the denominator^ di- 
vided by the sqtiare of the denominator, 

d 
Let i£ = — . Differentiating this by the rule and caUing the differentia] of 

the constant id) 0, we have du = ^-^ = ^^5-=^. o. K. D. 

y* y* 

155. ScH. — ^If the numerator is variable and the denominator constant, 
it falls under Rule 2. 



156. R ULE 8. — The differential of a variable affected 

WITH AN EXPONENT IS THE CONTINUED PRODUCT OF THE EXPO- 
NENT, THE VARIABLE WITH ITS EXPONENT DIMINISHED BY 1, AND 
THE DIFFERENTIAL OF THE VARIABLE. 

Dem. — 1st. When the exponent is a positive integer. Let y = a^, m being a 
positive integer ; then dy = wMJ*-'(to. For y = x'^= xxxx- to m factors. Now, 
differentiating this by Rule 6, we have dy = (xxx - - to m—1 factors) dx 
+ (xxx - - to m — 1 factors) dx + etc., to m terms ; or cfy = cif*^^dx + off'^^dx 
4- x^-^dx + etc., to m terms. Therefore dy = mas^^Hx. 

m 

2d. When the exponent is a positive fraction. Let y = a? "• , — being a positive 

fraction; then dy = ^x* dx. For involving both members to the wth power we 
have y» = aj*. Differentiating tliis as just shown, we have ny^'-^dy = maf^^dx. 



I 
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Now from y = «» we have y*-* = a? » . Substituting this in the last it be- 
oomes nx * dy = msf^^dx; whence dy = ^"^ •~dx = ^«» dx. Q. E. D. 



Sd. When the exponent ie negati/oe. Let' y = ar-*, n bein|$L integral or 

1 

fractional ; then dy = — nar»-*<to. For y = ar* = — , which differentiated by 

a?* 

Rule 7, Cor., gives dy = -^-^ — -^ — = — nar-^^^dx, <^ B. D. 



< Examples. 

1. DiflFerentiate y = 3a;* — 2a; + 4. 

SoLimoN.— The result is dy = Qxdx — 2dx. Which is thus obtained : By 
Rule 1, the differential of y is dy. To differentiate the second member we dif- 
ferentiate each term separately according to Rule 4. In differentiating 3a;', we 
observe that the factor 3 is retained in the differential. Rule 2, and the differen- 
tial of X* is, by Rule 8, fixdx. Hence, the differential of 3a;' is Qxdx. The differ- 
ential of — 2a; is — 2dx. By Rule 8, the constant 4 disappears from the differen- 
tial, or its differential is 0. 

-p^ 2. Differentiate y = 2aa? + 4aa;* — a; -f wi. 

Result^ dy =: ^xdx + 12<xafdx — d(K. 

' ' 3. Differentiate y = 6Ja? — 30a;* + 4a:. 



4. Diflferentiate y = Aa? -h Ba^ -h Ct^. 



137 • ScH. — ^It is desirable that the pupil not only become expert in writ- 
ing out the differentials of such expressions as the above, but that he know 
what the operation signifies. Thus, suppose we have the equation y = 5a;. 
This expresses a relation between x and y. Now, if x changes value, y must 
change also in order to keep the equation true. Li this simple case it is easy 
to see that y must change 5 times as fast as ar in order to keep the equation 
trae. This is what differentiation shows. Thus, differentiating, ms have dy 
= bdx. That is, if a; takes an infinitesimal increment, y takes an infinitesi- 
mal increment equal to 5 times that which x takes ; or, in other words, y 
increases 5 times as fast as x. 

Now let us take a case which is not so simple. Let y=8ii;' — 2a;'h4, and let 
it be required to find the rslatite rate of change of x and y. Differentiating, 
we have dy = 6ax2a; — %dx = (6a; — 2)dx, This shows that, if x takes an infini- 
tesimal increment represented by dx^ y takes one (represented by dy) which 
is 6a; — 2 times as large ; i. tf., that y increases 6a; — 2 times as fast as x. 
Notice that in this case the relative rate of increase of x and y depends on 
the value of x. Thus, when a;=:l, y is increasing 4 times as fast as x ; when 
a;=:2, yis increasing 10 times as fast ass; whendisS, y is increasing 10 
tim^s as fast as a;; etc. 
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" '' 5. Differentiate y = x* — a?*, and explain the significance ojf the 
result as above. Result y dy = (5a;* — Zx^)dx. 

^6. In order to keep the relation 2y == Za? true as x varies, how 
must y vary in relation to a;SL.What is the relative rate of change 
when a? = 4? When a; = 2?^ When a? = 1? Whena:=i? When 

Answers. When a; = 4, y increases 12 times as fast as x. When 
a; = ^, y increases at the same rate as a^ In general y increases 3a; 
times as fast as x. When x is less than \^ y increases slower than x, 

S 2a;* V' a;* 1 

7 to 12. Diffej'entiate the following^ u = -q— ; V = -5 — j ; 

-^ y = x^7? ; -ru = 7?t^ + ^x\ >y = a;* — 3a?* + 4a;*--a;* + l; and 
-P, y = i^ - f ^ + ^ 

13 to 17. Differentiatj^=(a»+a;»)» ;>=(a+a:»)*;\r=(3a;-.2)*; 
7y = (2 - a;«)-« ; an^ = (1 + a;)"*. ^ 

Suo's. — Sach examples should be solved by considering the entire quantity 
within the parenthesis as the variable. This is evidently admissible, sihoe any 
expression which contains a variable is variable when taken as a whole. Thus 

to differentiate y = (a + x*y, we take the continued product of the exponent (}), 

the variable {a + x*) with its exponent diminished by 1, [t. e., {a + sb')"^], and 

the differential of the variable (i. e., the differential of a + sc', which is %xda^. 

-4 -1 Aasdx 

This gives us dy = §(« + a?*) ^^^xdx, or d/y=. \x{a + «•) ^dx = 



8 Va + «* 



18 to 22. Differentiate/ 



and — w 



^l + a;0(l + a:V' (1 + xf' """^(1 + a;)' 

23. In the expression 6a;', when x is greater than 1 does the func- 
tion (Ga;*) change faster or slower than a; ?^ How, when x is less 
than J?^. What does the process of differentiating %qi? signify ? 

Answer to Vie last. Finding the relative rate of change of 6ic' and x, or nnd- 
, ing what increment 6ic' takes when x takes the increment dx. 

Or, in still other words, finding the difference between two consecutive states 
of to', and hence the relation between an infinitesimal increment of v and the 
corresponding increment of dso'. 
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SECTION II. 

X INDETERMINATE COEFFICIENTS. 

1S8. Indeterminate Coefficients are coefScients assamed 
in the demonstration of a theorem or the solution of a problem, 
whose Yalaes are not known at the outset, but are to be determined 
by subsequent processes. 

^159. Prop.— If A + Bx + Cx'+ Dx" -h etc. = A'+B'x + CV 
+ D'x'+ etc,^ in which "l is a variable* and the coefficients A, B, 
A', B', etc. are constants^ the coefficients of the like powers of x are 
equal to ecu:h other. ITiat isj K = K' {these being the coefficients ofx^)^ 
B = B', C = C, etc 

Dem. — Since the equation is true for any value of x, it is true for z=0. Substi- 
tuting tliis value, we liave^=^'. Now as A and A' are constant, they have the 
same values whatever the value assigned to x. Hence for any value of x, A=A'. 
Again, dropping A and A\ we have Bx + Cfe*4- 2>a?'+ etc. = B'x -h Cx*+ lyx^ 
-I- etc., which is true for any value of x. Dividing by ic, we obtain B-^Ox-^-Dx* 
-h etc.=.B' -f- Cx + 2>'ic* -f- etc., likewise true for any value of a?, liaking « = 0, 
B = B',aLB before. In this manner we may proceed, and show that C=(7, 
D = iy, etc, Q. E. D. 

160. OoB.— 7)^ A + Bx + Cx« + Dx" + «<c = 0, is true for all 
values of x, each of the coefficients A, B, C, etc.^ is 0. 

For we may write -4 4- J?« + Cfc»4-2?a?'+ i2B*4-l^*+etc.= + (te + 0^ 
4- Obj«+ Obj*+ (te»4- etc. Whence by the proposition A = 0,B = 0,C=0, etc 



Development op Functions by means op Indetekminate 

Coefficients. 

161. A Function is said to be Developed when the indicated 
operations are performed ; or, more properly, when it is transformed 
into an equivalent series of terms following some general law. 

Ill's. — Division affords a method of developing some forms of functions. 

* Saying that a; 1b a variable. Is equivalent to saying that the equation mnst be trnc for any 
falae of x. This is an eaeential thing in thia discission. The members of soch an equation 
Sfe aometimefi said to be Identically equal. 
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Thufl y = 



l~a? 



when developed by division becomes y = l+« + fl;'+a;'+ etc 



The binomial fonnnla (Gomflbte School Algebra, 19S, or 168 of this 
treatise) is a formula for developing a binomial. Thus y = (a + xY when devel- 
oped becomes y = o* + 5a*aJH-10a'«*4-10a*»'4- 5ax*-hx^. The subject is one 
of great importance in mathematics, and the method of Indeterminate Coeffi- 
cients forms the basis of most that is valuable upon it. 



EZAKPLlSfl. 



l-X 



- -1. Develop •=--- -3- into a series by the method of Indeterminate 

Coefficients. 



1- 


-aj = -4+^ 


x+C 


x*+D 


x^-hE 




+A 


-h-B 


+(7 


+i> 






■hA 


+B 


+0 



1— a? 
Solution.— Assume 3 j =A + Bx + Ox* H- Dx^ + Mb* h- etc. Cleaiin^^ 

of fractions, 

«*+ etc. 
4- etc. 
H- etc. 

Equating the coefficients of the corresponding powers of x by {lS0),vrB hara 
the following equations from which to find the values of A, B, C, D, etc. : 
^=1; A+B=^\; A+B^G=(i; -B+C7+2> = 0; C7+i)4-^=0. Solving 
these, we have ^=1, B= - 2, C7=l, i>=l, and ^= — 2. 

Substituting these in the assumed development, we have 

1— « 
i=l— 2aJH-aJ«+aj'— 2«*H- etc. 

This can readily be verified by actual division. 



> 



2. Develop, or expand into a series (a*— ofy by means of Inde« 



terminate Coefficients. 

• Solution. — Assume 

(a*- «*)*= Jl-f-5sp+Cfe«H-2>!»»+ito*H-i'fe*+6te«+ eta 

Squaring both members and expanding («•—«*)', we have 

^AB 



x-k-AG 


a:»H-/42> 


7^+AE 


x^-^AF 


x'^^AG 


«*H-etc. 


+-B' 


-I--BC 


+BJ) 


-hBE 


^BF 


+etc 


H-/4C7 


+BG 


H-C7« 


+ GD 


-hGE 


H-etc 


H-^D 


-f-J?i> 


-^GD 


+!>' 


+etc. 


+ABi\ 


-^-BJSl ^GE 


-hetc 


+Jli?1 H-Bi?' 


+etc. 








■ 


+AG 


-f-etc. 



Equating the coefficients of the corresponding powers of x, we find A* =za^, 
OTA = a^; 2^jB = 0, whence jB = ; 2^(7+^*= — 8a*, whence C7= - |o; 

Q 

2UD 4- BG) = 0. whence D = 0; 2(AE + BD) + (7«= 3a« , whence i?= gj; 
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2CAZ7'+Pj^+ CD)=Oy whence ^^=0 ; and in like manner Q = --^, etc (If the 

expanaion of the second member had been carried farther, each of the succeeding co- 
efficients would be equated with 0, as there are no terms in the first member contain- 
ing higher x>owers of 2; than the 6th.) Substitutingthevaluesof ^, B, G,D, etc,iui 

now found, we have {a^—7?y=cfi— 0^+0;^+ Tftj + ®*^ 

3. Expand, or develop (1— re*)' by means of Indeterminate Coeffi- 
cients. Also -^, .T-— , and -^ ^ - ' _ 

a; 4-1 — ax /^ \l ■ 

SxTG. — ^To expand the last, put the expression equal to the usual series, square 
both members, and then dear of fractions. 

l.B2m ScH. — ^In using the method of Indeterminate Coefficients, as the 
series A-^ Bx-^- Cx*+ etc., is merely hypothetical at the outset, we must 
carefully observe whether the subsequent processes develop any inconsist- 
ency. For example, perhaps a particular expression will not develop in the 
form assumed. If so, some inconsistency will appear in the process. Thus, 

3 2 
were we to attempt to develop -5 5 by assuming -^ 5 = A + Bx^ Cx* 

X ~~ X X *~" X 

+ 2>a;'+ etc., we should find, after clearing of fractions, that the first mem- 
ber had only the term 2, which- is 2a;° ; and as there would be no correspond- 
ing term in the second member, we should have to write 2 = 0, which is 
absurd. In general, we observe that, when we equate the coefficients, the 
second, or assumed member, must have a term containing as low a power of 
the variable as the lowest in the first member. This may be secured either 
by putting the expression to be developed into a proper form before assum- 
ing the series, or by assuming a series of proper form. Thus, in the above 

2 12' 2 
case, we may write for -5 , — • , and then develop by 

X ^~ X X X ^~ X X ^~ X 

assuming = ^ 4- -Re + Cb'+i^' H- etc., and finally multiplying by 

1—3? 

1 2 

-^ ; or it may be developed by assuming -j 5 = Air'+Br-^-f-Cb^H- Dx 

-hBx*-hetc. 

i 



4 Expand — 5 r- by the method of Indeterminate Ooeffi- 

.,", l + 2ar ., 1 — x 

cients. Also :: TT-o' Also 



1 - 3a;*' 2a:* + 3a;»' 



5. Expand \/l — x. Also (1 + x)\ 

^\ 11 
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Decompositiok of Fractions by meaks op Indeterminate 

Coefficients, 

163. For certain purposes, especially in the Integral Calculus, 
it is often necessary to decompose a fraction into partial fractions. 
There are three principal cases. 

164. Case 1. — A fraction which is a function of a single varia- 
bUy whose numerator is of lower dimensions tjian its denominator, 
and whose denominator is resolvable into n real and unequal fac- 
tors of the first degree, can be decomposed into n partial fractions of 

the form — ; — H -^- -f — -- — ; — , x+a,x+b, 

" X 4- a x + b x + c x+n 

x + c, - - - - - x+n being the factors of the denominator. 

T.™ A M* ABC JV . 

(p{x) x + a X + X -{■ c x-\- n 

wliich f[x) IB of lower dimensionB f than <p{x)f and <p(x) = (x + a){x + b) (x + c) 

A B 
(a? + n). t Bedudng the partial fractions , j- , etc., to 

•U T fit X -J" 

forms haying a common denominator, this denominator will be the product of all 
the denominators x-\- a, x + b, x + e, etc., and hence will be <p(x), and each 
numerator will contain one less of these factors than the common denominator, 
and hence will be of the {n — l)th degree, the denominator being of the nth de- 
gree.§ Then, as the denominatora of both membras will be eqoal, tbe xramexa- 
tors will also be equal. Placing them so, we can find the values of the indeter- 
minate coeffldents A, B, C, etc., by the principle in (159). The necessity for 
having y(«) of lower dimensions than q>(QR) is the same as is pointed out in {1S2). 
Thus, if fix) contained a term like ^^ while <p(a;) cmitained none higher than 
^*, we should be requii;^ to write 5 = 0, as there would be no term in the sec- 
ond member having an x^ in it. Finally, haying obtained the values of A, B, C, 

ABC 
etc., we can substitute them in , r , , etc., and have the 

x-\-a x + b x-{-c 

partial fractions sought. 



16S. Case 2. — A fraction which is a function of a single varia* 
blCj whose numerator is of lotoer dimensions than its denominator^ 

and whose denomincUor is resolvable into n real and bqjj XL factors 

- 

* See (189, 140), 

t That is, does not contain bo high a power of x. 

t The proposition assdmes that <p{x) is resolvable into n real and unequal factors of the 
first degree. 

S That is, containing a; to the nth power, and no higher power. 
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of the first degree^ can he decomposed into n partial frat^iona of the 
. A B . N 

•^"^^ (x+a)' ■^'(x+a)-^ ^ (x + a)"-« TTl' 

X + a being one of the eqital factors of the denomincUor. 

,v_ Ax) ABO N 

<p{X) {X 4- «)• (aj + a)*-' (SB + «)•-• « + a 

in which ^(a;) is of lower dimensions than ip{x), and q)(x) = (x -{- a)». Redndng 
the partial fractions to forms having the common denominator {x + a)* (i. e, qKit)), 
and placing the nmnerators of the members equal, we find that the second mem- 
ber is not of lower dimensions with respect to the variable x, tlian the first mem- 

ber, since the numerator of the fraction will contain the highest power of 

X of any of the terms, and this will have no higher power than flf~^ as (a;+a)*-^ 

is the factor bv which the terms of the fraction will be multiplied in the re- 

'' x-k-a ^ 

dnction. Hence, we can find the values of A, B, C, etc., hj {159), and these 
substituted in the assumed series will give the required partial fractions. 



JLGGm Oase 3. — ^ fraction which is a function of a single varies 
Ncy whose numerator is of lower dimensions than its denominator^ 
and whose denominator is resolvable into n real and equal QUAD- 
BJlTIC factorSy can he decomposed into n partial fractions of the form 

Ax + B Cx-f D Ex + F 



[(x + a)« -f Vy • [(X + a)* -r b']-» ' [(x + a)» + b']""« 

Mx + N" 



(x + a)»+b«' 
factors of the denominator. 



(x + a)* 4- b' heing one of the equal 



Dbsc. — ^Assume 

f(x) _ Ax-^ B Ox -{- D Bt^F 

^aj) *"■ [(aj + ay + 6*]» ■*" [(a^ + a)« + 6«]— > "*" [(a? + a)« + 6*]— « ' ' " " 

Mx^- N 
(aj + a)« +6«' 

Bringing the terms of the second member to a common denominator 9>(a;), or 
[(a; + a)* + &']», we find that the highest power of x involved in the numerators 
is aj»»-», which will aribe in multiplying Jfa? + JVby [(a? + a)* + &*]•-». But, as 
f{^) is of lower dimensions than ^a;), and ^a;) is of 2n dimensions, the numera- 
tor of the second member will not be of lower dimensions than ^a;), and hence 
equating them, the values of A, By 0, etc., can be determined and substituted in 
the assumed series of partial fractions. 

167 • ScH. — ^When the denominator of the fraction to be decomposed is 
composed of factors of two or more of the forms referred to in the three given 
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cases, the farmg of the assumed partial fractions must be made to eoirespond. 
Thus were it required to decompose ^j,_,i,^^^ay(x*+a*)* » **^® assumed par- 
tial fractions would be — + r + ; rr + 7 ry + + 



« « — 6 (a? 4- a)' (a? 4- a)* « + a (a;* + a*)* 



EXAKPLEB. 



— V 



L Decompose -^ into partial firactions. 



aj* — 2 -J. -H C 

SoLxmoK.— Assume r = — + 5 + 5 , aj, 1 — «, and 1 + a? beinf: 

9 — X* 9 1 — aj i + aj 

the unequal factors of a; — a;' {115f 117). Bringing the terms of the second 

member to a common denominator, we have 

X* "^ A- Ax* + Jga; 4- Jga?« 4- Og -^ Og* 
« — «• "*" a<l — ajXl 4- x) 

Henceaj* — 3 = ^ 4- (5 4- (7)» 4- (-S — -<4 — 0)a?* ; from which we get ^ = — 2, 
B -¥ 0=0, and B — A — C^\, Solving these equations we find ^ =r — 2^ 
^ s — ^, and C7 = ^. These values inserted in the assumed forms give 

aj*-2 -2 i * 2 1 1 

aj — aj»~" a; 1 — « l-f*"" a; 2(1 — jj) 2(H-a!)' 

a; + 3 "^ " jc + 1 
2 to 6. Decompose the following : -5 5 5 -7 o\ > 

aj + l Sx — 5. , rp« 

and 



re* - 7a: + 12' rc» - 6aj + 8' a;» + 6a:» + Ha: + 6 ' 

Suo. — In qase the factors of the denominator are not readily discerned, place 
the denominator equal to and resolve the equation. Thus the last example 
gives aj* 4- 6aj* 4- lla? 4-6 = 0. From which we have a? = -^ 1, — 2, and — 3 
(119), and the fkctors are a; + 1, a; 4- 2, and a; + 8. ^. .. 

^' I- 

«t n T^ Av * 4.- Sai'-'Tx + e 2 + i z+x* 

1 to 11. Decompose the fractions ._^^^ ; a^^9a^+a7« + 27 ' 

I 1 ^ ,, 1 : 

— — ' • ——^ — ^ • and ■■ ^u^ — : — 5rj • 



af(l - a:*)(l + x)' a?* - 1* — {x - 2)»(a; + 3)' 

L 
a^-2a: + 3 3a:"— **- 10a:»+ 15a:»+ 2a: — 8 



12 to 18* Decompose 



« > ^t^ 0\«//». 1\ ' 



(a;»+l)* ' a:(a:»-2)»(a:-l) 



a:*— a:+l 1,1 1 . , 6a:«— 4a:— 6 

; and 



7?(x + 1)' aJ"- 1' tf* - a:*' a:»- (a-f *)a;+a4' »*- 6a:"+ lla;-6' 
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SECTION III. 

THE BINOMIAL FORMULA. 

4 

168* Theoretn. — Letting x aiid y r^esent any quantities 
whatever (L e. be variables) and m any constant^ 

Dem. — ^We may write (a;-hy>" = oP f 1 4- - ) . Now put - = « and assume 

(1 + e)» = ^ H- B« + Cfe* H- i>2» + ^* 4- l?b» 4- etc., (1) 

in which A, B, C, etc., are indeterminate coefficients independent of e (i. «. con- 
stants), and are to be determined. To determine these coefficients we proceed 
as follows : 

Differentiating (1), we have 

m(l+2)«->(fo==5(fe+3C&«fe+82>a*d8+4iZfe»d8+6Jfe«<&+ eta 

Dividing by ds, we liave 

f»(l4-«)P-»=B4-2a 4- S2>g« 4- 4ia8»4-5iV4- etc. (8) 

Differentiating (2) and dividing by dz, we have 

in(m-lXi4-«r^=2C74- 2 - 82>s 4- « • 4«»4- 4 • 5Jfc»4- etc. (8) 

Differentiating (8) and dividing by de, we have 

fn(«i-lXm-2Xl4-«)— »=2 - 8i> 4-2 • 3 - 4Ja4-8 -4 - 6iV4- etc. (4) 

Differentiating (4) and dividing by dz, we have 

«n(m-lXw-2Xw-8Xl 4-«>^=2 . 8 - 4Z7 + 2 . 8 . 4 • 5A 4- etc. (5) 

Differentiating (5) and dividing by <&, we have 

i»(«»-lXi»-2X«»-3Xm-4Xl4-e)'^=2 -8.4- 6F+ etc (6) 

We have now gone far enough to enable us to determine the coefficients A, 
B, €, D, E, and F^ and doubtless to determine the law of the series. 

As all the above equations are to be true for all values of z, and as the coeffi- 

* This form is read ** factorial 8," " ikctorial 4/' etc. ; and signifies the product of ttie na^ 
aial numben fh>m 1 to 8, 1 to 4, etc. 
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dents A, B, C, etc, are oonstants, t. e., liave tlie same valaes for one Talae of s 
as for another, if we can determine their values for one value of z, these will 
be their values in all cases. Now, making 0=0, we have from (1) ^=1 ; from 

(2), jB = i» ; from (8), C = ^7^ (the factor 1 being introduced into the de- 

12. 

nominator for the sake of symmetry) ; from (4), D = — ^ -^ ; from (5), 

li 

^ _ w(ffl- lXm-2Xffl-8) ._^,-. „ i?i(ffl~lXffl-2Xm-8Xf»-4) 
J» = Tj ;from(o), ir= r= . 

li 11 

These values substituted in (1) give 

^ fn(m-l)(m-i)(m-3)(.m-i) ^ ^ ^^ 

Finally, replacing e by its value -, we have 
/ . w - A y\* ^ i^ y . t»(w— l)w* TO(f>i — l)(m — 2)tf" 

<^ + y)* =*-(! + jj =*-P + '^f + -^^-^§ + "-^ [T ^^5 

^ ffKwt - IXm ~ 2Xm - 8) y« ^ m(m - IXm ~ 2Xm - 8Xm - 4) y* ^ . j 

■*" [4 ?■*- ^ ? +^^i 

^ ^m-lXm-2Xm-8Xm-4) ^ ^^^ 

15. 

169. Cor. 1. — TTie n<A, or general term of the series is 

m{m^l){m-2) (m-w + 2) ^j^+, , 

Iw — 1 ^ * 



For we observe that the last factor in the numerator of the coefficient of any 
particular term is m — the number of the term less 2, i, e., for the nth term, 
m — (n— 2), or m — n + 2 ; and the last factor in the denominator is the nnmber 
of the term — 1, i. e., for the nth term, n — 1. The exponent of x in any par- 
ticular tenn is m — the number of the term less 1, i. e,, tat the nth term, 
m— (n ~l),orfn — n+1; and the exponent of y in any term is one less than 
the number of the term, i. e., for the nth term, n — 1. 

170, Dkf. — ^In a series the Scale ofMelaHon is the relation 
which exists between any term or set of terms and the next term or 
set of terms. 

171. CoR. 2. — The scale of relation in the binomial series is 

/m + 1 \v 

f 1 1-> since the nth term muUi^ied hy this produces the 

(n + l)th term. 
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This is readilj' seen hj inspecting the series, or by writing the (n + l)th term 

and dividing it by the nth. Thus, substituting in the general term as given 

^ ^ , fnim—1) (m—Z) (m— »+l) 

above, » + 1 for n, we have ^ j^ ^ ^aJ^»y», as the 

(n-f-lHh term. This divided by the nth, or preceding term,* gives — , 



or 






EXAHPLBS. . , .■ ) 



1 to 6. Expand the following : (a — i)* j (« — y)' ; (a — a?)" ; 
(1 + a;)*; {l-y)«; (l-y)". 

^ 7 to 11. Expand (a; -K y)"' ; - (a; - y)-»; (a - a;)-' ; 7— — n 5 
1 'V k (« + a;) 

f [Note. — ^For practical suggestions in the use of this theorem, see Gomflbtb 
ScHOOii Aloebsa, pages 14S-154, or Part I. of this volume, pages 68, 59.] 

IS. Expand (a + a;)' by using the scale of relation. 

SOLTTTiON. — ^The scale of relation y^ 1)- becomes in this case 

\ n Jx 

1 )- . Now the first term is a*. To obtain the next » = 1, whence 

n /a 

the scale of relation 5 - . Multiplying a' by this scale of relation, we find the 

a 

X 

second term 6a*x. For the next the scale of relation is 2-. Hence the Sd 

term is lOa^^'. For the next the scale of relation is - , giving for the 4th 

a 

(6 \x X 

T — 1 )- or iZ , 
4 /a 'a 

giving for this term 5ax*, For the 6th term the scale of relation equals 

(6 \ X X /6 \ X 

=• — 1 j— or 4-, giving a?*. For the 7th term the scale of relation is ( ^ — 1 1 - 

or 0. Hence the series terminates. 

13. Expand {m — «)"■ by using the scale of relation, and also 
by the general formula. 

14 to 17. Expand (1 - a« )* ; (2 + a;»)*; (x - y)~^ ; (a + «)"*. 

I_ I |_ |_ M. M.B^ ■■■■ I - - - - I ■ I III"* 

• The nnmentor of the coefficient of the preceding, or nth term, contains all the factors of 
the nnmerator of the (n+ l)th except m — n-f- 1, as the factor in the (n+ l)th preceding m ~ n+ 1 
ia m • n •^ S. etc. Similarly in the deuomihator. 



/ 
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18 to 20. Expand (a» - a;»)* ; (3a - x^y* ; (a« + c*)*. 

Bug's. — In cases in which the tenns of the binomial are not single letters or 
figures, it will be best to substitute single letters, expand and then replace the 

values. Thus, to expand (aj* —8a)"*, put a* = y, and 9a =b, and expand (y — ft)"^; 
and in this expansion restore the values of y and b. In like manner the for- 
mula may be applied to any polynomial. Thus, to expand (1 — 3;'+ ^)^, put 
(1 — a;') = 0, and 8^ = u, expand (z + tt)^, and then restore the values. 

21. Expand — into a series. 

= a(&*— c*«*) '• Put 6*=:«, and c*«*=y, and expand 



Suo's. 



{v — y)"*, etc. The result is 

a ^a{. ^M 18 c*aj* 1.8-5 g'ig* . 1 • 8 • 5 ■ 7 (j'a^ ) 

V ^^f - 5 r'^*ir+2Ti • "6^"^"2TT:6 * ■F'^2. 4.6.8 " 1^"^ ®*^f 

22. What is the 4th term of the development of (a» + z)* ? 
(See 169.) 

SUG.— The general term is ^w-^) (m-n + 2) ^^+,^_, j^^ ^^ 



»-l 



case m = i, n = 4, « asa*. y = «. Whence the 4th term is r-n . 

16a" 

S3, What is the 7ih term of («•- J«)*? The 10th term? 



«»«- 



SECTION IV. 

LOGARITHMS. 

172m A JLogarithm is the exponent by which a fixedaiumber 
is to be aflfected in order to produce any required number. The 
fixed number is called the Base of the System. 

III.— Let the Base be 8 : then the logarithm of 9 is 2 ; of 27, 8 ; of 81, 4 ; 
of 19683, 9 ; for 8*= 9 ; 8»= 27 ; 8* = 81 ; and 8'= 19683. Again, if 64 is the 

base, the logarithm of 8 is i, or .6, since 64', or 64*= 8; ♦.«., i, or .5 is the 
exi>onent bj' which 64, the base, is to be affected in order to produce the niunr 

ber a So, also, 64 being the base, i, or JB38+ iB the logarithm of .4, nnc^ 64^ 
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or 64-'«'+=r 4 ; t. e., i, or .883+ is the exponeDt hj which 64, the base, is to be 

affected in order to produce the number 4. Once more, since 64*, or 64*^^® +=16, 

f, or .666+ is the logarithm of 16, if the base is 64. Finally, 64"*, or 64— • 
= i, or .125 ; hence — i, or —.5 is the logarithm of t, or .125, when the base is 
64. Id like manner, with the same base, —J, or —.833+ is the logarithm of i, 
or .25. 

173. Cob. — Since any number with for its exponent is 1, the 
logarithm of 1 is 0, in all systems. Thus 10®= 1, imhenoe is the 
logarithm of 1, in a system in which the base is 10. 

174. A System of LogarUh/ms is a scheme by which all 
numbers can be represented, either exactly or approximately, by 
exponents by which a fixed^ynumber (the base) can be affected. /-* * 

173. There are Two Systems of Logarithms in common use, 
called, respectively, the Briggean or Common System, and the Nor 
pierian or Hyperbolic System.* The base of the former is 10, and of 
the latter 2.71828 +. In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 

176. Cob. 1. — Neither 1 nor any negative number can be used 
as the base of a system of logarithms. 

For aU numbers cannot be represented either exactly or approximately by ex- 
ponents of such numbers. Thus with 1 as a base we can represent no other 
number than 1 by its exponents, for 1 with any exponent is 1. Moreover, with a 
negative base the logarithms which were odd numbers would represent negative 
numbers, and those which were even numbers would represent positive numbers. 
For example, with —2 as a base, 8 might be considered as the logarithm of —S, 
since (—2)'= — 8; but no number could be found as a logarithm to correspond 
to 8 (t. e, +8), since —2 cannot be affected with any exponent which will pro- " 
duce 8. 

177. One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and the extraction of roots 
of large numbers. These processes are performed upon the following 
principles : 

17 8 Prop. 1. — The logarithm of ths product of two numbers 
is the sum of their logarithms. 

Dem. — Let a be the base of the system. Let m and n be any two numbers 
whose logarithms are x and y respectively. Then by definition a*= w, and a»=n. 

* The common system is the one noed for practical pnrposes. and the only one of which 
there are tables In common use. Napierian logarithms are asoally implied in abstract mathe- 
matical difKsnssioa. 



170 ADVANCED COURSE IN ALGKBSA. 

Multipljring the corresponding members of tliese eqoatians together we have 
<i'+rr=:mn. Whence a;+^ is the logarith of m9». q. k. d. 

279. Fvop. 2» — 77ie logarithm of the quotient of two numhen 
is the logarithm of the dividend m^irms the logarithm of the divisor. 

Dem. — ^Let a be the base of the system, and m and n any two numbers whose 

logarithms are, respectively, x, and y. Then hj definition we have ai'=m, 

m 
and Of^n. Dividing, we have a^"* = — . Whence x — y \b the logarithm 

n 

of — . q, B. D. 
n 

180. PTop. 3. — 77ie logarithm of a power of a number is the 
logarithm of the number multiplied by the index of th^ power. 

Dem. — ^Let a be the base, and x the logarithm of m. Then aS^=m \ and raising 
both to any power, as the 2th, we have a^=m*. Whence xi is the logarithm of 
the eth power of m. Q. E. D 

181. IPvop. 4. — 77ie logarithm of any root of a number is the 
logarithm of the number divided by the number eotpressing the degree 
of the root. 

Deic. — Let a be the base, and x the logarithm of m. Then tf>'=m. Ex- 

tracting the eth root we have a*== y m. Whence - is the logarithm of y in. 

s 

q. E. p. 

182. It is evident that in any system, the logarithms of most 
numbers will not be expressed in integers. Thns in the common 
system the logarithm of 100 is 2, and of 1000 3 ; htence the loga- 
rithm of any number between 100 and 1000 is between 2 and 3, i. e. 
2 and some fraction. This fraction is nsually written as a decimal 
fraction, and, as we shall see more clearly hereafter, can in general be 
expressed only approximately. 

183. The Integral Part of a logarithm is called the ChartJicier' 
istic, and the decimal, part the Mantissa. 

184. JProp. — The Mantissa of the logarithm of a decimal Jrac- 
tion^ or of a mixed number^ is the same as the mantissa of the num- 
ber considered as integral,* 



♦ UHUftlly. In speakinfi: of logaritlimB, If no partlcnlar system ie mentioned, the common 
system is to be niulentood as meant, espedaUy when practical namerical operatloDS are 
referred to. 
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Debt.— It wUl be found hereafter that log 2845672=6.454185. Now this 
means that 10«*»*» "=2845672. Dividing by 10 successively we have 

10«*«*»»« = 284567.2, or log 284567.2 =6.454185, 

104-4«*i»»=: 28456.72, or log 28456.72 =4.454185. 

IQZ.464196-, 2845.672, or log 2846.672 =3.454186, 

10«*»*^"= 284.5672, or log 284.5672 =2.454186, 

101.454185 _ 28.45672, or log 28.45672 =1.454186, 

100.4541 85 _ 2.845672, or log 2.845672 = 0.464185. 

Now if we continue the operation of division, o^ly writing 0.454185 — 1, 

1.454185, meaning by this that the characteristic is negative and the Tnantiswi 
positive, and the subtraction not performed, we have 

IOT.454185 _ .2845672, or log .2845672 = 1.454185, 

10*- ♦«*»" = .02845672, or log .02845672 =2.454185, 

10^.454185 -002845672, or log .002845672=8.454185, 
«tc., etc. Q. E. D. ' 

18Sm Cor. 1. — ITte characteristic of the logarithm of an integral 
number, or of a mixed integral and decimal fractional number^ is one 
less than the number of integral places in the number. 

The characteristic of the logarithm of a number entirely decimal 
fractional is negative and numerically one greater than the number 
of 0*s immediately following the decimal point. 

Thus the characteristic of the logarithm of any number between 1 and 10 
is 0, between 10 and 100 1, between 100 and 1000 2, etc. Or let it be asked, 
" What is the characteristic of the l<^garithm of 5126 ? " Now this number lies 
between 1000 and 10000, hence its logarithm lies between 8 and 4, and is, there- 
fore, 3 and some fraction. 

Again, as to the numerical value of the characteristic of the logarithm of a 
number wholly decimal fractional, consider that 10"* =^z=,\ ; 10-«=T4Tr=.01 ; 
10-3 = 1-^-^s = .001. Thus it appears that any number between 1 and .1, ». c, any 
number expressed by a decimal fraction having a significant figure in tenth's 
place, as .2564, .846, .1205, etc., will have its logarithm between (the logarithm 
of 1) and —1 (the logarithm of .1). Hence such a logarithm will be —1 + some 
frcbction (the mantissa). In like manner, any number between .1 and .01, i. e,, 
any decimal fraction whose first significant figure is in lOOth's place, as .02568, 
J0956, .01203, etc., will have for its logarithm —2 + some fraction. 

186m Cor. 2. — The common logarithm of is — co. 

Since a number less than unity has a negative characteristic, and this char- 
acteristic increases numerically as the number decreases, when the number 
decreases to 0, the logarithm increases numericaUy to oo. Hence log 0=— oo. 

To illustrate, log .1=1, log .01= 2, log .001 = 3, log .0001=4. Hence when the 
number of O^s becomes infinite, and the number therefore 0, we have log 

= — oa. 



T 
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COMPUTATIOK OF LOGAEfTHMS. 

187. The ModtUtiS of a system of logarithms is a constant 
factor which depends upon the base of the system and characterizes 
the system, 

188m Prop. — 77ie differential of the logarithm of a number is 
the differential of tJie number multiplied ht/ t/ie moduHue of the eystem^ 
divided by the tmrniber ; 

OTy in the Napierian ^stem^ the modulus being 1, the differential 
of the logarithm of a number ie the differential of the numl>er divided 
by the number. 

DsM. — Let X represent any number, f . 0. be a variable, and n be a oonitant 
Buch that ^=0^. Then log y=» log x {180). Differentiating p^oc^, we have 
dy=nfl^~^dr; whence 

^_ rfy _ dp _ dy __y^ 

XXX 

Again, whatever the differentials of log y and log x are, n being a constant 
factor, we shall have the differential of log y equal to n times the differential of 
log X, which may be written 

daog y)=» . d(log x\ whence n = ^^. (2) 

Now equating the values of n as represented in (1) and (2), we have ^/^ ^ 

dp 

V dy dx 

=-^. Whence dQog y) bean the same ratio to -^» as d(log fl^)does to — . Let 

X 

m be thlB ratio. Then dQog y)=*^, and d(log «)= . 

y X 

We are now to show that m is constant and depends on the base of the 
system. 

dOxut y) 
To do this, take y=e»', from which we can find as above n'=r ^.. ** ''' 

^ d(log e) 

dy 

zsJ-*- ^o^ as m is the ratio of <l(log y) to -^, it is also the ratio of <l(log s) to 
az y 

— ; and d(log 0)= . Thus we see that in any case the same ratio exists be- 

z ft 

tween the differential of the logarithm of a number tad the differential of the 
number divided by the number. Therefore m is a constant factor. 



THB LoaABrr^HIO SIBIX8. 173 

That m depeads apoa the btim of the Bjitem is evident, Eince in a tjittta at 
logarithms tbe only quantities inTolved are the ntunber, its legaiithm, and the 
base. Of these tbe tno former nre vftrlables ; whence, aa tbe base ia the only 
constant involved in the scheme, m is a function of the base.* 



1S9. Prob. — To produce the logarithmic aeries. 

BoinriON. — The logarithmic aeries, which Is the foundation of the oaual 
method of compatiug logarithms, and of much of tbe theory of logarithms, ia 
the development of log (1 + x). To develop log (1 + x), aaaoine 

\oe(,l +x) = A + Bx+ Ox' + Dx' + Bit* + Fx' + etc, (1) 

In whidi z ia a variable, and A, B, C, etc., are constanta. 

IKflerentiating (1), we have 

P^ =Bdx + aCfcdar + ZDx'dx + 4Ss'*B + SK'de + etc 

Dividing by dx, 

-^- = B + SCfe + Site' + 4Jfc» + 5ft* + etc. (3) 

IMflerentlating (3), and dividing by dx, we have 



U + xY 

DifFerentinting (SXtuod dividing by 3 and by dse, we have 
- =8Z) +■ 3-4EB + 2-8-5ffi' + eti 



*(1+.)' ""-" -- 




(4), and dividing by 8 and <te, w 


ehave 


_m— -i-jj = 4S+4 6ft 


+ etc. 



Sifierentiating (G), and dividing by 4 and dx, we have 

We have now gone far enough to enable ns to determine the eoeffldenta A, 
B, C, O, E, and F, and these will prol>ably reveal the law of the series. 

Aa all tbe above equations are to be true for all values of x, and as the eoeffi- 
deatB A, B, G, etc., are constant, %. «., have the same values for one value of x as 
for another, if we can determine their values for one value of x, th™" ""' •" 
their values in all cases. Now, making x = 0, we have, from (1), A = 

■ Wbat Uia relation af tbe modalai to the bue It. we are not now coneeraee 
will be datermined hereaflfr. 

t The number la 1 + X ; hence the difltreDtUI la m times tbe dllTereotUl ol I ^ 
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from (2), 5 = m ; from (3), C= — iw» ; from (4), D = im; from (6), E= — {m ; 
from (6), Fz= fro. These valaea substituted in (1) give 

X* aj' X* aj' 
log (1 + jp) =m({r— y + "3 — "4 "^ "6 "" ®*°'^' 

the law of which is evident. This is the Logarithmic Series, and should be fixed 
in memory. 

ScH. — The Napierian system of logarithms is characterized by the modu- 
lus being 1 (m = 1). Hence the Napierian logarithmic series is 

aj* x^ X* x^ 
\ogil+x)=x- -+---+-- etc. 

190. Cob. 1. — The logarithms of the same number in different 
systems are to each other as the modiUi of those systems. 

This is evident from the general logarithmic series. Thus the logarithm of 
1 + a; in a system whose modulus is m, is expressed 

log«(l + x)*=zm{X'-^ + ^ -?j! + ^ - etc.); 

« o 4 

and the logarithm of the same number in a system whose modulus is m' is ex- 
pressed 

log«^(l + «)• = m'(aj-^ + ^ - ^ + ^ - etc.). 

« o 4 O 

Now, as the number (1 + x) is, by hypothesis, the same in both cases, x is the 
same. Hence, dividing the members of the first by the corresponding members 

of the second, we have ^ogm{l+x) m 

logmXl + ») «» 

19 !• Cor. 2.^^Hdving the logarithm of a number in the Napierian, 
system^ we have but to multiply it by the m^odiUus of any other system, 
to obtain the logarithm of the same number in the latter system. 

Or, the logarithm of a number in any system divided by tTie logor- 
rithm of the sam£ number in the Napierian system^ gives the modulus 
of the former system. 

192. Prob. — To adapt the Napierian logarithmic series to nu- 
merical cofnputation so that it can be conveniently used for computing 
the logarithms of numbers. 

x'^ x^ x^ x^ 
Sol. — That log (l + aj) = a;— •5- + -5- — t-"*"!? "~ ®*®-» ^ °®* ^ * pr*ctica- 

ble form for computing the logarithms of numbers wiH be evident if we make 
the attempt. Thus, suppose we wish to compute the logarithm of 8. Making 

* The subscripts m and m' are used to distinguish between the systems, as log (1 +a;) is not 
the sara-^. in one system as in the other. Bead logNi(l + a;), ** logarithm of l + a; in a system 
whose modulus is m," etc. 
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Of 2' 2^ 2' 
a; = 2, we have log(l + 2) = log 8 = 2 — — + -^ — -j- + y — «*<5., a eeries 

in which the terms are growing larger and hirger (a diverging eeries). 

We wish a series in which the terms will grow smaller as we extend 
it (a converging series). Then the farther we Qztend the series, the more 
nearly shall we approximate the logarithm sought. To obtain sach a series, 
cubstitute ^x for a; in the Napierian logarithmic series, and we have' 

■C* flJ* x^ x^ 

log(l -«)= -^-g-- -g-- -J- --^ - etc 
Subtracting this from the former series, we have 

log (1+a?)- log (!-«) = log (j^^ =2{«+4aj»+iaj»+i«'+ etc.). 

1 1 2s+2 2e 

Now put X = j^zTT > whence 1 +«==! +srT7 = e%. . t * 1"~^ = srr^ » *"*d 



2e+l 



+ l~2e+l' 



2e + l 



^ = . Hence, as log f j = log (!+«) — log «, substitnting, and trans- 



posing 



log (!+«) = log ^+2(2^^ 



^+etc.). (A) 






8(2«+l)* 5(2«+l)« 7(2e+lV 

This series converges quite rapidly, especially for large values of e, and is 
convenient for use in computing logarithms. 

193m JProb. — To compute the Napierian logarithms of the natural 
numbers 1, 2, 3, 4, etc., ad libitum, 

SOLxmoK. — In the first place we remark that it is necessary to compute th© 
logarithms of prime numbers only, since the logarithm of a composite number 
is equal to the sum of the logarithms of its factors (17 8). 

Therefore beginning with 1, we know that log 1=0 (173). 

To compute the logarithm of 2, make 0=1, in series (A), and we have log (1+1) 

- log 1 = log 2 = a(g+^. +^^+^,+^, + jj-^+ j^-^+ jg-pi +etc.). 

The numerical operations are conveniently performed as follows : 

8 2.00000000 



9 
9 
9 
9 
9 
9 
9 



.66060667 
.07407407 
.00828045 
.00091449 
.00010161 
.00001129 
.00000125 
.00000014 



1 


.66666667* 


8 


.02469186 


5 


.00164609 


7 


.00018064 


9 


.00001129 


11 


.00000108 


13 


.00000009 


15 


.00000001 



.-. log 2 = . 69314718 • 



* Thoagh the dedmal part of a logaritlun ie generally not exact, It la not castomary t« 
annex the ■(■ sign. 
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Second, To find log 8, make z = 2, whence 

log 8 = log 3+2(i+ j^+^.+ J^,+j-L.+ etc.). 



CompukUion, 



5 


2.00000000 


25 


.40000000 


25 


.01600000 


25 


.00064000 


25 


.00002560 




.00000102 



1 

8 
5 

7 
9 



.40000000 
.00588888 
.00012800 
.00000866 
.00000011 



.40546510 
.69814718 



log 2 = 
.\ log 8 = 1.09661228 



Third. To find log 4. Log 4 = 2 log 2 = 2 x .69814718 = 1.88629486 

JPburth, To find log 5. Let 2 = 4, whence 

log 6 = log 4 + 2(1 + J^ + gi^ + ^-^ + etc). 



Chmputatiim. 9 

81 
81 



2.00000000 



.22222222 
.00274848 
.00008887 
.00000042 



1 
8 
5 

7 



.22222222 
.00091449 
.00000677 
.00000006 



.22814854 
log 4 = 1.38629486 

.-. log 5 = 1.60948790 

In like manner we may proceed to compute the logarithms of the prime nam. 
here from the formula, and obtain those of the composite numbers on the prin- 
ciple that the logaritlim of the product equals the sum of the logarithms of the 
factors. 

Thus, the Napierian logarithm of the base of the common system, 10, = log 5 
+ log 2 = 2.80258506. 



194. Prop. — 27ie moduiics of t/ie common system is .43429448 -h . 

Dbm. — Since the logarithm of a number, in any system, divided by the Na- 
pierian logarithm of die same number is equal to the modulus of that system 
{191), we have 

^^°^' ^^^^ = modulus of common system. 
Nap. log 10 
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But com. log 10 = 1, and Nap. log 10 = 2.90258508, as found aboye. Hence, 
ModvMis of common system = ftoQggogQg = .43429448. 



Tables of Logarithms. 

19S. As one of the most important nses of logarithms is to 
facilitate the perfonnance of multiplication, dirision, involution, and 
evolution, when the numbers are large, according to (178^181), 
it is necessary to have at hand a table containing the logarithms 
of numbers. Such a table of common logarithms is usually found 
in treatises on trigonometry and on surveying, or in a separate 
volume of tables.* These tables usually contain the common loga- 
rithms of numbers from 1 to 10000, with provision for ascertaining 
therefi'om the logarithms of other numbers with sufficient accuracy 
for practical purposes. Four pages of such a table will be found 
at the close of this volume. 



196. Frob. — To find the logarithm of a number from the table. 

SOLunoK. — The logarithm of any number from 1 to 100 indaslTe can be 
taken directlj from the first page of the table. Thus log 2 = 0.801030, and 
log 21 = 1.822219.t 

To find the logarithm of any number from 100 to 099 inclusive, look for the 
number in the column headed N, and opposite the numb^ in the first column at 
the right is the mantissa of the logarithm. The characteristic is known by 
(185). Thus log 182 = 2.260071 ; log 135 = 2.130334. 

To find the logarithm of any number represented by 4 figures, find the first 3 
left-hand figures in column N, and opposite this at the right in the column which 
has the fourth figure at its head, will be found the last four figures of the man- 
tissa. The other two figures of the mantissa wiU be found in the colunm, oppo- 



* Matbematidansand practical oompnters graierally nse more complete and extoided tables 
than tbose foand In connection with such elementary treatiaea. The common tables give five 
places of decimals in the mantissa. Those in connection with this series give six. . Callet^s 
tables edited by Easier are standard eight-place logarithms. Vegans tables are among the best. 
Dr. Bremiker*s edition, translated by Prof. Fischer, is a favorite. EOhler^s edition of Vega's 
contains Gaossian logarithms. Vega's tables are seven-place. Ten-place logarithms are neces- 
sary for the more accnrate astronomical calculations. Prof. J. Mills Fetrce, of Harvard, has re- 
cently issued an elegant little folio edition of tables containing among other things a table of 
three-place logarithms which is very convenient for most nses. 

t This page is really unnecessary, since nothing can be found from it which cannot be found 
witli equal ease Itom the succeeding, part of the table. Thus, the mantissa of log 9 is the same 
as the mantissa of log SOO ; and the mantissa of log 21 is the Fame as that of log 210. 

12 
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Bite the first three figures of the nmnber or just aboye, unless heavy dots have 
been passed or reached in running across the page to the right, in which case the 
first two figures of the mantissa will be found in the column just helato the 
number. The places of the heavy dots must be supplied with O's. The charac- 
teristic is determined by (18S). Thus log 1816=8.119256 ; log 2042=8.310056 ; 
log 1868 = 8.271377. 

To find the logarithm of a number represented by more than 4 figures. Let 
it be required to find the logarithm of 1934261. Finding the mantissa correspond- 
ing to the first four figures (1984) as before, we find it to be .286466. Now in the 
same hori2X>ntal line and in the column marked D, we find 225, which is called 
the Tabular Difference, This is the difference between the logarithms of two 
consecutive numbers at this point in the table. Thus 225 (millionths) is the 
difference between the logarithms of 1934 and 1935, or, as we are using it, 
between the logarithms of '1934000 and 1985000, which differences are the same. 
Now, assuming that, if an Increase of 1000 in the number makes an increase of 
225 (millionths) in the logarithm, an increase of 261 in the number will make an 
increase of ^ffth, or, .261, of 225 (millionths) in the logarithm,* we have .261 
X 225 (millionths) = 59 (millionths), omitting lower orders, as the amount to be 
added to the logarithm of 1934000 to produce the logarithm of 1084261. Adding 
this and writing the characteristic (185) we have log 1934261 = 6.286515. In 
like manner the logarithm of any other number expressed by more than four 
figures may be found. 

197. ScH. — As the mantissa of a mixed integral and decimal fractional 
number, or of a number entirely decimal fractional, is the same as that of an 
integral number expressed by the same figures (184), we can find the man- 
tissa of the logarithm of such a number as if the number were wholly inte- 
gral, and determine the characteristic by (18S)' 

198. JProdm — To find the number carreaponding to a given 
logarithm. 

Solution. — Let it be required to find the number corresponding to the log- 
arithm 4.234567. Looking in the table for the next less mantissa, we find .234517, 
the number corresponding to which is 1716 (no account being taken as to 
whether it is integral, fractional, or mixed ; as in any case, the figures will be the 
same). Now, from the taibular difference, in column D, we find that an increase 
of 253 (millionths) upon this logarithm, would make an increase of 1 in the 
number, making it 1717. But the given logarithm is only 50 greater than the 
logarithm of 1716 ; hence, it is assumed (though only approximately correct) 
that the increase of the number is /^ of 1, or .1976 + . This added (the figures 
annexed) to 1716, gives 17161976 -h. The characteristic of the given logarithm 
being 4, the number lies between the 4th and 5th powers of 10, and hence has 5 
integral places. .'. 4234567 = log 17161.976 +. In like manner the number 
corresponding to any logarithm can be found. 

* This aasomption, though not ttiictly oorxoct, is Mifflfiia&tly aocoiata for all ortfinuy 

purposes. 
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199. Frop.—T/ie Napierian base is 2.718281828. 

Dem. — Let e represent the base of the Napierian system. Then by (190) 

com. log : Nap. log e : : .43429448 : 1. 

But the logarithm of the base of a system, taken in that system is 1, since 
a' = a. Hence, Nap. log 6 = 1, and com. log e = .43429448. Now finding from 
a table of common logarithms the number corresponding to the logarithm 
.43429448, we have e = 2.718281828. 



Examples. 



1. If 3 were the base ofa system of logarithms, what would be the 
logarithm of 8:^ 2i^f 729 ?^If 5 were the base, of what number would 
3 be the logarithm ?<^ Of what 2 ?^ Of what 4 ? <^ 

2. If 2 were the base, what would be the logarithm of J- ? Of ^ ? 



3. If 16 were the base, of what number would .5 be the logarithm ? y 
Of what .25 ?j^ 

4 In the common system we find that log 156=2.193125. Show 
that this signifies that 10*^**^=156. 



6. Log 1955=3.291147. To what power does this indicate that 
10 is to be raised, and what root extracted to make 1955 ? 

6. Find from the table at the close of the volume what root of 
what power of 10 equals 2598. 

7. Multiply 1482 by 136 by means of logarithms, using the table 
at the close of the volume. (See 178*) 

8. Perform the following operations by means of logarithms: 
1168 X 1879 ; 2769 -r- 187 ; 15.13 x 1.3476 ; 257.16 h- 18.5134 ; 
.126^6.1413; .11257 x .00126; (1278.6)*; (112.37)'. 

9. Perform the following operations by means of logarithms: \/2 
to 5 places of decimals ; ^E to 3 places of decimals ; ^^2341564273 
to two places of decimals ; V301561 8 to 4 places of decimals. 

10. Perform the following operations by means of logarithms: 
V^.01234 to 4 places of decimals; V.03125 to 5 places of decimals* 
V^.0002137 to 5 places of decimals. 

Suo's.— Log .01234=2.091316. Now to divide this by 8, we have to ramember 
that the characteristic alone is negative, t. e. that 2.091315= —2+. 091315, oi 



Z_ 
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—1.906685, wUch ib all negative. Dlyiding this by 8, we have —.636228, or 

0— .636228=1.863772. Bat a more convenient way to effect the division is to 

write 2.091316 = 8 + 1.001815, and dividing the latter by three we obtain 

1.868772, in which the characteristic dUme is negative, thus conforming to the 
tables. 

To divide 18.341652 by 4, we write for 18.841652, -16+8.341652, and dividing 
the latter obtain 4.835413. 

11. Dmde as above 11.348256 by 3; 17.135421 by 5; 1.341263 
bye. 

12. Giyen the following to compute x by logarithmB : 

201.56 : 134.201 : : 18.654 : x ; 2350.64 : .212 : : 1.1123 : x ; 

X : 234008 : : 15.738 : 200.56 ; 123 : a? : : 2 .01 : .03. 




-» 13. Having y ^ A/ —\ to express the equivalent operations 

in logarithms. 

Suo's. y = V(a — «) (a + a?)+(l + «). /. log y = \ [h^ {^--q^'V log (a+ic) 
-log(l+a;)]. 

14 Given y^ori^^x'^y to express the equivalent operations in 
'logarithmB. Al8oy = |/|. Also y = j/EM^ME^. 



^_ Also y = ^^. aV giyen "y.-'H'-'- 

V^w*— ic* : y to express log y. 

15. Differentiate y = log(a* —a;*). 

Stjo'b.— Write y = log (a + a?) + log (a — «). Then differentiating, we have 
dy = . Or differentiating without factoring, we have (^ = ^^ , — 

r= 2 :. When reduced the results are the same, but the former is usually 

o*— a?* 

the more elegant method. 

16. Differentiate the following : y = log (1 — a;) ; y = log ax ; 
y = log a;» ; y = log ?; y = log VI + ic. 

X 



* This fom fiignifles tbat al^-z^UtoH dUfofentlated. The operation i« only indicated, not 
performed. 
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Sv4'B.~Bemeinber that log ic' = 8 log a; ; and alao that log yT+a; = 
Jlog (1 + X), 

17. Find from the table at the close of the volnme that Nap. log 
1564=7.3550018. Knd in like manner the Napierian logarithms of 
5, 120, and 2154372. 

18. Knowing that the Napierian logarithm of 22 is 3.0910425, how 
woald you find the common logarithm of 23 from the logarithmic 
series (19^) ? 

19. The common logarithm oj 25 is 1.39794. What is the modu- 
lus, and what the base of a system which makes the logarithm of 
25 2.14285? 

QuiEBT. — ^How do you see at a glance that the required base is a little less 
than 6 ? t , ' • 

/\ A •' 

^♦^ 



SECTION V. 

BUOCESSIVE DIFFERENTIATION, AND DIFFERENTIAL 

COEFFICIENTS. 

^00. Prop. — DiffererUicUs^ though infinitesimals^ are not neces- 
sarily equal to each other. 

Dbm. — ^Thus, let y=2is'. Then dp=6x*dx. Now, for all finite values of x, 
dy is an infinitesimal, since no finite number of times the infinitesimal dx 
can make a finite quantity, and dy is 6^' times dx. But for ic=l, d^^ is 6 times 
dx- ; for fl;=2, <2y ia 24 times dx; for a;=r8, ^ is 64 times dx. 

201m Cor. — When y=f (x), dy is generaUy a varioNCy and hence 
can be differentiated as any other variable. 

202. Notation. — ^The diflferential of dy is written (?y, and read 
^ second differential of y/* The differential of d^y is written d'y, and 
read '^ third differential of y/' etc. The superiors 2 and 3 in such 
cases are not of the nature of exponents, as the d is not a symbol of 
number. 

203. In differentiating y=:f(x) successively, it is customary to 
regard dx as constant. This is conceiving x to change (grow) by 
equal infinitesimal increments, and thence ascertaining how y varies. 
In general, y will not vary by equal increments when x does, as 
appears from the demonstration above. 
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204. A Second Differential is the difference between two 
consecutive states of a first differential. — A Third Differential 

is the difference between two consecutive states of a second differ- 
ential, etc. 

III. — In the function y—2x*, if x paases to the next state, we have dif=^*dx. 
Now dy, though an infinitesimal, is still a variable, for it is equal to 6dx times 
X*, and 2 is a variable. Hence if x takes an infinitesimal increment, dy will pass 
to a consecutive state. In other words, we can differentiate dy=6dxx*, just as 
we could u = mx*, dy being a variable function, ^dx a constant factor, and x the 
variable. Representing the differential of dy by d^y, we have d^y = Qdx • 2xdx, 
or d^y=\2xdx* , dx* being the square of dx, not the differential of x*. To indi- 
cate the latter we would write d(x*). 



Examples. 

1. Given y = 3a;* — 2a:* to find the third differential of y, or d*y. 

Solution. — Differentiating y=3a;*— 2aj*, we have dy=:16aj*da:— 4wfaj. Now, 
regarding dx as constant, and differentiating again, we have d^y^z^^^dx* 
^4dx*.* Differentiating again in like manner, we obtain d^y=\'&^^dx*, the 
second term disappearing, since Adx* is constant. 

2. Given y = 2a:* — 3a; + 5 to find the second differential of y, 
1. e, d^y. 

3. Given y = (a; — a)* to find the third differential of y* 
Bug's, dy—^x^-aydx, d*y=^x—a)dx* , d^y=zQdx^. 

4. Given y = Ax + jBa:* + Ci* + j9a^, to find the 4th differential 
of y, A, By (7, and Z>, being constant d*y = 4 • 3 • 2 Dda^. 

6. Differentiate y = -4 + 5a: + (7a:* + 2>a:» + jEi^ + i^ + etc., 5 
times in succession. 

6. Differentiate y = {x'- l){x — 2)(a: — 3)(a: — 4) twice in suc- 
cession without expanding. 

SuG'B. dy = (aj-2)(a?-8)(aj-4)dte+(aj-l)(«-8)(«-4)(te+(«-l)(aj-2)(aj-4) 
dx-^ix—l) (aj--2) (a?— 8)<te. 

= [{x-2) (a;-8) (a;-4) + (aj-1) («-8) (a?-4) -h («-!) («-2)(iB-4) 
H-(a;-l)(a;-2)(aj-3)]da;. 

d«y == t(aj-3)(a?-4) (to+(a;-2)(«-4)(to+(«-2)(a;-3)<te+(«-8)(aj-4)(te+(a;--l) 
(a;-4) (ic + (a;-l) (aj-3) cto + (aj-2) (a;-4) (&+(«- 1) (aj-4) (to+(«-l) (aj~2) 
daj +(aj— 2) (sr— 3) (toH-(a;— 1) («— 3) da;4-(a?— 1) («— 2)daj]<to. 



* To differentiate ISor^cfo. calling dx constant, we may write 15dx x*. Now ISdx is con- 
stant. Hence differentiating x4, we have 4x^(ix, which mnltiplied by the constant \5dx^ gi?e8, as 
abo're, eOx^dafi. The cbfl is '* the square of <2x/* not the difCsrential of «*. 
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== [(a;-8) («~4) + {z-2) (a?-4) + (aj-2) (aj-8) -h (aj-S) (a?-4) + (x-1) («-4) 
-+- (a;-l) (aj-3) + (aj-2) (aj-4) + (aj-1) («-4) + («-l) (a;-2) + (a;-2) (a;-8) 
-h (a;-l) (a?-8) + («-l) (a?-2)](to*. 

7. As above, differentiate y = (a; — a)(a; — })(« — c) twice in suc- 
eession without expanding. 



DiFFBEBNTIAL COEFFICIENTS, 

205. The First Differential Coefficient is the ratio of 
the differential of a function to the differential of its variable. Thus, 

if y=f(x), and dy=f'{x)dxy -^=/'(a;), and ^, or its equivalent 

f\x), is the first differential coefficient of y, or /(a;). 

III. — ^The meaning of this is simple. Thus, if ^ = 2x*, —■ = 8a;' ; that is, If 

X takes an infinitesimal increment dx, y takes an infinitesimal increment dy^ 
which is to <2a;, as 8a;^ is to 1, or the ratio of d^ to (2cb is &z;'. In still other words, 
y increases 8a;' times as fast as x. The reason for calling this a differential 
coefficient, is that it is the coefficient by which the increment ((2x) of the variable 
must be multiplied to give the increment ifiy) of the function. 

206. The Second Differential Coefficient is the ratio of 
the second differential of a function to the square of the differential 
of the variable. Thus,- if y=f{x)y dy=fXx)dx, and d^y=f"{x)daf, 

d^v d^v 

— ^=/"(a;), ^ or its equivalent /"(a;), is the second differential coef- 
ficient of y, or /(a;). In like manner Third, Fourth, eta, differential 
coefficients are the ratios respectively of the third, fourth, etc., dif- 
ferentials of a function, to the cube, fourth power, etc., of the dif- 
ferential of the variable Thus, if y =/(a;), dy=f'{x)dx, dJhf=f"{x)dx^, 
d^=:f"'{x)d7?, and d^=zf^^(x)dx^y the successive differential coeffi- 

denta are ^£=f'{x), g=/"(^), g=/"'(^), and ^=r (-)• 

III. — ^Too much pains cannot be taken bj the student in order to get a clear 
conception of the meaning of the various symbols f{x), f'{x), f"{x), f'"{x), etc. 

To illustrate, suppose we have y = 2aj*--aj*+6, whence-^ = &»'—3«*, -— 

• To produce the sacceflsive differential coefficients we may produce the corresponding snc- 

eesslYe differentials as In the preceding examples, or we may proceed thus: -r^=&B*~8a;* can 

ax 

be difliBrentiated, remembering that dy Is variable and dx constant, and it gives ^=s%ta!*dx 

dPv 
^6Kdx^ whence ^sS4xa-fix. 
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= 2is*-to, ^ = 4a0-6, and ^=^* Now in this caae ^ -/[«), t. «., yisa 



function of a; ; bo -^ iB also a function of x, being equal to Sx^—dx* ; but, as it 
Im not ^ tame function of x that y ia, we call it the / prime function, and write 
~ =zf'(x). In like manner ^~j =f"{x) means that ^^ is some function of x, 

hit a different one from either y, or ^ . It may be observed that, in thia example, 

~| is not a function of x, and hence the inquiry arises as to the propriety of the 

d^y 
notation ^ =/*^ (^)* It must be remembered that this form of notation is the 

d^v 
general form, and it is the general lact that ^ w a function of «, though in. 

apedqleaBeeM maj not be. 



£XAHPLB& 

1. Produce the Ist, 2d., 8A, and 4th differential coe£Bcient8 of 
y=a;»— 3ir*+a;— 10. 

Ofbbation. dy = Sx^dx — iix*dx + dx, whence ^ = 5«* -- to* + 1. Differ- 
entiating the latter * -^ = 2to'c2a} — IQxdx, whence ^ = 2(te' — laz;. Again 

differentiating, =s (6to« - 18>faj, whence = eOa?* - 18. Finally, ^ 
= 12(te. 

2. If y=5a:*— 3a;, what is the ratio of the increase of y to that of a;* 
in general? What is it when a;=:l? Whena;=2? Whena:=3? 

Ans. In general, y increases 10a;— 3 times as fast as x. When 
a;=l, y is increasing 7 times as fast as x. When a;=2, y is increas- 
ing 17 times as fast as x, 

3. If y=a;*+2a^— a;+10, what is the ratio of the 3d differential of 
y to the cube of the differential of a: ? What is it when a;=l ? 
When x=i ? When x=i ? What is the name of this ratio ? 

4. If y=(flj+a:)*, what is the Ist differential coeflScient of the func- 
tion? What the 2d? What the 3d? What the 5th? What 
the 11th ? 

^ = w(m-l)(m-2)(m--3)(m-4)(flH-a:)*-*. 

.-II I , . . 1 1 i« 

* See foot-note on precoding page. 
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5. Produce the first 5 suGcessive differential coefficieats of 

207. ScH. — ^The successiye differential coefficients of a function of the 
form A+Bx-^Cx^ -^-Dx'^ ■\- etc., or TS^+Aoi^^ H-J9a!"-»H- etc., are readily writ- 
ten by inspection. Thus, calla?*— 2aj'+5aj*H-aj— 12,/(aj). Let /'(«) mean the 
first differential coefficient, f"{x) the second, f"\x) the third, etc. We have 

/(«) = a;* - aa?» -+- &»• + « - 13. 
/'(a?) = 'te'* - to* 4- 10» + 1, 
f\x) = ia»* r- 12» + 10. 
f"(x) = 34b - la. 
/»-(«) = 24. 
f\x) = 0. Here the processes terminate. 

Each of the above is produced from the preceding by multiplying the 
coefficient of a; in each term by the exponent of a; in that term and diminish- 
ing the exponent by 1. 

6. According to the method indicated in the last scholium^ write 
ont the successive differential coefficients of the function 2a;*-H3a^ 
— 6iB»-|-10. Alsoof2a:»-3a;"-ha;". Also of 3-l-2»-4a;*+3ir*. 



^•^ 



SECTION VI. 

TAYLOR'S FORMULA. 

208. Def. — Taylor's JE^orfntila is a formula for developing 
a function of the sum of two variables in terms of the ascending 
powers of one of the variables, and finite coefficients which depend 
upon the other variable, the form of the function, and its constant& 

209m Def. — If u =f{x + y), »• «., if i^ is a function of the sum 
of the two variables x and y, and we differentiate as though one of 
the variables, as x or y, was constant, the differential coefficients thus 
formed are called JPa/ntial IHjfferential Coefficients* The 

partial differential coefficients of w, when x is considered variable 

- , J 5 11 du cPu cPu d^u 

and y constant, are represented thus: ^, 3-5, ^, ^-^, etc. 

When y is considered variable and x constant, we write the coeffi- 
. ^ du d^u d^ii c^u . 

'^'''^ d^' df' w w . 
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210. Ijem/ma.—lf n = f(x + y), th^ parHcU differmticU co^ 

du , du , 

cients T- «na ^ are equaL 

Dem. — ^Having u=f{x-\-y), M x take an increment, we have u-^dxU* 
=y{aj + daj-+-y)=/[(a;-+-y)H-<to]; whence d,u = /[(a? -+- y) + die] -/(«-+- y). 
since a differential is the difference between two consecutive states of the func- 
tion. Again, if y take an increment, we have u-\-dyU=f{X'\-y -^-dy) 
=/[(« H- y) + dy} ; whence dya =/[(a? + y) + dy] — yi« + y). Now the form of 
the values of d»u and <2yU, as regards the way in which x and y are involved, is 
the same ; hence, if it were not for dx and dy, they would be absolutely equaL 
Passing to the differential coefficients by dividing the first by dx and the second 

bydy.^have ^ =-a^±l^±M3^^±y). and ^Jt ^m±Ml±P=J^^±lK 

dx ax dy dy 

But, in differentiating, the differential of the variable enters into every term ; 

hence /[(a; + y) + dal —/(x + y), as it would appear in application, would have 

9kdx\xi each term which would be cancelled by the dx in the denominator in the 

du dtU, 

coeffident, and -j- would be independent of dx. In like manner -j- is independ- 

dx dy 

ent of dy. Hence, finally, as these values of the partial differential coeffidenta 

are simply functions of {x + y), of the same form, and not involving dx or dy, 

they are equal, q. e. d. 

III. — ^To make this clear, let tt = (« + y)\ Then dictt = 8(aj + y)*<&, op 

-- = 8(aj -h y)*. Again, d^u =8(aj -f y^y, or t- = 8(« + y)*. Hence we see that 

du du du 1 du 1 

3- = 3- . So, again, if tt = log ix + y), -3- = — - — , and 3- = — ; — ; hence 

dx dy '-© » ^^ ^ ^f> fjix jB+y dy «-hy 

du __ du 

dx "" rfy' 



211. Proh. — To produce Taylon^s Formula. 

Solution. — ^Let u =fix -1- y) be the function to be developed. It is proposed 
to discover the law of the development when the function can be developed in 
the form 

u =J{x + y) = ^ + 5y + q/* ■h.Dy* ■¥ Ey* -^ etc., (1) 

in which A,B,Ot etc, are independent of y, and dependent on x, the form of the 
function, and its constants. 

Supposing X constant and differentiating with reference to y as variable, re- 
membering that, as A, B, C, etc., are functions of x, and not of y, they will be 
considered constant, we have 

^ =B + 2Cif + 81^«+4^» + etc (2) 

dy 

* As we are to consider the effect produced upon u by an increment in x, and also by an in- 
crement in y, we adopt a form of notation to dif!>tingaish between the increments of u. Thua 
tfxu means the increment which u takes in consequence of a; having taken the increment dx^ 
while p remained constant So (lyu represents the increment of u conseqaent upon the incn- 
ment dp of p. 
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Again, differentiating (1) with respect tox,y being supposed constant, and re^ 
membering that A,B,C, etc., are functions of x, we have 

du dA* dB* dC • dD , dE a j. /ox 

Hence by (210) 
B+iOy+SI>v*+iSif\ete.= ^ + *?y + ^y» + ^y* + ^y«+etc. (4) 

uX Q/X uX dx dx 

Now, by the theory of indeterminate coefficients, the coefficients of the like 
powers of y are eqnal, and we have 

B = ^, 2(7=*?. 82)=^. 4E=^. etc. 
dx dx dx dx • 

But as (1) is true for all values of y, we may make y = 0; whence 
A =f(x) = u' ; letting u' represent the value of the function u, when y = 0. 
Now, as ^ is independent of y, it will have the same value for one value of y as 
for another ; hence A =f(x) = u' is the general value of A. 

dA du' 

Again, J9 = --—. But as ^ = t^', a function of x, dA = du', and ^ = -r- . 
dx dx 

dB du' /du\ d*u' 

In like manner 2(7 = —-. But as ^ = — , dB = d( — - J = --— , and 

dx dx \dx/ dx 

^_ldW 
^^2dx*' 

So. also,as 8D= ^ andd(7 = ic?r^'^ = 1^> = 1 ^'. 
• ' dx' "" ^ \dx*J 2 dx*' [8^ <te» 

1 d*u' 
Similarly we find JS = r^ * and the law of the series is apparent. 

Finally, substituting the values of A, B, C, etc., in (1), we obtain 

, du' y d*u'y* d^u' y^ d*u' v* 
«=/(. + y)=«' + ^?+— | + ^|+_.^+etc, (6) 

which is Taylor's Formula. 

212. ScH. — ^Taylor's Formula develops u=zf{x + y) into a series in 
which the first- term is the value of the function when y z=z ; the second 
term is the first differential coefficient of the function when y = 0, into y ; 
the third term is the second differential coefficient of the function when 

y* 
y = 0, into ~ ; etc, etc. 

If. 

du* 
As u' \Bf{ps+y) when y = 0, we may write /(a?) for u', and for -^^ f(x) ; for 

"jZt' /"(^) * ^^' 'J~i* f"\^) 9 ®^'* *s before explained. The formula then be- 
comes 



* These forms are indicated operations. Thus, as ui is a fonction of a;, when we differentiate 
nith respect to x we write (Li, and to pass to the differentia] coefficieat have to divide by tfsc 
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«=/(«-fy)=/(«)+/'(aj) f + /"(«)§- +r'W^+/-(«)^ + etc. (fi) 

This is a very important method of wiiting Tayl<»^B FOTmala, and sboold be 
clearly understood, and firmly fixed in memory. 



Examples. 
1. Develop (aj+y)* by Taylor's Formula. 

SoLimoN.— -Putting « = («+y)*, we have «'=«?•, -^ = 5**, ^ = 20kr*, 

-^ = 60^, -^ = 120a;> ftnd — -- =r 120. Here the oodfidents teiminate, as 
mr oar asr 

^e differential of a oonetant is 0. 

Substituting these values in (5) {21T), or (6) {212), we have 

u = (aj+y)«= «■+ 5a;*y + KteVH- l(te*y'H- 5«y*+y*. 

The same as by the Binondal Formula. 

%. Develop {x--yy by Taylor^s Formula^ and compare the result 
with that obtained by means of the Binomial Formula. Also {x + y) *. 
Also (aj— y)"*. Also (a;+y) . 

3. Show that 

.u = log(a;+y)=loga.+|^,g + |i-;g + etc 

4. Develop («+y)* by Taylor's Formula^ thus deducing the Bi- 
nomial Formula. 



213. Taylor's Formula is much used for developing a function 
of a single variable after the variable has taken an increment. When 
so used the increment may be conceived as finite or infinitesimal, 
only so that it be regarded as a variable. 

Ex. 1. Given y = 2a;* — jr* + 5a; — 11, to find y', which r^preqents 
the value of the function after x has taken the increment A. 

Solution. — ^In the function as given, we have y =5/(9)1 &nd axe to develop 
y'=f{x H- 7i). By Taylor's Formula we have 

^ . ^y* . «^'y** d^yh* d*yh^ 

Fromy = a8»-af«+6« — 11, we have ^ =e««-a» + d, ^ =5 18* — a. 
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— ^ = 12, and subseqaent differential coefficients 0. Sabstituting theee Tmlues 
in the f onnola, we obtain 

2 2-3 

= 2a;»-aj«+5a?-ll -l-(6aj«-2aj+5)AH-(eaj -1)A«H-2A*. 

This result is easily verified by substituting x-hh for x in the value of y, am 
given in the example. Thus, 

y'=2(aj+A)»-(«+*y+6(»+A)-ll ; 

a result which will reduce to the same form as the other. 

2. Given y=3a;*^— 2a;«, to develop y', the value of y when a? takes 
the increment A. 



SECTION VII. 

INDETERMINATE EQUATIONa 

214:. An Indeterminate JEquation between two quan- 
^ties, as x and y, is an equation which expresses the only relation 
which is required to exist between the two quantities. 

III. — Suppose we have 2^+9^=7, and that this is the aiUf/ relation which is 
roquired to exist between x and y. Then is 2a; -H 8^=7 an indeterminate equa- 

X 

don. So also, if h=^cy is the only relation required to exist between x and y, 

this is an indeterminate equation. In like manner y* = %x^ — So; is an in- 
determinate equation if it expresses the only relation which is required to exist 
between x and y. 

The propriety of the term indetermmoiU is seen if we observe that such an 
equation does not fix the 'oalibes of x and y, but only their relatUm, Thus, in the 
equation 2x + 9y=:7,x may be 2, and y 1, and the equation be satisfied. So x 
may be 3, and y i, and the equation be satisfied. In fact, any value may be 
assigned to one of the quantities and a corresponding value found for the other. 
Hence the equation does not determine the values of the quantities. 

21Sm An equation between three quantities is indeterminate if it 
expresses the only required relation between the quantities, or if 
there is but one other relation required to exist. 

III. — ^Thus, if 2aj + 3y— &=10 is the only relation which is required to exist 
between x, y, and e, it is evident that the equation does not determine particular, 
definite values for x, y, and z. So also if, in addition to the relation expressed 
by this equation, it is required that 20? shall equal Sy, or %x^Qy, these two 



V 
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equationB will not fix the values of x, y, and e. For if %z=^, the former 
eqoation becomes 9^—52=10, which may be satisfied for anj value of t, and 
a corresponding value of y, as shown above. 

216* In general, if there are n quantities involved in any 
number of equations less than n^ and these are the only relations 
required to exist between the n quantities, the equations are in- 
determinate. 

217* In indeterminate equations the quantities between which 
the relation or relations are expressed are properly variables, i, e^ 
they are capable of having any and all values.* 

III. — ^Thus in the indeterminate equation 5y — 8a; = 12, any value may be. 
assigned to x, and a corresponding value found for y; or any value may be 
assigned to y, and a corresponding value found for x. 

218m There are, however, many classes of problems which give 
rise to equations which are called indeterminate, although they are 
not absolutely so : in such problems there is some other condition 
imposed than the one expressed by the equation, but which con- 
dition is not of such a character as to give rise to an independent, 
simultaneous equation. Such an equation may have a number of 
values for the variables, or unknown quantities, involved, but not an 
unlimited number. 

III. — Let it be required to find the posUive, integral values of x and y which 
will satisfy the equation 2iB + 3^ = 85. Now, if 2aj -H % = 36 were the ofUy rela- 
tion required to exist between x and y, there would be an infinite number of 
values of each which would satisfy the equation, as shown above. But there is 
the added condition that x and y shall be positive integers. This g^reatly re- 
stricts the number of values, but does not furnish another equation between x 
and y. We may usually solve such a problem by simple inspection. Thus, in 

this case, we have y = -^ — ^ . Now, trying the integral values of x till 2x be- 

comes greater than 85, t. e, tiU x = 18, we can determine what integral values 
of X give positive integral values for y. For a; = 1, ^ = 11. For x=^2, 
y = lOi ; hence « = 3 is to be rejected. For « = 8, y = 9|, and a; = 3 is to be 
rejected. For a; = 4, y = 9 ; hence a; = 4 and y = 9 are admissible, etc. 

[Note. — This subject is not of sufficient importance to justify our going into 
a general discussion of it. We shall content ourselves with a few practical 
examples concerning simple indeterminate equations between two or three 
quantities, and these restricted to i>ositive integral eolutions. The chief thing of 
importance is that the student comprehend the nature of an indeterminate eguor 
tion.l 



* ThU atatcment reqoirM na to Include 
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Examples. 

1. What positive, integral values of x and y will satisfy the equa- 
tion 5a;+7y=29? 

xxr .X 29— 7y _ 4-2y ^ 2(3— y) .,- 

Solution. — We may wnte « = — =-^ = 5— y H — r-^ = 6— y-h -^— . Now 

to make te positive we must have 7y<29; and as y is to be an integer it can 

2— y 
only have values less than 5. Again, to render x integral -^ most be integral, 

2— y 
or 0. Finally, as no value for y less than 6 will render — ^ integral or 0, ex- 
cept y=2, this is the only value of y which fulfills the conditions. Hence the 
answer is y=2, a;=3. 

2. What positive, integral values of x and y will satisfy the equa- 
tion 11a;- 17y =5? 

Solution. — We have x = — ^r — = y -h ^r— . From this we see that any i)os- 
itive value of y which will render \.^ integral, will meet the conditions. Put 

^^ — ==m (an Integer) ; whence y = — -^^ =m+5 ~ . To make this value 

11 DO 

of y integral ^ must be integral Put ^ = « (an integer) ; whence m 

=6<+ 1. Now any positive integral value for 9 will fulfill the conditions. Thus, 
put « = ;* whence w = 1, y = 1, and a; = 2. Again, put « = 1 ; whence w = 7, 
y=13, and a:=19. For « = 2, w=18, y=:28, and a:=36, etc. Hence there is an 
infinite number of positive, integral values of x and y which satisfy the equation. 

3. What positive, integral values of x and y will satisfy the equa- 
tion 21a; +17y =2000? 



o , 2000-17y , ..o A , 2000-17y 
Suo's. X = 5= — ^ . .*. y is < 118. Again x = spi — ^ = 



954 



6- 



-5— 17y -. ^, , 5— 4m ..-, 5— 4m 

and — 5T-2- = m. .*. m is negative, and y= — m+ - ^„ . Whence — t= — = «, 

and m = — j — = 1— 4» + -r- • •*. * is -h, and any value of • which renders 

-T~ , or integral, and gives y < 118, will meet the conditions. 

« = 1, gives m = — 3, y = 4 and a; = 92. 

« = 5, *' m = -- 20, y = 25 and x = 75. 

« = 9, *' m = — 37, y = 46 and « = 58. 

« = 18, '* m = — 64, y = 67 and aj = 41. 

« = 17, " m = — 71, y = 88 and a: = 24. 

« = 21, " m = — 88, y = 109andaj= 7. 

* is coDiidered an integvr. 
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Since any greater value of • makes y > 118, these are all the valaes of x and y 
which fulfill the conditions. 

4. Find the positive, integral yalnes of x and y which satisfy the 
following : 

(a) bx + lly = 254; (S) .7a; + 13y =: 71; 

(c) %x + 13y = 2000 ; (d) 17a; = 642 - lly 

\e) 11a; + 36y = 500; (/) 19a; - 117y = 11 

{g) 117a; - 128y = 95; (A) 39a; + 29y = 650 

(i) bx± 9y = 40 ; (h) 6a; ± 9y = 37. 



Applicatioks. 

1. In how many ways can I pay a debt of 12 with 3-cent and 
6-cent pieces ? 

Suo's. — ^Let X = the number of S^nt pieces and y = the number of 5-cent 
pieces required. Then we are to determine in how many ways the equation 
8a;+5^=200 can be satisfied for positive, integral values of x and y. 

We find it to be in 18 ways, as foUows : 



y= \ 4 


7 


10 18 16 19 


22 25 


28 81 84 87 


aj = 65 m 


55 


50 45 40 85 


80 25 


20 15 10 5 



This means that 1 5-cent piece and 65 8-cent pieces will pay the debt, or 4 
5-cent and 60 8-cent, or 7 5-cent and 55 8-cent, etc. 

2. A man hands his grocer 16 and tells him to put np the worth 
of it in 11-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so, in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use ? What the least ? 

3. In how many ways can a debt of £50 be discharged with guineas 
and 3-8hilling pieces ? A7is., Not at all. 

4. If my creditor has only 3-shilling pieces and I only guineas, can 
he so make change with me that I can pay him £60 ? Can I pay him 
£201 ? In how many different ways ? What is the least number of 
guineas and 3-shilling pieces ? How is it if I have crowns instead of 
guineas ? How if I have guineas and my creditor crowns ? How if 
I have crowns and my creditor pounds ? 

6. In how many ways can a debt of £1000 be paid in crowns and 
guineas ? 

Suo.— Having obtained a few of the possible values of x and y, the law will 
become evident. 



INDETEBMINATB EQUATIONS. 193 

219* IliTDETERMINATB EQUATIONS BBTWEEK ThRBE QUANTITIES. 

1. What are the positive integral values of x, y, and z which 
satisfy 3a:-f 5^ + 72;=100 ? 

Solution. — We have x = ^ ; whence as 1 is the least value that y 

or z can have, x cannot be greater than 29. Alsa y = = ; whence y 

cannot be greater than 18. Also «= ~ ; whence z cannot be greater 

than 14* 

_. ., 100— 5y— 7« «- « 1— 3y— « _ 1— 2y— « _^ , 

Write X = ^ =33— y— 20H ~ — . Hence ~ — must be an 

o o o 

integer. Put — ~ — =m ; whence y = — 1» H 5 . From this we ee© 

that m is negative. 

Let us now proceed to examine in succession for z=l, 2=2, e=3, etc. 

For 2=1.— For this value of z, aj=31— y— -J^, and y= —m — -^. From the 

latter we see that m must be an even negative number ; and from the former, 
that y must be a multiple of 8. Hence the following computation : 

For m = 0, y = 0, which is inadmissible. 

For w = — 2, y = 3, and x = 26. 

For w = — 4, y = 6, and x = 21. 

For m = — 6, y = 9, and x = 16. 

For m = — 8, y = 12, and x = 11. 

For m = — 10, y = 15, and « = 6. 

For w = — 12, y = 18, and a? = 1. 

Since the values of x decrease as m increases numerically, and 1 is the least 
admissible value of x, we have all the values of y and x which correspond to 
2 = 1. 

^ 2(1 — 2/) 

For z = 2.— For this value of 2, a? = 28 — y + ^ g ^^ , and y = — «i 

jr — . From the latter we see that m must be a negative odd number ; 

2 

and from the former, that y must be 1, or a unit more than a multiple of 3. 

Hence the following computation : 

For w = — 1, y = 1, and x = 27. 

For w = — 3, y = 4, and a? = 22, 

For 7» = — 5, y = 7, and a? = 17. 

For 7» = — 7, y = 10, and x = 12. 

For w = — 9, y = 13, and a? = 7. 

For m = — 11, y = 16, and aj = 2. 

Hence, these are all the values of y and x which correspond to 2 = 2. 



* Of coarse the quantities need not come np to these limits. 



9 112 
9 I 4 

8 111 
6 I 1 
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The other Tftlaes are aa follows : 

■=«1SI!I' -'MSI' 

2. What positive, integral values of x^ y, and z satisfy 17a; + 19jf 
4- 2lz = 400 ? 

Sua. — ^There are 10 sets of values. 

3. What positivei integral values of z, y, and z satisfy 6x + 1y 
+ Hz = 224 ? 

4. What positive, integral values of Xy y, and z satisfy Qx + 8]f 
+ 62; = 12 ? Also 2a; + 3y + 52; = 41 ? 



220. If the conditions of a problem furnish less equations than 
unknown quantities, the problem is indetenniftais, and in general 
can have an infinite number of solutions. But if the solution be 
limited to positive, integral values, it can be effected as above. Thus, 
if there are two equations and three unknown quantitieef, one of 
the unknown quantities can be eliminated and the resulting equation 
solved as heretofore. In like manner if there are three equations 
and four unknown quantities, a single equation between two may be 
found and solved; or if four unknown quantities and but two equa- 
tions, a single equation between three unknown quantities may be 
found and solved. 

Examples. 

1. Given 2a; + 6y + 3« = 61, and 10a; + 3y + 2« = 120, to find all 
the positive, integral values of a;, y, and z* 

2. Given 3a; + 5y + 7^; = 560, and 9a; + 25y + 49j? = 2920, to find 
all the positive, integral values of x, y, and z. . 

3. Given 2a; + lly — 3« = 10, and 3a; — 2y + 3« = 30, to find all 
the positive, integral values of a:, y, and z. 
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Applications. 

1. I wish to expend $100 in the purchase of three grades of sheep, 
worth respectively $3, $7, and $17 per head. How many of each kind 
can I buy ? In how many different ways can I make the purchase ? 
How many of the first two kinds must I take in order to get the least 
possible number of the third kind ? 

2. A merchant has three kinds of goods. The value of 20 yards 
of the first, less the value of 21 yards of the second, is $38 ; while 
the value of 3 yards of the second and 4 yards of the third is $34. 
What is the price per yard of each kind, the question being restricted 
to even dollars ? What if the latter restriction be removed ? 

3. In how many ways can I pay a debt of $171 with $20, $15, and 
$6 notes ? What is the least number of $20 notes that I can use ? 
Of $15 notes ? What the greatest number of $6 notes ? 

4. A farmer has calves worth $10, $11, and $13 per head. What 
relative number of each must he take and sell them at the uniform 
rate of $12, without gain or loss ? If he is to sell only 15 animals, 
how must he select them ? 

5. A man bought 124 head of cattle, viz., pigs, goats, and sheep, 
for $400. Each pig cost $4^^, each goat $3|, and each sheep $1^. 
How many were there of each kind ? 

6. A grocer has an order for 150 pounds of tea at 90 cents per pound, 
but having none at that price, he would mix some at 75 cents, some 
at 87 J cents, and some at $1.00 per pound. How much of each sort 
must he take ? 

SuG's. — The nature of the 4th and 5th problems restricts their solntions to 
X>06itiye integers. The 6th is, however, only restricted by its nature to positive 
niunbers ; they may be fractional as well as integral. 

[See Ck)HFLBTE School Algebra, subject AUtgcttian.] 

7. What quantity of raisins, at 10 cents, 18 cents, and 20 cents per 
pound, must be mixed together to fill a cask containing 150 pounds, 
and to be worth 19 cents a pound ? 

8. Awheel in 36 revolutions passes over 29 yards; and in a; of 
these revolutions it describes z yds., y ft, and 6 in. What are the 
values of x, y, and z ? 
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LOCI OF EQUATIOirS. 
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[Note. — ThlB subject, though properly geometrical, Ib introduced here for the 
purpose of the elegant and dear illustrations which it affords of the abstract 
principles of the subject of Higher Equations. It is thought that the aid whicL 
it will afford the pupil in comprehending the prii^iples of the succeeding chapter 
will more than compensate for the time required to master this. Moreover, the 
subject of Loci of Equations is of prime importance in a mathematical coarse, 
and is always pursued with pleasure by the pupil. No geometrical knowledge 
is required in reading this chapter, farther than the ability to draw and measure 
straight lines.] 

221. Prop. — JSoery equation between two variables* having 

real roofo,f may be interpreted as representing some line either 

straight or curved. 

This proposition will be made suffidently evident for our present purpose, if 
we show how such equations can be made to represent lines. This we sluJl do 
by means of particular examples. 

Examples. 

1. Draw the line represented by the equa- 
tion y = 2x + 6. 

Solution. — First, in all cases, draw two straight 
lines, as X'X and YY' ,at right angles to each other, 
as in the figure. Then, in the equation ^ = 2a; + 6, 
assign values (arbitrarily) to x, and find the corre- 
sponding values of y. Thus, 

Also, if sr=— 1, y= 4, 

»=-2, y= 2, 

aj=-3, y= 0, 

»=— 4, y=-2, 

«=— 5, y=-4, 

etc., etc. 

Having computed a few corresx>onding values 
of X and y in this way, we proceed with the figure, 
as follows : Measure off a distance Al tot?ie right 



-S-4 h 



X' 



•»-t 'lA 



1 I a 4 



'k 



If x=0. 


y= 6, 


" x=l. 


P= 8, 


" x=z2, 


y=io. 


" (r=3. 


y=i2. 


" aj=r4. 


y=i4. 


etc.. 


etc. 



M 



M 



i€ 



Pig 



1. 



• This means simply, " haying two variables, and only two, in It." 

t The geometrical interpretation of imaginary lod does not come within oar present 
(mrpuse. 



\ 
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of A, of Boms convenient length, and call it the unit of distances. Draw b 

at 1, perpendicular to AX, and make it 8 units long (i. e., 8 times aa long as A 1 

Now, S is at a distance 1 to the right of the lino YY', and 8 abme the line X", 

and is hence a point in the line which our equation represents. In llhe manne 

find the point c, 2 to the right of YY', and 10 above 

X'X ; and e ia another point in the line represented 

by our equation. Again, when « = 8, y = 12. 

Hence, laj ofi three units to the right, as to 8 In the 

figure, and draw d3 perpendicular to X'X aud 13 in 

length. Then is d another point in the line we 

seek. When z = 4t y = 14. Hence « is a point In 

tlie line ; since it ia 4 from YY', and 14 from X'X 

When a = 0, y = 6 ; whence a is a point in the 

line, aa it is distance from YY', and 6 from X'X, 

For negative values of a, we have, when x = — 1, 
y = 4. Now, laying o£E negative values of x i 
left from A, since we Iidd off positive values ti 
light, we measure from A to —1, the unit's distance, 
take /I equal to 4 units, and thus find the point /. 
When x= — 2, y = 2, and g is the corresponding 
point. When m = — 8, y = ; whence A is a point 
in the line, aa it is 3 to the left of YY' and above 
X'X. When «=— 4, y = — 3. Aa this value of y 
is negative, we lay it oft bdim X'X. Thna, taking 
from A to —4, a distance of 4 units, and from —4 to e, a distance of 2 units, t 
a point in the line. Thus also it ia a point in the line, siuM when x= ~ 
^ = — 4, and k ia taken 5 to the left of YY' aud 4 
below X'X. 

This process might be continued Indefinitely, 
both for positive and negptita values of x. We 
might B^ use fractional Talues of x, a» x=\, 
x=\,x = 2K etc., and, finding the correspondiDg 
values of y, locate points between those found by 
taking integral values. 

Jilnally, joining the points e, d, e, 6, a,f, g, h, i, 
k, we have the line MN, which is represented hy 
the equation ^ = 3z + 6. This Hue does not slop 
at M and N, of course, since we might produce 
it indefinitely either way, by continuing to take 
larger and larger valuea of a (numerically). In 
this case it is easy to aee that the line is an indefi- 
nite straight )ine. 

^ 2. What line is repreBented by theeqna- '"■ "■ 

tiony = 3a;-6? (See^^r.3.) 

Sn<3'8.— First compute a table of corresponding values of x and y, as in the 
precedag example ; and then locate the points thus designated. 
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3. What line is represented by the equation y = — 2a;+4 ? (See 

Fig. 4.) ^ 

222. Definitions.— The assumed fixed 
lines X'X and YY' are called the Axes of 
Meferenee, or simply the Axes. A is 
called the Origin. X'X is the Axis ofAb^ 
scissas, and YY' the Axis of Ordinates. 
The distan6e of a point from the axis of ab- 
scissas is called the Ordinate of the point ; 
and the distance of a point from the axis of 
ordinates is called its Abscissa. The ordi* 
nate and abscissa of a point taken together 
are called its Co-ordinates. 

Abscissas measured to the right from the axis of ordinates are +, 
and those to the left — . Ordinates measured above the axis of 
abscissas are +, and those below — . 

4 to 13. Draw as above the lines represented by the following equa- 
tions: y=a;+6; y=x— 6; y= — ic+^J y=— a;-^5; y=4a:+6; 

y=4a;-6; y= -4a;-^6; y= -ix-6', 2a;-3y=^5;^^=2. 

Suo. — ^Put sach eqaations as the last two into the same form as the others 
before proceeding with the eolation as above. 




223. Def. — The line which is represented bv an equation is 
called the LoctiS of the equation; and^Ja^inf the line in the 
manner indicated, is called Constructing th^HocuA of the equation. 

14. Construct the locus of the equation y = ^ ^ . 
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Y' -4 -a 


-1 -I 




^T 1^ 


^ — "^x 


M-^-^ 


i'c 




MM 1 * 


• 4 * 






Y' 
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Solution.— For « = 0, 


y = o. 


For a? = — i. 


y=-f. 


« « = 4, 


y = TV, 


" «=-l. 


y=-i. 


" a; = i. 


y = l. 


" a? = - 2, 


y=-l. 


« aj = l, 


y = t. 


" a? = - 8, 


y= -A. 


« a; = 2, 


y = f, 


" a? = - 4, 


y= -At 


" a; = 3, 


y = A, 


etc. 


•to. . 


" 05=4, 


y = W, 




etc. 


etc. 
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Now, laying off mi the axis of absdasas to the light distanees eaoal to i, i, 

1, 2, 3, and 4, on some convenient scale, and at these points erecting ordinates 

equal respectively to iff, i, i, h A, and iV of the same scale, we find the points a, 

b, e, d, e, and /of the locus. We also see that if we continued to give x greater 

and greater values, y would oontinually grow less, but would only beoome when 

X v^ 1 1 
a? = OD, for then we should have y = z — := = -= =-= — = 0. 

' • ^ l+aJ» aj* a? OD 

In like manner laying off the negative values of c, and the corresponding 
values of y, we find the points a\ b', c', d', 6', and/', and also find that y dimin- 
ishes num&ricaUy as x increases numerically, and that for x negative y is 
always negative, and only, becomes when x= — od. Hence, the curve ap- 
proaches the axis of abscissas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from the 
origin. 

A line sketched through the pointa found represents the locus aooght. 





16 to 18. Constract the loci of the following equations : y=a^ 
+ir— 6t (see Fig. 6); y=3+ir— Ja:* (see Fig. 7); y^a^—^x+i: 
(see Fiff. 8) ; y=a:*— 3x4-6 (see Fig. 9). 



L- 



w. 





N 



* Dropping the finite quantity 1, as producing no effect when added to the infinite a;*. 

t In determining points in ttie locos, it is often necessary to attribute fractional values to x. 
Tlins, in this case, to sketch the curve from a to e', we need an intennediate point. If there is 
any doubt about the character of the carve between two points, resolve the donbt in th{»> wny. 



lOO ADTAKOED OOUBSE IN ALOEBB&. 

\^ 

19 to 23j Oonstmct the loci of the following eqaations: y=x' 
-Ja?+2z + 3 {Bee Fig. 10) ; y=a?-G^ 
T +13a:— 10 (aee^;?. 11); t/=3^~-2x~5 (see 
Fig. 12); ^t/=3?(5-x) (see Fig. 13); and 
j/=3?-63^+nx-Q(eeeMg.U). ^ - 
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84 to S8, Construct the loci of the following equations : y—sf 
— 6a:*+4 {see Fig. 15); y=3f+23?-33!'~ix+i (see Fig. 16); 
if=3^~-93f+ix+12 (aee 1^.17); y=a*—22^-1a?-8x+l6 (see 
Fig. 18) ; and ff=a^+«*+a^+i+l (Bee Fig. 19). 



t 




89. Construct the locnsof the equation y=af+^~lisi^—l'!x- 



Bug's. — In dttempting to construct this 
loeoB, it is neoeswiy to ^ve x v&lnee from 
—8 to +3, inclading tbeet) vaJnea, and also 
to obgerre the cbaractor of the locna beyond 
these limits. Bat it will be foond that for 
iDme values of x between these limits, y ia in- 
cravenlently large. Id sketching the figure, 
we maj use one scale lor laying oS valaes of 
X, and another for laying off values of p. 
Thus in the figure given, the unit used for x 
is 6 times as great as that used for g. This 
Is equivalent to conBtrocting the locus 6y=*' 
+ 4x'— 14a;* - 17a; - 6, or y = ^* + i«' — Ja;' 
— V* — !■ This locuB has all the peculiar- 
ities of the one required (that is, all the turns, 
Seiurep, or bends), but is notof the same pro- 
portions. The portion represented ia 6 times 
as wide in relation to its length aa the re- 
quired locua would have been. 

30 to 41. Construct the loci of tke 
ibllowing equations, neing a smaller 
■cale for y than for x, as explained in 
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the suggestions aboye, when more oonTenient : y = a^^^z-^lb', 
y==x'+2z+2; y = a^ --lOx+^b; y = a;»— 3a:» — 8a;- 10; 
y = 2a?— 12«»+ 13a? — 15; y = a;» — a:'—8« + 12; y = a:»-2a:* 
— 26a? + 60; y = a^— 2a;»+ 8a? — 16 ; y = a?*+ 22;»— 3a?*- 4a? + 4; 
y = a?*— 6a?» + 6a?» + 2a? — 10 ; y=zaf + 53^+ a?»— 16a?»— 20a; — 16 ; 
and y = 6a;* — 4a?* + 3a;*— 3a?*+ 4a? — 6. 



X' 



224. JProb. — To construct the real roots of an equcaion contain- 
ing only one unknown quantity. 
• 

Solution. — Put the equation in the form /(a;)=0, then write y=f(x). 
Construct this equation, and the absdseaa of the points where the locus cuts the 
axis of abscissas are the roots of the equation f(x) = 0. This is evident, since 
for these points, and for these only, ^ = 0, and we have f(x) = 0. 

Examples. 
1. Construct the real roots of the equation a?*— 3a? — 2 = 0, 

Solution.— We will first write y = »•— 8aj — 2. Now, for a? = 0, y = — 2 ; 

for a? = 1, y = — 4 ; for a? = 2, y = — 4 ; 
for aj = 8, y = — 2 ; and for « = 4, y=2. 
Hence we see that the locus of the equa- 
tion y = a?*— ■ 3aj — 2, cuts the axis of ab- 
sdssas between « = 3, and a; = 4, since it 
passes from below the axis of abscissas 
"X (where y is ^) to above this axis (where 
y is 4-). There is therefore m root of x* 
— 8aj — 2 = between 8 and 4 To con- 
struct this root, we sketch the curve be- 
tween a; = 8 and a; = 4, bj finding the 
values of y for a few intermediate values 
of X, and then sketching the curve. Thus 
fwr a? = 3i, y = — i ; for aj = 8}, y = ti- Sketching the curve mn through 
these points, we find by measurement Aa = 8.66, as an a^yproximate value of x 
in the equation a?' — 8a? — 2 = 0. (Verify by solving the equation.) To construct 
the other root, we notice that for a? = 0, y == — 2, and the curve cuts the axis of 
abscissas again at the left of the origin (probably, as it certainly does not cut it 
again at the right). Now, for a? = — 1, y = 2 ; whence we see that the locus 
cuts the axis between a; = 0, and a; = — 1. For aj=— 4, y= — i; and for 
a;=— t, y = +S. Sketching the curve through these points, we have m'n'; 
and measuring A a', we find the other value of a? to be —.66. 

Sua. — For constructing the approximate roots in this manner, as we only 
need to sketch a small portion of the locus, in the vicinity of its intersection with 
the axis, we can use a much larger scale than would otherwise be practicable, 
and thus obtain a nearer approximaUon. With good instcjuneiitfl i^d iiaminflMft 
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'^e can uBuallj oonstriKt the root with tolerable aoeufaoy to hundredths. When 
the locus cuts the axis quite obliqueljr, the approximation cannot be made as 
accurate. 

2 to 7. As above, construct the real roots of the following: 
a:* — 8j;= 14; a;» — 12a:* + 36x — 7 = 0; a;» - a:* - 10a? + 6 = ; 
a*— 7a; + 7 = 0; ai* - 12a:» + 50aJ» - 84a; + 49 = 0; and 

2a;» - 73;* + 10a; = 9. 

fi25, ScH. — ^This method of approximating the roots of equations geo- 
metrically is not given as a good practical method ; but i»mply to assist the 
learner in comprehendiii^ some subsequent processes, and for its geometiicid 
importance. /- 



CHAPTER m, 

MIOHER EQUATIONS. 



SECTION 1. 

SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVINa COMMEN- 

SURABLE (OR RATIONAL) ROOTS * 

fi2Qm Equations of higher degrees than the second are called 
Higher Equations {6-10 ^ or same in Complete School Algebra). 
No general, practicable method of resolving such equations is known. 
Theoretical solutions of equations of the third and fourth degrees 
(cubics aad biquadratics) are known; but these solutions are 
attended with practical difficulties in many cases, which render 
them nearly or quite useless. We are, however, able to obtain the 
real roots of Numerical Higher Equations, in aXl cases, either exactly, 
or to any required degree of approximate accuracy. 

227. Tlie Real, Commensurable Roots of numerical equations are 
usually found with little difficulty by the methods given in this 
section. 



* A commensurable root (or number) is one which can be exactly expressed in the decloul 
i^Mation, either in an integral, fractional, or mixed form. Thus, 4» ^» t25, etc., axe com- 

AenraiaUe. Bat 1^21, rH, etc, are laoomneoswable. 
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228m Prop. — JBhery equation with ofie u9iknown quantify^ 
having real and rational coefficients^ can be transformed into an 
equation of the form 

x»+ Ax-'+Bx»-*+ Ox-» . . - - L=0, 

in fchich the exponents are aU positive integers^ the coefficient of iH^is 
ly and the coefficients of the other terms^ A, B, G^ etc^ and also the 
absolute term L, are integers. 

Dbk. — ^Ist. If the anknown quantity ocean in any of the denominaton in the 
given equation, remove it to the numerator by clearing of fractions. If there 
are then any negative exponents, multiply each term by the unknown quantity 
with a ]>ositive exponent equal to the numerically largest negative exponent. 
Then unite the terms with reference to the unknown quantity, and write them 
in order with the term containing the highest exponent, at the left, and so that 
the exponents shall diminish toward the right, transposing all the terms to the 
first member. The most complicated form wliich can then occur ia 

Jy-+|r+|*' - - - - «=o. (1) 

m r 
in which any or all of the exponents may be fractions ; and —>-><, etc 

n s 

is supposed. 

2d. To free the equation of fractional exponents, substitute for the unknown 
quantity a new unknown quantity with an exponent equal to the least common 
multiple of the denominators of the exponents in the equation. Thus, in (1) 

m r 

put y = e~, whence y* = a^, y • = sf, and y* = s^. These values substituted 
in the equation, will evidently give an equation of the form 

^s^ + ^s^^+^-* - - - - i = 0, (2) 

o d J 

in which all that is essential concerning the exponents is that they should be 

all positive integers, decreasing in value from left to right, since in (1) 

m T 

— > - >t, etc. 

n s 

8d. Now divide by the coefficient of e», and let the resulting equation be 
represented by 

«»+^«-'+-~e-« - - - . r=0. (3) 

Fiatlly, put c = -^ , and sntMtitate in (3), thos obtaining 

F+^iFi+7nfc=s - - ■ - ^-0- w 

Multiplying (4) by J^, and representing the absolute term by L, we have 
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If now kheno taken that these numerators will he diyisihle by the denQmina* 
tors, and the quotients represented by A,B, C, etc., we have 

the form required. 



Examples. 

1. Transform - + !«-• + |a?* = 2a?* + Ja; » + --j — 2, into a form 

having positiye integral exponents and coefficients, and having the 
coefficient of the highest power 1. 

SOLXTTION. — Multiplying by a^, we have 

aj+f«-^+ta;*=2a?*+i«"**+8-a{B«. (1) 

Multiplying (1) by a?', we have 

a!*+5+8«^=2»^+i«*+3«»-aaj^. (2) 

Patting x=y^, there results 

Arranging with reference to the highest power of y, 

?y'*-fe^'-V-J^+3y«+ly"-l=0, or 

y"-iV-y'"-iy'*-h|y"+ly"-4=o. (8) 

Finally, put y=-r, whence 

if* 12*»» *•• 2AJ^ "^ 2*" 4A;»» ^ 8 ■" ' ®' 

g.4.g^...^V..:^e«+3|;ie» + ^g'»-^ = 0. 

Now, if A; be made 12, this equation will be of the required form* 

g g" 

Notice that as aj = y*, and y = tr^ , oj = -pr^ ; so that, if the value of g could 

be found, the value of x would be known by implication. 

2^ Show as aboye how to transform the following: 

(a) ay-V + |y-* + ^ - iy-* = i + |y» - TirfT*; 

^^ l+^f" ' ^ ^ l+a:-»~ a:+2' 

{e) VT=^= 1 - 3a?*; (/) V2a;-3a;' - a; = VT^. 

* This tabstitntion would be tedioas, and as it is onr present purpose stmply to show the 
pouHtOUy of the transformation, and the method of making it, the sabstltntion is unneoessary. 
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229* — Since every equation with one unknown quantity, and real 
and rational coefficients^ can be transformed into one of the form 

af+^af-' + jBaf-'+Caf-* i=0, (1) 

this will be taken as the typical numerical equation whose eolation 
we shall seek in this and the succeeding sections; and we shall 
frequently represent it by/(a:)=0, read " function x equals 0." The 
notation /(a;) signifies in general, as has been before explained, simply 
afiy expression involving x. Here we use it for this particular form 
of expression. We shall also use f'{x) as the symbol for the first 
differential coefficient of this function. 



230. ProjK — WJien an equation is reduced to the form x* 

+ Ax"-' + Bx-' + Cx-» L==0, the roots, with their signs 

changed^ are factors of the absolute {known) tenn, L. 

Dem. — iBt. Tlie equation being in this fomi, if a is a root, the function is 
divisible by x—a. For, suppose upon trial ar— a goes into the polynomial ^c* 
-{-Ax^-^ + , etc., Q times ttitJi a remainder R. (Q represents any series of terms 
which may arise from such a division, and R any remainder.) Now, since the 
quotient multiplied by the divisor + the renyiinder, equals the dividend, we 

have (»— a) Q + R—si^ 4- -4aj^> + Ba?*-' + Cfc"-» L. But this polynomial = 0. 

Hence {x—a) Q+i2=0. Now, by hypothesis a is a root, and consequently x^a 
=0. Whence R=i^, or there is no remainder. 

2d. If now x—a exactly divides a;»+^«*-'4-Baj«-'+0u"~* Z, a must 

exactly divide Z, as readily appears from considering the process of division. 
Hence —a is a factor of L, a l)eiDg a root of the equation. Q. E. d. 

231* CoR. 1. — J^dk is a root q/^f(x)=0, f(x) is divisible by x— a/ 
andy conversely, if f(x) is divisible by x— a, 21, is a root of f(x)=0. 

Dem. — The first statement is demonstrated in the proposition, and the second 
is evident, since as/(ar) is divisible byar— a, let the quotient be <p(z); whence 
(.r— rt) (p{x)^0. Now x=a will satisfy this equation, since it renders jt— a=0, 
and does not render ^x) infinity, since by hypothesis X does not occur in the 
denominator.* 



232* JProp* — Tftlie coefficients and absolute temi in x"4-Ax"""* 

+ Bx'"'+Cx'~* L=0, are all integers, the eqtuition can have 

no fractional root 

* Coald there be a term of the form in <P (x), x=a would reader it oo, and (x-a)^ (7) would 

x-a 

be X .o^, whickia indetenai9ate. since x op =0 x ^vj. 
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8 8 

Dem. — Suppose in this equation a; = —, - being a Bimple fraction in its lowest 
tenns. Substituting this value of x, we have 

j; + ^ i;^n + ^ F^ + ^ ^ - - - - ^ =0. 

Miilti{>l7ing by t^-^ we obtain 

Now, by liypothesis, all the terms except the first are integral, and the first is a 
simple fraction in its lowest terms, as by hypothesis 8 and t are prime to each 
other. But the sum of a simple fraction in its lowest terms and a series of in- 

8 

tegers cannot be 0. Therefore x cannot equal -, a fraction. 

^33» Sc¥L — ^Thut proposition does not preclude the possibility of 8urd 
roots in this form of equation. These are possible. 



234* JProp. — An equation f (x) = (229) of the nth degree^ 
has n roots (if it has any *), and no niore» 

Dem. — Let a be a root of f(x) = 0, which is of the nth degree. Dividing 
/(a?) by a? — a {231), we have <p(x) = 0, an equation of the (»— l)th degree. 

Let 5 be a root of <p(x) ^ 0,and divide q)(x) by x—b (231), Call the quotient 
g/ (aj), whence g}' (x) = 0, an equation of the (n— 2)th degree. In this 'way the 
degree of the equation can be diminished by division until, after n~l divisions, 
there results g^(x) f of the first degree, and the equation is x— /=0. Therefore^ 

f{x) =:(« — «) <p{x) = (a?— a) (x — b) q>' (a?) = (a; — a) (ar — b) {x — e) tp" (a?) 
= (a? — a) (a? — 5) (a? — c) (a? — ^) •= ; 

i. ^'» /(a?) is resolvable into n factors, of the form a? — w. 

* We Shan okujm that every e<tnation has a root real or imaafiiiarjr ; i. «., that there ie some 
form of expceesion which «nb8tltnted for the unknown quantity will satisfy the equation. It 
is shown in work? treating more ]ai:gely upon the theory of equations, that the general form of 

a root U a+fS 4^^. When /5 s= 0, the root is real. The general demonstration of this propo- 
sition is too abstruse for an elementary treatise. That every equation of the form x»+ Ax*-i 
+ Bx*-i + (7aj«-8 - - - - I, = (299) has a real root when n Is' an odd number, and also 
when n is an even number if L be negative, is very simple. Thus, if » is odd, and L +, when x 
Is made'- oo the value of the first member is - ; and when x Is 0, the value is +. Hence while 
x pasties ftom - oo to 0, the function changes sign, and hence must pass throusrh ; i. «., for 
some value of a; between - oo and 0, the equation is satisfied. In like manner, If L Is -, when 
a; = 0, the function Is -, and when a; = -i oo the ftinctlon is + . Hence some value of x between 
— and + 00, satisfies the equation. It follows from this that in an equation of an odd degree, 
if the absolute term is •)-, there is at least one real, negative root ; and if the absolute term Is -, 
there is at least one real, positive root. 

If n is even and L-^x = makes the fhnction - , and a; = ±ao makes it +. Hence while x 
passes from - oo toO, the function changes sign ftom + to -, and there is at least one real, 
negative root; also, while x passes from to + co, the function changes sign from - to + , and 
there is at least one real, positive root. Therefore every equation of an even degree in which 
the absolute term is -, has at least two real roots, one negative, and one positive. 

The difficulty occurs in proving that an equation of an even degree has a root when L ia +, 
The roots of snch an equation may be all imaginary. 

tThls 48 read ** the^tfa (p fimction of ».^*- - • 
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Now, as x=za, or x-=h,OTx=: any one of the quantities a, 5, « - - - - /, 
will render /(x) equal to 0, each one of these will satisfy the equation /(a;)=0. 
Therefore this equation has n roots. 

Again, since it is evident that we have resolved f(x) into its prime factors 
with respect to x, there can be no other factor of the form x—m in f(x), hence 
no other root of f(x)=zO, and this whether m is equal to one or more of the roots 
a,b,€ ' ' - ' n,0T not. Therefore f(x) = has only n roots. 

235. Cor. 1.— 7%6/H>/ynomia/ x»+ Ax— '+ Bx— '+ Cx— ' 

L, or f (x), = (x — a) (x — b) (x — c) - - - - (x — 1), in which 
a,b, c---- 1 are the roots of f (x) = 0. 

236. Cor. 2. — The equation f (x) = may have 2, 3, or even n 
equal roots, as there is no inconsistency in supposing a^= b, a = b 
= c, or a = b = c = \yinthe above demonstration^ 

237* Cor. 3. — Imaginary roots enter into equations having only 
real coefficients, in coiyugate pairs {223, Part I.) ; that is, (/'f(x)=0 

has only real coefficients, if it has one root of the form a + /?V— 1» 

it hcu another of the form a — y^V— 1; or, if it has one of the form 

/3V^ 1, i^ has another of the form — /3V — !• 

This is evident, since only thus can /(aj)=(a;--a) (a;— 6) (jp—c) - - - - (a?— w); 

that is, if one root, a for example, is a—fiV^-l, there must be another of the 

form a+fi V—1, in order that the product of these two factors shall not involve 

an imaginary. Thus, [aj-(a+y8 V^)] x [aj-(a-/» V^)] =x* -2ax+{a* + fi*), 

a real quantity. So also (x — ft V^) (x -h/? V^) = a?* + y8*, a real quantity. 
But if the assumed imaginary roots be not in conjugate pairs, the product of the 
factors {x — a) (x —h) {p'—e) - - - - (^ — ^^ involve imaginaries. 

238. Cor. 4. — Hence an equation of an odd degree must have at 
least one real root ; but an equation of an even degree does not neces- 
sarily have any real root, 

239. Cor. 6. — ^ an eqitation has a pair of imaginary roots, the 
known quantities entering into the equation may be so varied that the 
two imaginary roots sJiaU first give place to two equcd roots, and then 
these to two real and unequal roots 

As shown above, imaginary roots arise from real quadratic factors in /(^). 
Let x*''2ax + 5 be such a quadratic factor, whence «'— 2a« + 6 = satisfies 

/{x) = 0, and a ± Va^ — b are the corresi>onding roots of f{x) = 0. Now, if 
b> a*t these roots are imaginary. If, however, b diminishes or a increases (or 
both change thus together), when 6 = a' the two imaginary roots disappear and 
we have in their place two real roots, each a. If the same change in a and b 
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ocmtinues, so that a' becomes greater than h, the two real, equal roots in tnm 
give place to two real, unequal roots. Now as a and b are functions of the known 
quantities of the equation /(:e) = 0, such changes are evidently possible. 

24:0m ScH. 1. — That an equation has a number of roots equal to its 
degree, is illustrated geometrically by the fact, that, if we write y =f{x) and 
construct the locus, we shall always find that a straight line can be drawn 
so as to cut the locus in 1 point and only 1, if f(x) is of the 1st degree 
(Ex's. 1-13, Chap. II.) ; in 2 and only 2 points, if f(x) is of the 3d degree 
(Ex's. 15-18, Chap. II.) ; in 3 and only 3 points, if f{x) is of the Sd degree 
(Ex's, ld-23, Chap. II.) ; in 4 and only 4 points, if f(x) is of the 4th degree 
(Ex's. 24-28, Chap. II.), and specially illustrated by the line X^' X„ {Fig. 20), 
etc, 

241m ScH. 2. — The fact that imaginary roots enter real equations in 
pairs is also beautifully illustrated by the loci of equations. Thus the equa- 
tion ^— 3a; +5=0 has two imaginary roots, and no real roots. Kow, by ref- 
erence to Fig. 9 of the preceding chapter, we see that the locus of y=a^— 3aj 
+5 does not cut the axis of abscissas at all; i. e., that no recU value of x will 
give^a;)=0. But, if the equation were so modified as to make each ordinate 
only -y- less than it now is, i. «., if y=a*— 3aj+}, we should 
have the same locus, but changed in position so as just to 
touch the axis of x, as in <;, thria giving f(x)=0 two real and 
equal roots. If, again, we wrote y=a;*— 3aj— 3, we should have 
the locus referred to the axisA"X", and/(a?)=0 would have 
two real and unequal roots. Thus we see, conversely, how 
two real, unequal roots can pass into two real and equal roots 
l)y a proper change in the equation, and how by a further 
change two equal real roots disappear at a time^ passing into two 
imaginary roots as the equation changes form. All that is 
necessary in this change in the form of the equation is a pro- 
per change in the absolute term. 

Again, consider Fig, 14, and the corresponding equation 
^=3^*— 6a*+lla;— 6. First we observe that as this locus cuts the axis of x 
three times, there are three real roots. Now change the absolute term —6 
by allowing it to increase gradually, becoming —5}, — 5i, —5, etc. We shall 
find that the axis of x moves down, and the two roots A d and kf approach 
equality, first becoming equal when the axis just touches the lowest point e 
of the curve, and then "both becoming imaginary together. 

Or, in conclusion, this matter is illustrated by the fact that whatever the 
degree of the equation /(a?) =0, if we construct the locus of y=JXx), we shall 
find that we can draw a straight line which will cut the curve in a number 
of points equal to the degree of the equation, and that if the line gradually 
moves from this position so as to cut the curve in any less number of points, 
it will always be found first to run two intersections together, corresponding 
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to * change of two anequftl roots into two equal roots, and then drop oat 
both these intersections, corresponding to the introduction of two imaginary 
roots at a time. 



242. JProp. — ^ the equation f(x)=0 hoB equal roots, the highest 
common divisor of f(x) and its differential coefficient* f (x), heing 
puJt equal to 0, constitutes an eqtuUion which has for its roots these 
equal roots, and no other roots,\ 

Dbm. — Let a he one of the m equal roots of /(a;)=rO, and let the other roots be 

b,c I; then/(ir)=(aj-a)«(a?-6)(aj-c) (x- l)(23S). Differentiating 

(152) and dividing by dx, we have 

/'(«)=m(aj— a)*->(«— 5) («— c) - - - - (jj— /)+(«—«)* («— «) («— Q H 

- - - - + {x—af («— *) («— c) - h etc 

Now («—«>•-• is evidently the highest common divisor of f{x) and f{x), and 
(a;— a)^~~' =0 is an equation having a for its root, and having no other. 

In a similar manner, if /(2;)=3p has two sets of equal roots, so that 

f(x)^(x-^ar{X'-by(x--e)(s-'di («-t), 

differentiating and dividing by dx, we have 

/'(a?)=m(aj-a)"->(a;-6y(»-c)(«-c«) («- 1) +(«-ay»f<aJ— &/-*(«— «)(«—<Q 

(x-l) 

+({»-«)'» (a;— d)' («—d) (05— »)-h(a!— «)-(»— *)'(»-.<;) («— O"*- — 

+(«— a)* (x^by («— c) (a;— d) h etc 

Now the highest common divisor of /(op) and /'(a?) is evidmtly («—«)■->(«— fty-*. 
Putting this equal to 0, we have {x—ay^^^ix^bY^^^O, an equation which is cn;t- 
isfied by x=a and x=b, and by no other values. 

Thus we may proceed in the case of any number of sets of equal roots. 

243* ScH. — ^In searching for the equal roots of equations of high degree, 
it may be convenient to apply the process of the proposition several times. 
Thus, suppose that /(«)=0 has m roots each equal to a, and r roots each 
equal to b. Then the highest common divisor of f{z) and /'{x) is of the form 
(x—a)*~^{x—bY~^; whence (a?— «)*"*(«— 6)'""'=0 is an equation having the 
equal roots sought. Therefore we can iind the highest common divisor of 
(a?— a)"*"'(aj— W""S and its differential coefficient which will be of the form 
(a;— «)*"•'(«— J)'"', and write («—«)"*""'(«— W-'rrO, as an equation containing 
the roots sought. This process continued will cause <nie of the factors (a;— a) 
OT{x—b) to disappear and leave («—«)""'' =0, when m>r; (a?— fty-^rrO, 
when r > m ; or (ar— a) (aj—ft)=0, when m-=:r. From any one of these forms 
we can readily determine a root. 

* The differential eoefflciciit of a function ic sometimes called its first derived polynomial. 

t The stndent must not suppose that the roots of /ta;)sO, and its firsit diflferential coefficient 
/'(a')=0, are necessarily alike. f(x)=& series of terms some of which may be + and some - , and 
which may destroy each other, so ao to render/'(a!)=0, Ibr other values of x than snch as render 
/(aB)=0, and not qecessarily for any whidi do Tender /[«)=0, except the equal roots of the latter. 
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244^ Prop* — In an equation f(x) ;=0, f(x) will change sign when 
X passes through any real rooty if there is but one such rooty or if there 
is an odd number of such roots ; but if there is an wets number of 
such rootSy f(x) vnll not change sign. 

Let a, b, c - ' - - e be tlie roots of f(x)=0, bo ihB.tf{x)=(x—a) (x—b) (x—e) 

(:r— c)=0 (23S). Conceive x to Btart with Bome value lesB than the least 

root, and oontinuonslj increase till it becomes g^reater than the greatest root. 
As long as ^ is less than the least root^ all the factors x—a, x—b, etc., are nega. 
tive ; bat when x passes the valae of the least root, the sign of the factor con> 
taining that root will become +,* and if there is no other equal root, this factor 
will be the onlj one which will change sign. Hence the product of the factors, 
will change sign. But if there is an even number of roots, each equal to this, 
an even number of factors will change sign ; whence there will be no change in 
the sign of the function. If, however, there is an odd number of equal roots, 
the passage of x through the value of this root will cause a change of sign in an 
odd number of factors, and hence will change the sign of the function. 

Finally, as it is evident tliat the signs of the factors, and hence of the function, 
will remain the same while x passes from one root to another, and in all cases 
changes or does not change as above when x passes through a root, the proposi- 
tion is established. 

245. ScH. — This proposition is illustrated by putting y^f(x) and con- 
structing the locus, as in the preceding chapter. Thus, Ex. 15, Fig. 6. In 
this case yz=f{x)=x* +ir— 6. The least root is —3. When x is less than —3, 
as —4, or — 3i (anything less than —8), y, or /(a;), is 4-. When x is —3, y, 
or/(a;)=0, and the equation /(a;)=0 is satisfied, and —3 is a root of the equa- 
tion. When X becomes greater than —3, as —2, y, or /(a?), becomes nega- 
tive, changing sign when x passes through the value of the root —3. As « 
increases, y, or /(a^ remains ~, till x reaches +3, at which value of aj, 
y=/(aj)zrO, and the equation /(ar)=0 is satisfied. When x passes this value, 
becoming anything greater than 2, y, or f{x), becomes -f , i. «., changes sign 
as X passes through the root 2. The same thing is illustrated by the loci 
in Figs. 7, 11, 12, 14, 15, and 18, with their corresponding equations. 

That /(a;) does not change sign upon a^s passing through the value of one 
of two equal roots of /(a?)=0, is illustrated in Fig. 8 and its corresponding 
equation, Ex. 17. In this case y=/(a')=«*— 4aj+4, and the equation 
a?*-4aj+4=0 has two roots each equal to 2. Now when x is anything less 
than 2, y, i. e. f{x\ is + ; when aj=2, y, or /(a?), is 0, and the equation /(a?)=0 
is satisfied. But when x passes the value 2, f{x) does not change sign ; it 
remains +. The same truth is illustrated by the loci in Fi^s. 10, 13, 16, 
and 17, and their corresponding equations. Fig. 16 illustrates the case in 
which there are two pairs of equal roots. 

* Soppoie e be the least root, and that & is the next state of x greater than e\ then tf'- to -k 
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Ex. 29 will be found Torj instractive. The locos in JP^, 20 illustrates the 
case of 3 equal roots. Here y =/(«) = «*+ 4fl}*— 14aj*— llx — 6. The least 
root is — 3. When x< —S, f(x) is — ; when a; = — 3,/(a;) = ; when a; passes 
— 3, increasing, f{x) changes from — to +, and romains -f till a; = — 1, when it 
becomes 0, and changes sign as x passes — 1, notioUhstanding there a/re equal 
roots. But there is an odd number of such roots, viz., three. 

Thus, if X,' Xi were to revolve about c' until it took the position X'X, the 
intersections b' and d! would run into c', the three intersections becoming oTie, 



24:6. Prop. — Changing the signs of the terms of an equation 
containing the odd powers of the unknown quantity changes the signs 
of the roots, 

Dem. — ^If x=:a satisfies the equation a;^— Ax^-{- Bx^— C5r -j- 2> = 0, we have 
a®— -4a*H- jBa'— (7a + D = 0. Now changing the signs of the terms containing 
the odd powers of x, we have x^— Ax*-- Bx^+ Cx-{- D=zO. This is satisfied 
by aj = — o, if the former is by aj = a. For, substituting •— a for x, we have 
a^— Aa*+ Ba^— Ca + 2> = 0, the same as in the first instance. 

24:7m Cor. — Changing the signs of the terms containing the even 
powers wiU answer equally well, since it amounts to the same thing; 
and if we are careful to put the equation in the complete form, 
changing the signs of the alternate terms wiU accomplish the purpose, 

III. — The negcUive roots of «'— 7a; -j- 6 = 0, are the positive roots of — x^ 
H- 7a; 4- 6 = 0, or of aj'— 7a? — 6 = (0 being considered an even exponent) ; or, 
writing the equation x^ ± Ox* — 7a; + 6 = 0, changing the signs of alternate 
terms, and then dropping the term with its coefficient 0, we obtain the same 
result. 




248* JProb. — To evaluate * f{x)for any particular value of x, 
as X =^ Sky more expeditiously than by direct substitution. 

Solution.— As f(x) is of the form a?» + Aofi"-^ + jBa!»-« + (7a?»-» . . . . x, 
let it be required to evaluate aj*-j- ^a;'-f- Bx'-h Cx + Diotx=z a. Write the 
detached coefficients as below, with a at the right in the form of a divisor : thus 

1 +A +5 4-C +2> \a_ 

a a^-^Aa a^-^Aa*+Ba a*+Aa^-^Ba'^-\-Ca 

a+A a*-^Aa+B a^-{-Aa*-^Ba-hC a*-^Aa^+Ba*-j-Ca-\-D 

* This means to find the valne of. Thne, suppose we want to find the valne of a;6-&rA 
•f 9x*- 9x^+ Gx* - a; - 13, for a; = 5. We might substitute 5 for x, of course, and acoompliab the 
end. But there is a more expeditious way, as the solution of this problem will show. 
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Haying written the detached coefficients, and the quantity a for which f{x) is 
to be evaluated as directed, multiply the first coefficient 1 by a, write the 
result under the second, and add, giving a-^ A. Multiply this sum by a, write 
the product under the third coefficient B, and add, giving a* -h Aa + B. In like 
manner continue till all the coefficients (including the absolute term, which is 
the coefficient of x^) have been used, and we obtain a* 4- Aa^ + Ba^ + Ca + D, 
which is the value of f{x) for a; = a. 

Illustration.— To evaluate oj^— 5a;* + 2aj*— 8aj'4- 6a;«— « — 12, for a; = 5 : 

1 _5 4-2 -3 +6 -1 -13 1 5^ 

5 10 85 205 1020 



2 7 41 204 1008 

Now 1008 is the value of x^— 5a;*+ 2aj«— 3aj'+ 6a;«— x — 12, for aj = 6; and it 
is easy to see that much labor is saved by this process. 

"We are now prepared for the solution of the following important 
practical problem : 

2d9* Pvoh* — To find the commensurable roots of numerical 
higher equations. 

The solution of this problem we will illustrate by practical examples. 

Examples. 

1. Find the commensurable roots of ic*— 2a^— 15a:* + 8a;' + 6805 
+ 48 = 0, if it has any. 

Solution. — By (232), if this equation has any commensurable roots they 
are integpral : — it can have no fractional roots. 

A^in, by (230), the roots of this equation with their signs changed are fac- 
tors of 4S. Now, the integral factors of 48 are 1, 2, 3, 4, 6, 8, 12, 16, 24, 48. 
Hdhee, if the equation has commensurable roots, they are some of these num. 
bers, with either the + or — sign. We will, therefore, proceed to evaluate 
f(x) (i. «., in this case oj* — 2a;*— 15a;^4- 8aj*4- 68aJ4-48), for «= 4-l,a;= — 1, 
a? 55 -f 2, a; = — 2, etc., by (248), as follows : 

1 -2 -15 + 8 +68 +48 1 +1 

1 - 1 -16 - 8 60 

-1 -16 - 8 60 108 

Hence we-see that for a? = + 1, f(x) = 108, and +1 is not a root of f(x) = d 
Trying x= — 1, we have 

1 -2 -15 +8 +68 +48 1 -1 

-1 3 12 -20 -48 



-3 -12 20 48 

Tlius we see that for a; = — l,f(x) = 0, and hence that — 1 is a root of our equa* 
tion. 
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We might now diyide /(or) by x+1 (231) and reduce the degree of the equ*- 
tioii by unitj. But it will be more expeditioue to proceed with our trial. Let 
ufl therefore evaluate /(a;) for x=z +2. Thus : 

1 _2 -15 +8 +08 +48 [ +2 

2 -30 -44 +48 



-15 -22 24 96 

Hence for «= +2, /(ar)=r96, and +2 is not a root. Trying a?=— 2, we hare 

1 -2 -15 +8 +08 +48 [ -2 

-2 8 14 -44 -48 



-4-7 22 24 

Hence for a?=— 2,/(a;)=0, and —2 is a root. Trying aj=+3, we have 

1 -2 -15 +8 +08 +48 I +3 

8 3 -30 -84 -48 



1 -12 -28 -10 

Hence for «=+8, /(«)=0, and +3 is a root. Trying «=— 3, we liave 

1 -2 -15 +8 +08 + 48 1 .-3 

-3 15 -24 -132 



-5 8 44-84 

Henee for aj=s— 3,/(ar)=— 84, and —3 is not a root. Trying x=4, we hare 

1 -2 -15 +8 +08 +48 I 4* 

4 8-28-80 -48 



2 - 7 -20 -12 

Hence for aj=4,/(a?)=0, and 4 is a root. 

We liave now found four of the roots, viz., —1,-2, 3, and 4. Their product 
with their signs dianged is 24. Hence, by (230) 48+24=2 is the other root 
with its sign changed, t. e. there are ttoo roots —2. 

That our equation had equal roots could have been ascertained by the princi- 
ple in (2d2) ; but as the process of finding the H. C. D. is tedious, it is generally 
best to avoid it in practice. 

2 to 12. Find the roots of the following : 

(2.) a^- a:* - 39a^ + 24a: + 180 = 0; 
(3.) a:" + 5a;» — 9a; - 45 = ; 
(4.) a;» + 2a:* - 23a; - 60 = ; 
(5.) a;* - 3a:* - 14a;» + 48a; - 32 = ; 
(6.) a:» - 8a;* + 13a: - 6 = ; 

• 

* Of course \t l» not nececHary to retain the + sign, as we have done in the pr Tcdin^ opera- 
HoQs: it has been done simply for emphasis. 
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(7.) a^-lla;»+ 18a; -8 = 0;* 

(8.) af — Sa^+Qa^-Sx^ — ^x + 2=i0; 

(9.) V - 13a^ + 67a^ - 171ar^ 4- 216a; - 108 = ; 
(10.) a?* - 45a;» - 40a; 4- 84 = ; 
(11.) a;* - 3a;* - Qa;* 4- 21a;» - 10a; + 24 = 0; 
(12.) a;« - 7a;» + lla^ - Ta;* 4- 14a;« - 28a; 4- 40 = 0. 

13 to 20. Apply the process for finding equal roots (242, 243) to 
the following : 

(13.) a;* 4- 8a? 4- 20a; 4- 16 = ; 
; (14.) a? -V- 8a; 4- 12 = ; 
(15.) a;»- 6a;»- 8a; 4- 48 = 0; 
(16.) a;* - 11a;" 4- 18a; - 8 = ; K^/ 
(17.) a;* 4- 13a;» 4- 33a;« 4- 31a; 4- 10 = ; 
(18.) a;* - 13af* 4- 67a;» - 171a;« 4- 216a; - 108 = ; 
(19.) a;* 4- 3a;» - ea;* - 6a;» 4- 9a;» 4- 3a; - 4 = ; 
(20.) a;* + 5a;« 4- 6a;»- Qa^-- 15ar»- 3a:* 4- 8a; 4- 4 = 0. (See 243.) 

21 to 27. Having fonnd all but two of the roots of each of the fol- 
lowing by (248), reduce the equation to a quadratic by (231), and 
from this quadratic find the remaining roots : 

(21.) a;»-6a;»4-lQa;-8 = 0; 

(22.) a^ - 4a;» - 8a; 4- 32 = ; 

(23.) a;»-3a;»4-a54-2 = 0; 

(24.) a^ - 6a;» 4- 24a; - 16 =* 0; 

(25.) a^ --,l2a'-=t..5aElzi84a;..4: 49 = 0;^- 

^ (26.) a?* - 9a;» 4- 17a;* + 27a; - 60 = ; 

' (27.) a;» - 4a;* - 16a;» 4- 112a;" - 208a; 4- 128 = 0. 



28 to 34 Apply the processes of (228) to reduce the following to 
the form of 4- -4af 4- Baf^* 4- C&*~* - - - - L == 0, before searching 
for roots : 

(28.) 2a;'-3a;»4.2a;~3 = 0;J ^ 

■ ■ ■ ■ ■ . ■ I 11 I ■ I . , - I — . ... 

* In order to apply the process of evaluation, the coefficients of the mlsaiiig powen most be; 
aapplied. Thus we have 1+0- It +18-8. •" 

t Apply the method for finding eqaia roots. The method of trial baaed upon (930) as applied 
by (24S) is Hkely to lead to mach unnecessary work when there are several equal roots, and all 
the others incommensurable. 

t We have «•»- ^a?2+ x-^^O, Put «=|, whence Ij-jpy* + ■^y-j|=0,ory3- -j V* + *'y 

8ft3 

— s- = 0. If now k=2, we have y> -3yS44y-12=0, which can be solved as before, for one value 

of y, and the equation then reduced to a quadratic and solved for the other yalues. Finally. 
Kmemberfngthat sr= - y, we have the values of « required. 
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(29.) ^of ^%a? - 605 + 4 = 0; ^ 
(30.) 8a;" - 26a;" + 11a; + 10 = 0; '^ 

(31.) a^ — la; + A = ^ > (Look out for equal roots.) ^ 
(32.) a^ — 6a:» + ^7? - 3a; + 4^ = ; ' 

(33.) X = 19a;-' + j/l - ^ - 403a;-*; ^ 

(34.) i/a;«-3aj + 22-^ = 2(a; + l)i 1. - 

;?^0. By means of the property exhibited in {23S) produce the 
equations whose roots are given in the following examples :. 



1. Roots 1^ —3, 4. 

2. Roots V2, — V2, —1, 3. 

3. Roots 1, 2, 2, —3, 4. 

4. Roots -3, 2 + V^, 2-V^. 

5. Roots 3, —2, —2, —2, 1. 

6. Roots 1, 1^, — |. 

7. Roots l=fcV^, 2±Vi:3. 



8. Roots 1^, 2, Vs", — V3. 

9. Roots V^, — V'^, VS, 

-Vs. 

10. Roots 10, -13, I, 1. 

11. Roots 3-2 V3, 3+2V3; 

2-3^/^, 2+3\/^, 1, 
-1. 



SECTION II. 

SOLUTION OP NUMERICAL HIGHER EQUATIONS HAVINa REAL, 
INCOMMENSURABLE, OR IRRATIONAL ROOTS. 



2S1. As all equations having real roots have real coefficients* 
(237)9 and as all such can be reduced to the form af 4- -4af' * 
+ 5af "• + Caf-' - - - - i = 0, which we represent by f{x) = 
(229), we shall consider this as the typical form. Moreover, since, 
if an equation of this character has equal roots, they can be deter- 
mined by {242, 243)9 and the degree of the equation depressed 
by (231), we need only to consider the case in which /(a:) = has 
no equal roots. 

• This Is evident from the Ikct that /ix)=Qe~a) (pe-b) (x^e) (a;-n)=0. In which if 

•» 6, «, --••»«« real, no imaginary quantity will be found in the product of the binomisla 
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2S2. The best general method of approximating the real, incom- 
mensurable roots of such equations, is: 

1st. To find the number and situation of such roots by Sturm's 
Theorem and the method based on it. 

2d. Having found the first figure or figures of such a root by 
Sturm's method, to carry forward the approximation to any re- 
quired degree of accuracy by HorisTBr's method of approxima- 
tion. 

These methods we will now proceed to develop. 



Sturm's Theorem and Method. 

2S30 Sturm^s OTheorem is a theorem by means of which we 
are enabled to find the numier and situation of the real roots of any 
numerical equation with a single unknown quantity, real and 
rational coefficients, and without equal roots. '*' 

III. — Thus, if we have the equation «'—7aj 4-7 = 0, Sturm's Theorem 
enables us to determine that it has three real roots, t. e., that all its roots are 
real. It also enables us to ascertain that one root lies between 1.8 and 1.4, 
another between 1.6 and 1.7, and the third between —3 and —4. Hence it shows 
VLB that the roots are 1.3+> 1.6+, and —3. with a decimal fraction. 

254. ScH. — Of course it follows from the above that if the equation has 
commensurable {227) roots, Sturm's Theorem will enable us to find them, 
or even when the roots are tiot commensurable, it will enable us to find any 
number of initial figures. Thus in the equation a;'— 7aj 4- 7 = 0, we might 
by Sturm's Theorem find that the first root is 1. 85689 -h; but it would be 
too tedious an operation to be of any practical utility, as will appear hereaf- 
ter. We use this theorem only to find one or two of the initial figures, or, 
enough of the figures to enable us to distinguish between (separate) the roots. 
Thus, if we had an equation /(a?) = 0, of which two roots were 2.856873-1- and 
2.3569564, we might use Sturm's Theorem to find the first five figures of each 
root, i. «., to distinguish between (separate) the roots; but this is not the 
best practical method, as will appear hereafter. 

2SS. The Sturmian Functions of f{x) = (which has 
no equal roots) are functions obtained by treating f{x) and its first 
differential coefficient f'{x), as in the process of finding their H. C. 
D., except that in the process we must not multiply or divide by a 
negative quantity, and the signs of the several remainders must be 

^ If the equation which we wish to solve has equal roots, they can be discovered by 
0^49$ 943U and the degree of the equation reduced by division. 






■.M 
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changed before they are ased as divisors. Thew remainders with 
their signs change^ are the Sturmian Functions.* 

III.— Let the equation f(x) sObe^'— 4b'— « + 4 = 0. The first difleTentiAl 
coefficient of »' — 4a?« — aj + 4ifl8aj*— 8a; — 1. Dividing «•— 4a?«— a;4-4 by 
Sx*^ Sz^l, first moltipljing the former by 8 to avoid fractions,! exactly u in 
the process of finding the H. G. D., we find the first remainder of lower degree 
than oar divisor to be — like + 16. Hence 199 — 16 is the first Sturmian Fwm- 
<umof9' — 4v' — a; + 4. Again, dividing ar'— ftv + l by Iftc — 16 (introdadng 
sach constant factors as necessary), we find the next remainder to be — 2Q25. 
Hence 9025 is the second Sturmian Funetion of «'— 4^* — a; + 4. 

2S6m NotatioUm — As the function which constitutes the first 
member of our equation is represented by f(x), and its first differ- 
ential coefficient by f'{x)^ we shall represent the Sturmian Func- 
tions by f\{x)i f%{x)y fz(x)y eta, read "/sub 1 function of a;/' ^'/sub 
2 function of x^ etc, or simply ** function sub 1," " function sub 2," 
etc. 

2S7m In any series of quantities' distinguished as + and — , a 
succession of two like signs is called a Permanence of signs, and a 
succession of two unlike signs a Variation. 

III.— In the function a;* — to* — 2«* -f «'+ «• + 6aj — 4, the signs of the tenns 
are 

+ - — -f + -4- -. 

The first and second constitute a variation; the second and third a permir 
nence ; the third and fourth a variation ; the fourth and fifth a permanence; the 
fifth and sixth a permanence ; and the sixth and seventh a variation. Thus, in 
this case, there are three permanences and three variations of signs. 

So also if we have 

f{x) = «•-?«*+ 13»»+ «•- 16« + 4, 
f\x) = 5»*- 28sr»4- 80sp«+ aa? - 16, 
/,(«) = 11«»- 48a?«-f 51aj + 2, 
/,(a;) = aB«-8aj4-4, 
/,(a;) = «-2, 

/4W=0. 

For « = 0, f{x) = +4, or f(x) is -f ; /'(«) is - ; /,(«) is + ; /,(a?)is +; 
fti^) is — ; and f^^x) being 0, its sign is not considered. Hence the series of 
signs of these functions, for a; = 0, is + — + + — ; and has three variations 
and one permanence. 

* I have thought it bevt not to inclnde f{x) and /'(a;) under the term Sturmian FnncUoni. 
There seems to be no propriety in inclnding them, Inasmach aa they are not peeuiUar to 
8tnrm*s method ; and by excluding them an important distinction is marked. 

t We Introduce or reject constant flKtors, Just as in finding the H. C. D., only we may not 
introduce or reject negative factors, since the eigne are an essential thing in these fnnctioni, tod 
to multiply or divide by a negative number would change the signs of the fiinctions. 
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For « = 1, we find /(ar), -;/'(«). -l-;/i (a?), + ;/,(«),-; and/,(a?),-; the 
Beriea of signs being — + H . This gives two yariations and two per- 
manences. 



2S8. Prop.— In tTie series of functions f (x), f (x), f,(x), fs(x), 
f,(x), f4(x), i^{j) - - - - fn(x), whsn f (x) = 0. has no equal roots, if 
X be conceived to pass through all possible real values, that is, to vary 
eontinuouslt/, fi'om — oo to +00 , there wUl be no change in the number 
of variations and permanences in the signs of the functions, except 
when X passes through a root of f{x) =zO ; and when it does pass 
through such a root, there wiU be a loss of one variation, and (mly 
one.* 

Dem. — 1st. Any change in x which does not cause some one of the functions 
to vanish, cannot cause any change in the signs of the functions ; for no function 
can change its sign without passing through or oo , and from the form of the 
functions which we are considering, they cannot be oo for any finite value of x. 
(These functions are all of the form -4flj" + 5aj*-' + Cx*-* L,) 

2d. No two conseeutwe functions can wmish, 1. e., heeome 0, for the same valtie 
ofn. For, in. the process of producing the Sturmian functions from /(a;) and 
/'(«), let the several quotients be represented by g, 5^, y", g"', f^^ etc. ; whenoe« 
by the principles of division, we have 

f(^)-=r(x)q -/»(iC), (1) 

/'(.T)=/,(aj)^ -/«W, (2) 

fM^Mx)^' -U^\ (8) 

/tW =/3(ajV"~/4W, (4) 

A{x)=fA(x)q'^-'fB{xh (5) 

etc., etc., etc. 

Now, if possible, suppose that some value of x,t^x = a, renders two consecutive 
functions, as ft(x) and f^ix) each ; that is, that they vanish simultaneously. 
Then, since from (4) we have f^(x) =/3(«)g'"--/f(a;), /iCa?) = 0. So, also, from 
(5), faix) =/4(a?)g*^— /3(«), and f^{x) = 0. Thus, as a consequence of the simul- 
taneous vanishing of any two consecutive functions, we could show that all the 
functions would vanish. But as, by hypothesis, f{x) and f'{x) have no common 
divisor containing x, the last remainder found by the process of finding the 
H. C. D. cannot contain x, and hence cannot vanish for any value of x. It is 
therefore impossible that any two consecutive functions of the series should 
vanish for the same value of x (t. e., simultaneously). 

8d. When any one of the functions, except f (x), taniehesfor a particular value 

* This is the substance, thongh not the exact form, of the celebrated theorem discovered by 
M. SrtTRii in 1889, and for which he received the mathematical prize of the French^cademy of 
Sciences in 1834. It is certainly one of the most elegant discoveries in algebraic analysis made 
in modem times. It is a masterpiece of logic, and a monument to the sagacity of Its discoverer. 
TlM original memoir containing this theorem is found in the ^'M^moires pr6tent6s par divert 
savanU i TAcad^mle det Sciences,** Tom. VI., 1815. 
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of X, t?ie adjacent funetiant have opposite iigni for ihUwdue. Thus, if /,(a;) is 
for x=zb,we have, from (4),/«W = —f^(x), i. e., the adjacent functions, neMhet 
of which can vanish for tluB value (2d), have opposite signs. 

4th. When any value of T,aeT = c, causes any function except f (x) to vanish, 
the number of variations and permanences of the signs of the functions is the same 
for the preceding and the succeeding values of x, i. e.,for x = c — h and x = c 4- h, 
h being an infinitesimal. Thus, let a; = render /3(:c) = ; then, since the adja- 
cent functions have opposite signs for this value of x, we have either +ft{x), 0, 
— /4(«)» or —ftix), 0, +/4(«)f ». «., -f , 0, —, or — , 0, + (3d). Again, as neither 
of these adjacent functions vanishes for x=sc (2d), neither of them can change 
sign as x passes through e (1st). But fj^x) may or may not change sign as z 
passes through e i/^44) ; hence its signs may be :^, =, i: , or T , the upper sign 
representing the sign otf^{x) just before x reaches c, and the lower its sign just 
after it passes, i. e., for a; =r o — A, and a; = + A, respectively. Hence all the 
clianges in signs which can occur are represented thus: + 4^ — , + = — , 
4- ± — , -h T —,— + +,— = +,— ± +, and ~ T +. These takenin 
any way give simply one permanence and one variation. Hence there can he fu> 
change in the number of variations and permanences of the signs of the functions, 
consequent upon the vanisliing of any intermediate function. 

5th. We are now to examine what changes, if any, are produced in the nnm- 
ber of variations and permanences by the vanishing of an extreme function. 
And in the first place we repeat that the last function cannot vanish for any 
value of X, as it does not contain x. We have then to examine only the case in 
which /(a;) vanishes, t. e., when x passes through any root of f(x) = 0. Fw thia 
purpose let us develop /(a; -h h) by Taylor's Formula, considering h an infinitesi- 
mal. Thus, 

f{x + h) =/(a?) +f\x)h +/"Wy +/"» ^ + etc. 

Now let r be any root of f{x) = 0, and substitute in this development r for a;; 
whence 

/(r + A) =/(r) +/'(rVl +/"(r) ~ + f"\r) ^ + etc 

As r is a root of f{x) = 0, f{ry= ; and as h is an infinitesimal, the terms con- 
taining its higher powers may be dropped (131, and foot-note). Thus we have 
f(r + h) = f'(r)h. Hence, as A is +, we see that f{r -f h), that is the function 
just after x passes a root, has the same sign as /'(r), t. e, f\x) when a; is at a 
root. But as f'{x) does not vanish when aj = r(2d), f\r — h), f\r), and 
f'(r -h h) have the same signs.* Again, since, by hypothesis, f(x) = has no 
equal roots, it changes sign when x passes through a root (244-), i. e,, f(r ^ h) 
and f{r + h) have different signs. Thus, as /(a?) and f'{x) have like signs just 
after x has passed a root, and /(a;) changes sign in passing, while f'{x) does not, 
these functions have unlike signs just before x reaches a root,f and what was a 
variation in signs becomes a permanence ; that is, a variation is lost. 

* That is, the lint differential coefficient of /(«) does not change sign when x passes throogfa 
aiootof /(a?)=sO. ■• - 

t From this we see that the roots of /'(a;)sO are intermediate between those of f{xy^(K 
since if a, 6, and c are roots of /(x)sO, In the order of their magnitudes, just before x reaches I 
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Fmallj, as we have before shown that as x passes through all values from 

— 00 to +00, there can be no change in any of the functions except f{x) which 
will affect the number of variations and permanences in the signs of the func- 
tions, there is only one variation lost when x passes through any root of f{^)—0. 

2S9m Cor. 1. — To ascertain the number of real roots of the equa- 
tion f (x) = 0, we substitute in f (x), f '(x), f,(x), f,(x) - - - - f„(x*»),* 

— cx) for X, and 7iote the number of variations of signs. Then sub- 
stitute 4- 00 for X, and note the number of variations, TTie excess 
of the number of variations in the former case over thctt in the latter 
indicates the number of real roots of the eqwUion. 

This is a direct consequence of the proposition, since ^ x increases from — oo , 
there is no change in the number of variations of the signs of the functions ex- 
cept when X passes through a root ; and every time that it does pass through a 
root one variation is }ost, and only one. But in passing from — oo to + 00 , x 
passes through all real values. Hence the excess of the number of variations 
for « r= -. 00 over the number for a; = + 00 is equal to the total number of 
real roots. 

260» Cor. 2. — To ascertain how many real roots of f (x) = lie 
between any two numbers as a and b, substitute the less of the two 
numbers in f(x), f (x), fi(x), fi{x), etc,, and note the number of vari- 
ations of signs. Then substitute the greater and note the number of 
variations. The excess of the number of variations in the form^ 
case over that in the latter indicates the number of real roots between 
the numbers a and b. 

This appears from the proposition in the same manner as Con. 1. 

26 1» ScH. — Since the total number of roots of an equation corresponds 
to the degree of the equation (234), if we ascertain as above the number of 
real roots in any given equation, the number of imaginary roots is known by 
implication. 

262m JProbm — To compute the numerical values of f (x), f '(x), 
f,(x), fs(x), etc, i.e., of any function of x for any particidar value 
of X, when the function is of the form Ax» + Bx""* + Cx""' 
+ Dx-« P. 

Solution. — Of course this can be done by merely substituting the proposed 
value of X in the function. But there is a more elegant and expeditious way, 
which we proceed to exhibit. 

root a, /(a?) and /'(a?) have different sigiiB, and just qft&r, they have like signs. But just before 
X reaches b^ /(x) and /'(x) have unlike signs, and as fix) cannot have changed sign, the sign 
of f'ix) must have changed ; i. «., a; must have passed through a root of f'(ps)=0, in passing 
ttom atob. In like manner it may be shown that a root of /'(a?) lies between each two coa- 
iecutive roots of /(a;)=0. This makes /'(a;)=0 have one root less than /(«)=0, as it should. 

• By this notation is meant the nth or last of the Sturmian ftmctions, in which x does not 
appear ; or, what is the same thing, that in which the exponent of a; is 0. 
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Thus, let it be required to evaluate uld^ + Ba;^+Gb;'+l%i;'+iSi; + ^ for 
x^a. Multiply A by a and add the product to B. Multiply this sum by a 
and add the product to 0. Multiply this sum by a and add the product to IK 
Continue this operation till all the coefficients hare been involved and the abso- 
lute term added. The last sum is the value of the function when a is substi- 
tuted for x, as will appear from considering the following : 



A 




a 




Aa + B 




a 




Aa* + jBflU- 0' 




a 




Aa* + Ba* + O* + D 




a 


Aa^ + jBa* + Ca* 


-^Da-^B 




a 



Aa* + Ba^ 4- Oa* + Da* -{- Ea-k-F. 
This is evidently the value of the function when a is substituted for x, 

N. B. — 1. If the function is not complete, i. e., if it lacks any of the succes- 
sive powers of x, care must be taken to supply the lacking coefficients with 0*8. 
Thus the coefficients of x* — 2x* + 5 are to be considered as 1, 0, — 2, 0, and 
5 (which may be called the coefficient of x^), 

2. When the numbers involved are small the operation can be performed 
mentally. 

Ex. 1. Evaluate 2572:* - 3122;* + 1553a; - 6247866 for x = 342. 

OFBSATIOH. 
257 

842 

514 
1028 
771 

87894 
- 812 

87582 
842 

175164 
850828 
262746 

20958044 
1558 

29054597 
8^ 

59909194 
119818888 
89863791 



10244472174 
- 5247865 



10289224809 The value required. 
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f 

Ex. 2. Evaluate a^ — 3a:" + 5a; — 20 for a? = 2, performing the 
operation mentally. 

Examples op the Use op Sturm's Method. 

1. Find the number and situation of the real roots of a:^ — 4a:* 
— 6a; + 8 = 0, 

SuG's. — If the student has attended carefully to what precedes, he will have- 
no difficulty in determining that 

/(a?) = «' — 4fl}* — 6« + S; 
/'(aj) = aB*-8»-6; 
/,(«) = 17»-12; 
and /,(««) = 1467. 

Now, for a? = — 00 , we have /(a;) — , f\x) +, /,(«) — , and /i(a?") +; i. «.,tha 
signs of the functions are h ~ +' There are therefore three variations. 

Again, when a; = + <x> > the signs are + + + +> giving no variations. Hence 
the number of real roots is 3 — = 3 ; t. 6., they are all reaL 

To find the dttuxHan (f these roots we observe that for a; = 0, the signs of the 

functions are H \-, giving two variations, or one less than — ou gives. 

Hence thera is one root between — oo and ; t. e,, one negative root. The other 
two must of course be positive. We will first seek the situation of this negative 
root. Evaluate by (^6;^). 

For « = 0, the signs of the functions are -| h. 

" a? = - 1, - " " " "+ + -+. 

" a? = - 2, " •' " " " - + — +.* 

Hence, as one variation is lost when x passes from — 2 to — 1, there is one root 
between — 1 and -- 2 ; t. e,, the negative root is — 1 and a fraction. 

In like manner seeking the situation of the positive roots, evaluating the 
functions by (262), we have 

For a; = 0, the signs H h', 2 variations. 

•• a; = 1, " " + +, 1 

« a; = 2, " " h +, 1 

« « = 8, " " h +, 1 

« a? = 4, •' " _ 4- 4- +, 1 

" a? = 5, " " + + -I- +, 



* The evalnatibn of these fonctions is most elegantly and ezpedltionsly effected by (96 jSO. 
ThoB for x= -3 we have 

I -4 -6 +8 |_j-!l 8 - 8 -6 |_-« 

-3 13 -13 - 6 38 

-6 6 - 4=/(aj) -14 38=:/'0c) 

When the valne of x for which we are evalnatinf? is small, and the coefficients also small, this 
process can be carried on mentally without writing, and should be so doneu 
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« 

Therefore, as on^ vui^tion in lost when x passes from to 1, there is one root 
between and 1, ». f ., an incommensnrable dedmal. Again, one variation is lost 
when X passes from 4 to 5 ; hence the other root lies between 4 and 5, or is 4 
and an inoommensurable dedmaL 

263. ScH. 2. — It is usually unnecessary to find fn(x°) (the last of the 
Sturmian functions), since its sign, which is all that is important, can be 
determined by inspection from the next to the last function and the pre- 
ceding divisor. Thus, if we were to divide dx*+22x — 103 by 122a; — 393, 
first multiplying the former by 122, it would be clear that the remainder 

would be — , without going through the operation. Hence f»(x^) would 
be +. 

2 to 7. Find the number and situation of the real roots of the 
following : 

(2.) a:* 4- 6a:* + 10a; — 1 = 0; (5.) a;" — 2a^ + a? — 8a; + 6 = 0; 
(3.) a:» — Ba;* + 8a; + 40 = 0; (6.) a^ — 4:a;»4-a;* + 6a; + 2 = 0; 
(4.) a^-4a;»-3a; + 23 = 0; (7.) a^ + 2a:» + 17a;"-20a; + 100 = 0. 

264, ScH. 8. — ^In case the equation has epud roots, we shall detect them 
in the process of producing the Sturmian functions, since in such a case the 
division will become exact at some stage of the process, and the last Stur* 
mian function will be 0. Having thus discovered that the equation has 
equal roots, we might divide out the factors containing them, and then ope- 
rate on the depressed equation as above for the unequal roots. But it is 
not necessary to depress the degree of the equation, since the several Stur- 
mian functions will have the same variations of signs in either case for aay 
particular value of x. This arises from the fact that the common divisor of 
f{x) and f\x), which contains the equal roots, is a factor of each of the 
Sturmian functions, and hence its presence or absence will not affect their 
signs for any particular value of je if the common factor is + for this value, 
and will change the signs of oZ^ if it is — ; but in either case the variations 
of signs will not be affected. 

8. Find the number and situation of the unequal real roots of 
a;" — 6a;* 4- 7a;' + 22a;* — 60a; 4- 40 = 0, without depressing the equa- 
tion. 

Sug's. — ^Forming the required functions, we have 

f{x) = aj« — ftp* + 7«» 4- 22aj* — 60aj -f 40; 
/'(«) = 5** - 24flj» + 21aj« 4- 44iJ - 60; 
/i(a;) = 87aj» - 22Sx* + 468aj - 820; 
f2{x) = x*--4x + A; 

MX) = 0. 

Now /tCa?) is a factor bf /(«), /'(«), and f\{x), and removing it from aU, we 
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sliall liave the following functions, which may be used instead of the Stunnian 
functions derived from the depressed equation : 

f(x) = «* — 2aj« — fite -f 10; 
/'(a5) = 5a?*-4aj-16; 
/i(a?) = 37«-80; 
Mx) = 1. 

Hence, since the siffns of these two sets of functions evaluated for any particular 
value of X will be the same, either set may be used at pleasure. 

Thus either set gives 

For 25= — 00, — H H; 

and for a? = + 00, -f 4. + 4.. 

Therefore there are two uneqtuU real roots of /(a;) = ; and from the existence 
of the factor (x --2)' in /(a;) and /'(a;), we know that there are three equal roots, 
each 2. 

The situation of the unequal roots can now be found as before. 

9 to 12. Find the number and sitaation of the real roots of the 
following : 

(9.) af^7a^-hlSa?+ 11a;* - 66a? + 72 = 0; 

(10.) ic» - 18a;» - 28a;* + 24a; + 48 = 0; 

(11.) a?* - 4ar» + «» + 20a; + 13 = 0; 

(12.) a;» - lOa;* + 6a; + i = 0. 

26S, ScH. 4. — Elegant as the method of Sturm is, and perfectly as it 
accomplishes its object, the labor of producing the functions required and 
evaluating them, especially when the roots are large and widely separated, 
is so great as to deter us from its use when less laborious methods will serve 
the purpose. In a great nu^orUy of practical caees in which there are no equal 
roots, the principle that f (x) changes sign when z passes tJmyugh a root of f (x) = 
vnJH eruMe us to destermine the situation qf the roots viithfar less labor than StumCs 
Theorem, Often a simple inspection of the equation will determine the near 
value of a root. Methods are usually given for ascertaining the limits (as 
they are improperly called) of the roots of an equation, from the coefficients. 
But these are of little practical value.* 



* For example, the two foUowlsg, which are most frequently given : 

1. In any tquaiUm the grtaUtt negative co^ffident 9ri^ Ueeiffnehanged andincreaeed by VMUy 
ia a 8UPBB10B LIMIT qf the roote. 

2. Bi any equation unity added to that root cf the greatest negative eo^gleUnt with ite tign 
changed, tohoee index is equal to the difference qf the exponente <if iheJfrH term^ and the fret nega- 
tive term is a bitpibiob limit. 

Now consider the'eqnatlon x* 4- sr* -500=0. By the first rule the superior limit of a root Is 

BOl, and by the second >/500+ 1, or 98 + . Now the ftct is, the greatest root is 7.6 + . Again, by 
1, the superior Umit of the roots of «> -8a;* -4B«-7S«0 is 18 ; and by 2 it is the same. But the 
greatest root is 9. . 
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13. Find by inspection, and also by Stonn's method, the situation 
of the roots of the equation a;* + a^ — 600 = 0. 

8uG*8. — Let the student applj Stumi's method. The followhig \b a eolntioa 
by inspection : 

Since x = V500 — «•, there is a + root lees than 1^500, or lees than 8. Now, 
trying 7, we haye 

1+10 -600 |_7 

7 66 802 

"i 66 -108, ».«., /(a?) to-. 

Trying 8, 1+10 -500 L8 

8 73 676 

"T TO ~7i, is., /(»)Ui+. 
There to therefore a root between 7 and 8. 



Also from the relation x = VSOO—x^, or from the operations above, we see 
that there to no other positive root ; since f(x) evaluated for an j positive quan- 
tity less than 7 would certainly be — , and for anything greater than 8, +• 

Finally, that there can be no negative root to evident, since 1^500— «* cannot 

be negative until x* > 600, but then y 600— a;* < V— ^, and V—x* to always 

< x. Hence for x negative we can never have x = V^600 — x*. Therefore 
our equation has one real and two imaginary roots. 

NoTK. — ^The advantage of thto method of inspection over Sturm's method, in 
thto case, will not be f uUy seen unless the student observes that all thto can be 
done mentally, without writing a single figure. 

14 Find by inspection, and also by Stunn's method, the number 
and situation of the real roots of a;* + re* + a; — 100 = 0. 

Sue's. — ^A mere glance should show that there can be but one positive root, 
and that that to less than 6. In like manner writing a;' — iB' + a; + 100 = 0, or 
a;' + « + 100 = a;', we see that no positive value of x can sattofy the equation ; 
for when x to less than 1, of course the first member to greater than the second, 
and when x is greater than 1, x* itself to greater than «'. 

15. Find, by inspecting the changes of sign of f{x) for varying 
values of Xy the situation of the roots of a^ — 3rB — 1 = 0, and also 
by Sturm's method. 

16. Find by inspection the situation of the roots' of a:* — 22a; 
- 24 = 0. 

Sua'8.--Writing a<«' — 22) = 24, we see that any positive value of x which 
sattofies thto must make x* > 22, that is, must be greater than 4. But 6 makes 
2<;z;*— 22)=rl5, and 6 makes it 84. Moreover, it to evident that no nnmber 
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greater than 6 will satisfy the equation. Seeking for negative roots, we write 
sc'- 22aj + 24 = ; and then aj(aj*- 22) = - 24. To satisfy this, x* must be less 
than 22,oraj<5. For « = 0, f{x) is +; for a? = l,/(a;) is +; for a? = 2, /(a?) 
is — . Hence a root of the given equation between — 1 and — 2. Finally, for 
« = 3, fix) is -^; but for « = 4, f(x) = 0. Hence a root of the given equation 
is —4. 

17. Determine the situation of the roots of sf-^ 10a;' + 6a; + 1 = 0, 
by examining the changes of sign of f{x). 

SuG'8.— For a? = 0, f(x) is +; for « = 1, f{x) is -; for « = 2, f(x) is -; for 
^ = 3, f{x)iB — ; for a? = 4, f(x) is +; and will evidently remain +, as s ad- 
vances beyond 4. This is seen from the following : 

1 -10 +6 +1 I 4 
4 16 24 +96 408 

"1 ~6 24 Ice m 

Now any x>ositive number greater than 4 would destroy the -~10 in this pro- 
cess, and give the sum at that point greater than 6, and hence the aggregate 
would rapidly increase. Thus notice, when 8 is substituted, we have 

1 -10 +6 +1 \^ 
3 9-3-9 -9 

's ~1 ~Z 1i I^ 

Kow 8 is not large enough to destroy the —10 ; but every number larger than 
4 will destroy it. 

To examine for negative roots we write a?* — lOsc' + 6« — 1 = 0. In this, ior 
aj = 0, /(a?) is — ; for aj=l, /(a?) is — ; for aj = 2, /(a?) is — ; for aj = 8, /(a?)ia 
— ; but for x = 4, and all numbers greater than 4,/(a;) is +. 

We have now found that there are certainly three roots between — 4 and 
H- 4, and none beyond these limits either way. But it is not sttfe to conclude that 
the other two roots a/re imaginary. The fact is, they are not. How, then, are we 
to find them ? Sturm's method is thought to possess particular advantage in 
saving us from such erroneous conclusions, and enabling us to find the situation 
of aU the real roots with infallible certainty. And certainly it does do this ; but 
let us see if we cannot do it, in this instance at least, as readily without that 
method. It will be observed that we know only that — 8 is the initial figure 
of one root, and + 8 of another. The initial digit of the root between 
and + 1 we have not found. Let us seek il For a; = 0, f(x) is + ; and 
by trying aj = .1, aj = .2, we should at once see that /(a;) changes very slowly, 
and as when a? = 1, f{x) is only — 2, we should be led to try numbers near 1. 
Trying x =.8, we would find that f(x) is +, and for x =.9,/(«) is — . Hence .8 
is the initial figure of the root lying between and + 1. 

We now know the initial figures of three of the roots. But where are the 
other two roots ? If they are real we know that they lie between — 4 and + 4, 
as we have seen above that no root can lie beyond these limits. Moreover, as 
the function changes value rapidly beyond 1, and slowly between — 1 and 1, it 
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would naturaUj be soggeeted that there may be two changeB of sign between 
and + 1, OP and — 1. Evaloating f{x)z=iB^ — lOc* + to + 1 for .1, .2, .8, etc., 
we soon see that it will not change sign for values of x between and + 1. 
Evaluating /(a?) = «• — lOoj* + te — 1 for .1, 2, .3, etc., we find that the other 
loots are between and — 1, and that their initial digits are —.1 and —.6. 

18 to 23. Find by inspection, by the change in sign of f{x), or by 
Sturm's method, the number and situation of the real roots of the 
following : 

(18.) a^-3a^-4a;-hll = 0; 

(19.) a^-2a;-6 = 0; 

(20.) a^ - 4a;» - 3a; + 23 = 0; 

(21.) «» + lliT* - 102a; + 181 = ; 

(22.) a;" -17a;* -h 54a; = 350 ; 

(23.) a;" + 2a;' + 3a; - 13089030 = 0.* 

266 » ScH. 5. — ^If we have an equation in which, when cleared of frac- 
tions, the coefficient of the highest power of a; is not unity, it may be trans- 
formed by (228) into one having such coefficient. But this is not necessary 
in order to the application of Sturm^s method^ otitis not required by anything in 
the demonstration of that theorem that the coefficients should be integral. 

24 to 31. Find by Sturm's method the number and situation of 
the real roots of the following : 

(24.) 2a;»-h 3a;»- 4a? - 10 = ; (28.) 3a?*- 4a;»+ 2a; - 1000 = 0; 

(25.) a;"- 18^a; + ^^^ = ; f (29.) 7a;»- 83a; + 187 = ; 

(26.) 8a;»- 36a;* + 46a; - 15 = ; (30.) a;*- l^a;»- Ifa; = 440 ; 

(27.) 4a;»- 12a^+ 11a; - 3 = ; (31.) a;»- |a;»~ fa; = 312. 



Hobxeb's Method of SoLurioisr.t 

26V • Horner's method of solving numerical equations is a method 
of finding the incommensurable roots of such equations to any re- 



* Obsenre that neglecting the terms 2a^ + Sa;, which, since x is laige, are small as compared 
with a^, we have arSsiaoeoOSO, or x Ues between 900 and 800 probably. 

t Clear of f racdons first. 

t Among the many methods discovered, and doubtless to be discovered, for this purpose, it 
is scarcely possible that Homer*s shonld be superseded, since the solution of such an equation 
will certainly require the extraction of a root corresponding to the degree of the equation ; and 
the labor required by Homer's method Is not greater than that required to extract this root. 
Nor la this merely a method of approxhnatlon, except as any method for incommenturable roots 
is necessarily a method of approximation. If the root can be expressed exactly in the decimal 
"^Sl^w'^^' ^^ ™®*°* °' * repeating decimal, this process effects It. The method was first 
published by W. G. Homer, Esq.. of Bath, England, in 1819, aboat fifteen yean beft)re StiUBi*« 
Theorem was pnblished. 
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quired degree of approximate accuracy. It is based upon the two 
following problems and proposition : 

268» JProb. — To transform an equation^ as f (x) = 0, into another 
whose roots shaR be a less than those of the given equation. 

Solution. — Let x—a+Xi, whence Xi^x—a, and we have /(aj)=/(a+aJi)=0, 
or 0=/(a + a;i). Developing the lattei by Taylor's Formula, we have 



«1* '. ^,„, v«l' . ^, v«i* 



0=/(a + ajO = /(a) + /'(«)aJi+/»-^ + f"'ifl)^ + /^(«)jj + etc. 



or 



(»f ^1 ^. v»i* 



=/(a) +/'(a>»i +/"{») -^ +/'"(«) Tg- + f^{a) j^ , etc., as the required equa- 
Hon. 

269 » SoH. — ^The meaning of this may be stated thus : Hie absolute term 
of the transformed equation is the value of f{x) when a is substituted for 
x\ the coefficient of the first power of the unknown quantity, «!, in the 
new equation is the first differential coefficient of f{^, when a is substituted for 
X in this coefficient ; the coefficient of the second power oIxiSb ^ the second dif- 
ferential coefficient of f{x\ when a is substituted for x ; etc. 

Ex. — ^From 5a^ — 12a:' + Sa?' + 4a? + 5 = deduce a new equation 
whose roots shall be each less by 2 than the roots of this. 

SOLUTION. 

/(«) = &B* - iaB» + to* + 4aj + 6 =9 =/(«). 

f\x) = 2aB» - 36»' + to + 4 =32 =/'(«). 
f\x) = fiOaj* - 72aj + 6 =102 =/"«. :, if "(a) = 61. 

/'"(») = 1202? - 72 =168 =/'"(»). . •. ]V/'"(a) = 2a 

x=% '— 

f^{x) = 120 =120 =/'^(a). .-. A-f^ia) = 6. 

Hence = 9 + 32aj, + 51aJi*+28a?i'4-5a?,*, or 6a?i*+2a»?+61a?i»4-82aJi+9 = 0, 
is an equation whose roots axe 2 less than the roots of the given equation, 
since o^i = a; — 2. 

^70. JProb. — To compute the numerical values of f (a), f '(a), 
^f "(a), ji-f "'(a)> li-f '^(a), ^c, from f (x), wA^n f (x) has the form 
Ax»-h Bx»-»+ Cx»-»+ Dx»-» P. 

Solution.— Let f{x) = -4**+ 5aj'+ C&*+ i>a? + E\ whence, forming f\x\ 
f\x), f"'(x), and /*^(aj), and suhstituting a for aj, we have 

• The meauing of thii notation is that x is made equal to S in the f onction. whence raaaltt 
the following value. 
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f(a) = Aa^ + Ba^ -f Or' -f Da + Ji7; 
/'(a) = 4ila» + 85a« + 2G» + D; 
i/ '(a) = 6^a« + 8Ba + C; 
,i/"'(a) = 44a + B; 
7i/^(a) = ^. 



Kow, we maj compute theoe atf follows : 
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Examples. 

1. Transform 3a?*— 4a;* + 7a;* 4- 8a;— 12=0 into another equation 
each of whose roots shall be 3 less than the roots of this. 



Solution.— > Arranging the coefficients and proceeding aa in the ahove sola 
tkm, we ha 3 the following : 
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OFBRATION. 

8 -4 +7 +8 -12 |_8_ 

9 15 66 222 

5 22 74 210=:/(3) 
9 42 192 

14 64 266=/'(8) 

-? J9 

23 183 = i/"(3> 
_9 

82 = i4/"'(3). 

Hence the inuiBf onned equation ia 

&ri«+82a;i'+18ai;,'+26ftei +210 = 0. 

2. Transform 3aJ* — 13a:" +7«* — 8a; — 9 = into another equation 
whose roots shall be less by 3 than the roots of this. 

The new equation is 3a?*+23a;»+62a:'+7a;— 78=0.* 

3. Transform «* -h 2a;* — Ga:* — 10a; + 8 = into another equation 
whose roots shall be 2 less than the roots of this. 

PROCESS. 

I +2 -6 -10 +8 IJ^ 

2 4 12 12 4 

2 6 6 ' 2 12 

2 8 28 68 

4 14 84 70 

2 12 J^ 

6 26 86 
2 _16 

8 42 

10 
.*. The equation is 0' + lO!B«+42»>-f 86(8' +700 +12=0. 

4. Transform a?» - 6a?* + 7.4a;» + 7.92a;» - 17.872a;-.79232 = into 
another equation whose roots shall be each less by 1.2 than the roots 
of this. 

5. Transform a;*— 2a:' + 3a; +4=^0 into another equation whose roots 
shall be 1.7 less than the roots of this. 

6. Transform a;*+lla:*— 102a;4-181=0 into another equation whose 
roots shall be 3 less than the roots of this equation : transform the 

* For conyenienoe In reading and writing, it is customary to omit thti sabicrtpts which dis- 
tingniah the nnknown quantity in the transformed equation from that in the given equation. 
But it should be borne in mind that the unknown qnantitiea are different. 



EXPLANATIOK. 
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resulting equation into another whose roots shall be .2 less than the 
roots of the last : transform this equation into another whose roots 
shall be .01 less than those of the last : transform this into another 
whose roots shall be .003 less than its roots. 

OPERATION. 

1 +11 -102 +181 L8 

_8 _42 -180 

U -60 f |_^ 

^ Jl -.992 

17 -9* .008+ 1^ 

8 4.04 - .006739 

20* -4.96 .001261t I .003 

.2 4.06 - .001217403 

20 Ja -.88t .000043597§ 

2 Jg061 

20.4 -.6739 

Si sm2 

zrz, —4677+ * These, together with the first, 

\vl \^^ri^ are the coefficients of the eauation 

.01 .061899 ^ ^ CUM ux ,.iic wiiuuauu 

whose roots are 3 less than those 
of the given equation. The equa- 
tion written out is aj' + 20aj*— ftu 
20.62 -.843893§ +1=0. (A), But, instead of re- 

.01 writing these coefficients for the 

20.631 second transformation, we operate upon them just as 
.003 they stand. 

f These, together with the first, are the coefficients 
of the equation whose roots are .2 less than those of 
{A), and consequently 3.2 less than those of the given 
equation. This equation written out is a;'+20.6(i;'— 
.88a; + .008=0. (B). But instead of rewriting these oo- 
20.639§ efficients we effect the next transformation upon them 
just as they stand. 
f These, together with the first (which remains the same in all), are the co- 
efficients of the equation whose roots are .01 less than the roots of {B), .21 less 
than the roots of {A), and 3.21 less than the roots of the given equation. This 
equation is aj» +20.63aj* -.4677aj+. 001261=0. (C). 

% These are the coefficients of the equation whose roots are .008 less than 
those of (O, .013 less than those of {B), .213 less than those of {A), and 8.213 
less than those of the given equation. The last transformed equation is 
c* +20.63av* -.3438932;+ .000043597=0. 

7. Transform, as aboye, the equation a^— 12a;'+12a;— 3=0, suc- 
cessively, into equations whose roots shall be 2 less^ 2.8 less, and 2.85 
less than the roots of the given equation. 



20.61 1 -.405801 

.01 .061908 



20.633 
.003 

20.636 
.003 
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OPERATION. 
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-8 1 2.86 
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1.71940625 
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1.780125 
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84.388125 
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1.808375 




85.04t 


d6.196500t 




.5625 






85J6025 






.5650 






86.1675 






.5675 







36.7850t 



1 

_2 

2 
2 

4 
_2 

6 

8» 
_S 

8.8 
_^ 

9.6 

10.4 
.8 

11.2t 
' .05 

11.25 
.05 

11.30 
.05 

11.35 
.05 

11.40t 

Hence the successiye equations are. 

The Primitive, aj*-12a?« + 12a?.-.8=0 ; 

One whose roots are 2 less than those of {A), 

a?*+8a?» +12aj»—4aj— 11=0 ; 

One whose roots are .8 less than those of j(j?)» or 2.8 than those of (A), 

«* + 11.2aj»+35.04a;»+32.608aj-.2.0144=0; (C). 

One whose roots axe .05 less than those of {C), .85 less than those of (B), or 
2.85 less than those of {A), 

X* + 11.4aj» +86.735aj« +36.1965aj- .29499375=0. 

8. Transform, as above, the equation a;*— 7x4-7=0, successiyely, 
into equations whose roots shall be 1 less, 1.3 less, 1.35 less, and 1.356 
less than the roots of the given equation. 

271. JProp, — Ifa+Xt is a root off{x)=Of andxi isauffkienUy 
smaU with reference to a, a;,=— ^~— ^, approximcUely. 



(A). 
(5). 
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Bbk.— If a+»i ifl a lool otf(x)=0, /(a+«i )=0. Developing thiB bj Tsylor*fl 
Pbrmula, we hare 

/(a+«i )=/(«) +/'(a)«i + /"(a) ^+ /'"{«),^+ etc.=0. 

Now, to deternUne 201 approximately, which ia all the piopositioii proposea, when 
Xi \b quite small with reference to a, all the terms in the development involving 
highei powers of Xi than the first maj be neglected ; whence we have f{a) + 

/'(a)»i=0,or»» = -.^j. 

Ex. — Knowing that 4+ some decimal fraction which we will call 
24 is a root of a;* -ha^+a?— 100=0, required the approximate yalne of 
the decimal fraction Xi. 

Solution.— Finding /(a), •'. 0,, in this case/ (4)* in the ordinary way, we have 

1 +1 +1 -100 1^ 

_4 JO J4 

5 21 -16=/(a),or/{4)* 

4 86 

9 57 =/'(a), or/'(4)» 

_4 

13 

Hence ^JTr^= — -^f =^+ is approximately the decimal part of the root. 

In fact, 2 i» the tenths figure of the decimal part of the root, the root bong 
(as we shall find hereafter) 4.26444- . 

We thus have 0^1'+ lSa;i'+ 57«] —16=0, an equation whose roots are 4 less 
than the roots of the given equation. We wiU now transform this into another 
equation whose roots shall be .2 less than the roots of this equation, or 4.2 less 
than the roots of the given equation. Thus 

1 +13 +57 -16 1^ 
^ 2.64 11.928 

18J8 59.64 -4.072 =/(4J2)t 

J3 2.68 



13.4 62.32 =/'(4J8)t 
2 

13.6 
and the transformed equation is 

«,• + 13.ftp,«+ 62.32flJ,— 4072=0, 



• This notatton means, the yaXne of/ (a) when 4 is rabstituted for x therein. 

t rhat these are the Talaes ot/(x) (the first member of the given equation) and/'(x), when 
4.S is sabstitnted for a, will be evident if it i» considered that they are the same results as 
wbnld have been obtained by transforming the given equation immediately (by one process) 
into another whose roots are 4.8 less. 
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whidi is an equation whose roots are 42 less than those of the given equation, 

».«.,«= 4.2+ a? J. 

—4 072 
Hence by the proposition Xg = — ao'oo ='Q^ approximately. In fact, it will 

be seen that 6 is the hundredths figure of the root. 

Writing both portions of the above work together, it stands thus : 
1 
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t .-. -4.072=/(4.2) 
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Hobkeb's Bulb. 
272. RULE. — ^1. Put the equation^ in^ the tobm 

ts which the coefficients ay b^ o i, ip not integbal, 

abb expbe8sed exactly in decimal feactions. 

2. Find the number and situation of the positive real 
ROOTS BY Sturm's Theobem, detebmining one oe moee (usually 
two) op the initial figubes. (See Sen. 1.) 

3. WeITE the coefficients in OBDEB with their PROPEi* 

signs, being careful to supply with O's the places op co- 
efficients OF MISSING terms, IF THE EQUATION IS NOT COMPLETE. 

Taking the initial figures of one of these boots as thus 
found, opebate on these coefficients so as to obtain the co- 
efficients of the tbansfobmed equation whose boots shall 
be less by the poetion op this boot albeady found. 

4. Having found these coefficients, if the coefficient of 
the fibst poweb of the unknown quantity in this tbans- 
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FOBMBD EQTJATIOK AKD THE ABSOLUTE TERM, f\a) AND f{a\ HAVE 
UNLIKE SIGNS, DIVIDE THE LATTER BY THE FORMER, AND THE FIRST 
FIGURE OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT 
FIGURE OF THE ROOT. (See SCH. 2.) If THESE FUNCTIONS HAVE 
LIKE SIGNS, MORE FIGURES OF THE ROOT MUST BE FOUND BY StURM'S 

Theorem or by trial, before proceeding to apply this pro- 
cess OF TRANSFORMATION. 

6. Having pound a figure of the root by dividing f{a) by 
/'(a), annex it to the root and operate on the coefficients 
of the last (transformed) equation as they stand, to pro- 
duce the coefficients of the next transformed equation, t. e., 
the one whose roots shall be less than those of the last, 
by the last figure of the root, and less than those of the 
given equation by the entire portion of the root now found. 
Having found these coefficients, divide the absolute term 

BY THE coefficient OF THE FIRST POWER OF THE UNKNOWN 
QUANTITY, IF THEIR SIGNS ARE UNLIKE, AND THE FIRST FIGURE 
OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT FIGURE 
OF THE ROOT. If THESE SIGNS ARE ALIKE, THE LAST ASSUMED 
FIGURE OF THE ROOT IS TOO LARGE AND MUST BE DIMINISHED. 

(See ScH. 3.) 

6. Proceed in this manner until the root is obtained; 
or, if the root is incommensurable, until as many figures 
of the decimal fraction are obtained as are desired. (see 

SCH. 4.) 

7. In LIKE MANNER ALL THE POSITIVB REAL ROOTS, OR THEIR AP- 
PROXIMATE VALUES, MAY BE FOUND. To OBTAIN THE NEGATIVE 
ROOTS, CHANGE THE SIGNS OF ALL THE TERMS CONTAINING ODD POW- 
ERS OF THE UNKNOWN QUANTITY, OR ALL OF THOSE CONTAINING THE 
EVEN POWERS ; OR, IF THE EQUATION IS COMPLETE, EACH ALTERNATE 
SIGN, AND PROCEED TO FIND THE POSITIVE ROOTS OF THIS EQUATION 
AS BEFORE. ThB VALUES THUS FOUND WILL BE THE NUMERICAL 
VALUES OF THB NEGATIVE ROOTS {246). 

ThiB rule is based upon preyioosly demonstrated principles, and needs no 
special demonstration. 

273. ScH. 1. — ^By means of {244:f 24S) we can usually find^ the initial 
figure or figures of the roots with less labor than by Sturm' ; Theorem. 
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274. ScH. 3.— Since by (271) a?, = - ^!^\ ^ both /(a) and /'(a) have 

the same sign at an^ fi^Tid, this quotient will be — , and hence the value 
thus found for x^ will not be the amount to be added (annexed) to the por- 
tion of the root already found, for the assumption is that this portion is less 
than the root of the equation which we are seeking. 

275. ScH. 3.— That the figure of the root found by dividing /(a) by /'(a) 
is liable to be too large is readily seen when we consider that instead of 
/'(a)aji=— /(a) (in Dem. of 27 1)^ we should have, if no terms were 
omitted, 

/'(a>»i +4/»«i*+ t/'"(a>»i* +etc.=-/(a). 

Now a value of a?, which satisfies the former may evidently be quite too 
large to satisfy the latter. Thus consider a?' + lOo:* +&»— 2600=0. Neglect- 
ing aj« and 10a?*, we have 5aj=2600, oraj=520. But this will by jio means 
satisfy the equation when x^ and 10a;' are not neglected. 

Again, the figure found by dividing/(a) hyf\a) may be too small. Thus, 
if we have a?*— 12aj»H-12a?— 3=0, and neglect a?*, and —12a;*, we have 12a;— 3 
=0, or x=\. But this is too small a value to satisfy the equation, since for 
x=i, —12a;* will be numerically much larger than a;*, and hence retaining 
these terms will diminish the function, thus making i too small to satisfy 
the equation. 

276. ScH. 4.— From Sch. 2 it appears that /(a) cannot change sign in 
the process unless /'(a) also changes sigsu But when f(a) changes sign, we 
know by (244) that we have passed a root of the equation ; if, however, f'(a) 
also changes at the same time, our work may still be right. In such a case 
there are two roots having their initial figure or figures alike, e. g,, one may 
be 23.56 + , and the other, 28.59+. To obtain the less of the two roots, take 
the largest figure which will not cause either f{a) or f'{€0 to change sign ; 
and for the larger of the two roots take the smallest figure which will cause 
both f(a) and f'{a) to change sign. 

[Note. — These scholiums, as also the rule, will be better understood in con- 
nection with their applications in the following examples. But in review, after 
the solution of the examples, they should be carefully learned.] 



Examples. 
1. Eeqnired the roots of a:*— 4a?'— 6af+8=0. 

SoLUTioi?. — ^By Sturm's method we find that there are 3 real roots, one nega- 
tive, and two positive (see Ex. 1, page 223), and also that the negative root is 
— 1. and an incommensurable decimal, that one positive root is an incommen- 
surable decimal^ and that the other positive root is 4. + an incommensnmble 
decimal. We will seek the latter first. 
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ormunoN. 



4 


A 

4 
4 



-6 


+ 8 





-24 


-6 


-16.. . . 


16 


18.632 


10. • 


-2.368. •• 


7.04 


2.800760 


17.04 


-.058231* •• 


7.68 


.053275288 


24.73* • 


-.004055712 


.9441 




25.6641 




.0622 




26.6163* • 




.021844 




26.637644 




.021348 




26.6S8993 





14.8024- 



8.8 
.8 

0.6 

.8 

10.49 
.09 

10.58 
.09 

10.672 
.002 

10.674 
.002 

10.676 

Ttmukwr^ — ^The general features of the proeesB, being the same afl heretofore 
given {270, Example, need no farther explanation than they have already re- 
ceived. Each decimal figure of the root ia added the first time in the first 
colunm simply by annexing it. 

In finding the second figure of the root, we have — ^77-r = — -^7^- = 1.6. But 

J (a) 10 

this cannot be the proper addition, since we know that the root lies behoeen 4 

and 5 ; hence this trial fails to give the second figure in the root. (See 27S,) 

But as we know that this figure cannot be greater than 9, we try 9, and find 

that it makes the absolute term change sign so that f(a) and f'(a) have the 

same sign, and consequently .9 is too much to add. (See 270, and also consider 

that f(x) would thus be shown to change sign as x passed from 4 to 4.9, and 

hence that a root lies between 4 and 4.9, 244.) We therefore try .8, and find 

that it is the correct addition. We know that .8 is right, since we know that 

as X passes from 4.8 to 4.9, f(x) changes sign. 

f(a) _ -2.368 



In finding the third figure we have for trial 



= .09. Try- 



f'{a) 24.72 

ing 9 as the third figure of the root, we find that the absolute term does not 
change sign, and hence we know that 9 is the next figure, «. e., we know that a 
root lies between 4.89 and 4.9. 

The process m^ be thus continued indefinitely, and as many figures found as 
we may desire. 

277* N. B. — ^It will be observed that this process is simply one of substltn- 
tion in f{x) of values for x which come nearer and nearer to making f{x) s Ql 
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Thus in this example 4, subetituted in z^ — 4e' — 6^6 -)- 8, gives x* — 4a* — Ox 
-h 8 = — 16 ; 4.8 substituted for x, gives «« - 4c« — 6aj + 8 = — 2.868; 4.89 
gives oj' -4c« - 6a;+8= -.058231 ; 4.892 gives x*-4ai*'-Qx+S= -.004956712. 
Thus we are coming nearer and nearer to the number which substituted for x 
would make a?' — 4aj* — to -h 8 = 0, or would satisfy the equation. 

2. To FIND THE BOOT WHICH LIES BETWEEN —1 AND —2, we take the equa- 
tion x^ + 4x* — to — 8 = (changing the signs of the terms containing the even 
powers of x), and find the root of this equation which lies between 1 and 2 
{246), 

OFEBATION. 



+4 
_1 

5 
1 



6 
1 

7.8 

8.6 

.8 



-6 
_5 

-1 
_6 

6.-. 
6.24 

11.24 
6.88 

18.12 

.00376016 

18.12376016 
.00876082 

18.12752048 



-8 
-1 

-9 



I 1.8004+ 



• • • 



8.992 

-.008 

.007249504064 

-.000750495986 



9.4004 
.0004 

9.4008 
.0004 

9.4012 

S. To FIND THE BOOT WHICH LIES BETWEEN AND 1. We first find the 

initial figure either by evaluating f{x) successively for .1, JSi, .8, etc., and no- 
ticing when it changes sign {24d) ; or by Sturm's method. The former is much 
the less laborious, and is to be preferred (205), In fact, to use Sturm's method 
involves exo/cUy the »ame work as the former method, with cx>nsiderable additional 
work. Moreover, the former method can be applied mentally till the proper 
initial figure is determined, and no other writing will need to be involved than 
just what Homer's method, requires. No figures will need to be written but 
those in the following 

OFEBATION. 

1 - 



-4.. 


-6... 
. -2.79 


-f8.- . • .9082H 


.9 


-7.911 


-3.1 


-8.79 


.089 


.9 


-1.98 


-.086242688 


-2.2 


-10.77-... 


.002757812 


.9 


.010336 




-1.3. t 


-10.780336 




.008 







-1.292 
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It tfl to eirldflot Uuil the lart figue is 2, thai the operation for verifTing it in 



2. Find the roots of a* — 13aJ* + 53a* — 4ftr* — llOar + 150 = 0, 
extending the decimals to the 5th place. 

8no. — ^Applj Storm's method. If there are eqnsl roots, depress the eqnsr 
tkm. 

3 to 5. Find all the real roots of the following; extending the 
decimals to 4 or 5 places: 

(3.) a:» + 10a;» + 5ar- 260 = 0; 
(V) a:»+ da? + 5x=zl7S; 
(5.) a^ + 2«» = 23a; + 70. 

The cubic equations on pages 223, 22^ 226, 228, will afford farther 
exercise. 

6. Find the roots of the equation a^ — 80a^ + lOOSal* — 14937a; 
+5000 = 0. 

Sno's. — Of course we may always find the nnmher and ritnaition of the real 
roots by Sturm's method. Bat as the labor of sahstitnting in aU the functions 
used in this method is frequently great, we avoid it when we can. HowefMr, U 
U generally best to free the equation from equal roaU, and find the kumb£B of 
poiUive, and the number of negative roots hy Sturm* e method. But the situation 
of the roots is almost always more readily found by inspection baaed maiiUy on 
the change in sign of f(x) (24A), We will solye this example in this way. 

1. By Sturm's method we find .hat our equation has no equal roots, and that 
it has 4 positive roots, and no negative root (see 2€4), 

2. We now proceed to find the least root. Observing that for x=0, 
fix) is +, and for x=\, f{x) is — , we know that at least one real root lies 
between these limits. To find it we have the following (see next page) : 
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1 


FIBBT OPBiRATIOK. 






1 -80 
.1 


+1998 
- 7.99 


-14937 
199.001 


+5000 
-1473.7999 


.1 
.2 


-79.9 
.1 


1990.01 
- 7.98 


-14737.999 
198.203 


3526.2001* 
-2829.6320 


.3 
.02 


-79.8 
.1 


1982.03 
- 7.97 


-14539.796* 
391.636 


696.5681. ...f 
- 27442385424 


.02 
.01 


-79.7 
.1 


1974.06* 
- 16.88 


-14148.160 
388.468 


422.14424576} 
- 272.88640240 


.35 


-79.6* 
.2 


1958.18 
- 15.84 


-13759.692... t 
38.499288 


149.25784336§ 
- 135.86783711 




-79.4 
.2 


1942.34 
- 15.80 


-13721.192712 
38.467784 


13.39000625^ 




-79.2 
.2 


1926.54.. t 
- 1.5756 


-13682.724928} 
38.404808 






-79.0 
.2 


19249644 
- 1.5762 


-13644.320120 
38.373336 






-78.8-t 
.02 


1923.3892 
- 1.5748 


-13605.946784§ 
19.163073 






-78.78 
.02 


1921.8144} 
- 1.6740 


-13586.783711 
19.155211 






-78.76 
.02 


1920.2404 
- 1.5736 


-13567.628500T 






-78.74 
.02 


1918.6668 
- 1.5732 








-7a72t 
.02 


1917.0936§ 
- .7868 








-78.70 
.02 


1916.8078 

- .7862 








-78.68 
.02 


1915.5211 
.7861 








-78.66 
.02 


19147350T 








-78.64§ 
.01 










-78.63 
.01 










-78.62 
.01 




« 






-78.61 
.01 




■ 







78.60 
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Remarks. — ^Thifl work is given to show bow we may proceed to find the first 
two figures of the root bj saccessiye simple approximations. If the student is 
t;i!aiUar with the principles heretofore developed and applied, he will have no 
(litficulty in seeing the reasons for the operations above. We are simplj adding 
to the value of x substituted in f(x), so as steadily to diminish the absolute 
term, being careful not to add so great an amount to :r as to make this term 
change its sign; and when we can add no more of one order (as of tenths), we 
pass to the next lower order (hundreths) and proceed in the same manner. On 
this process we make two remarks, viz.: 

(a.) R %8 not 9ure to sueeeed. Thus, if there were two roots between .84 and 
.85, for example, the absolute term would not change sign when we passed from 
.84 to .85, although we would have passed both roots ; and it might occur that 
no root laj bejond .85, in which case our method would be fruitless. But such 
cases are rare. It is in such cases, and in such only, that Sturm's method la 
well-nigh indispensable for finding the ntu<Uion of roots. 

(h.) In most cases the exact figure of any order can be told without such an 
approximation as the above ; or, what is equivalent, without trying a figure, and 
when it is found incorrect, erasing the work and trying another, and so on till 
the right figure is found. In this particular case, the first figure in the root being 
a small fraction, the higher powers of x might be neglected (and more especially 
as they differ in signs), and — 14987a; + 5000 = would give the first figuro 

in the root at once. Thus x = 77507 ^*^ '^* ^»i^ ^^ case, for the second 

^^^'^ ■" f^) ~ ■" -18759.692 ~'^ "*"' ^^^ ^^^ *^® ^®^ ^^^^ ®' ^^ 
root. 

8. To FIND THE NEXT GREATER ROOT. By Substituting l,we find, as on the 
next page,/(:i;) = — 8018 ; and when 1 is added to this, f(z) = —17506. Now it 
is evident that any slight addition, as of 2, 8, or 4, to the value of x, will only 
make f(x) increase negatively. This is seen by inspecting the coefficients 1, 
—72, +1542, -7878, —17506. We therefore make a considerably larger addi- 
tion to a;, as 10. From this explanation the student should be able to see the 
significance of the following (see next page :) 
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8BC0ND OFBRATIOK. 



1 - 



-80 


+1998 


-14937 


+ 5000 


1 


1 


- 79 


1919 


-18018 


1 


-79 


1919 


-13018 


- 8018 


10 


1 


- 78 


' 1841 


- 9488 


12.7 


-78 


1841 


-11177 


-17506 




1 


- 77 


1689 


13470 




-77 


1764 


- 9488 


— 4036 •••• 




1 


- 75 


1615 


3737.3441 




-76 


1689 


- 7873 


- 298.6550 




1 


- 74 


9220 






-75 


1615 


1347 






1 


- 73 


4020 






-74 


1542 


5367 ••• 


• 




1 


- 620 


- 27.937 






-73 


922 


5339.063 






1 


- 520 


- 42.931 






-72 


402 


6296.183 






10 


- 420 








-62 


- 18" 








10 


- 21.91 








-52 


- 89.91 








10 


- 21.42 




. 




-42 


- 61.38 








10 


- 20.93 








-32. 


- 82.26 








.7 




■ 






-31.3 










.7 










-30.6 










.7 










-29.9 










.7 











-29.2 

As now /(a) and f\oi) have opposite signs, and the remainder of tlie root is 
quite small as compared with that already foand, the approximation can be 

. ^ . .1. J. mi. 1- /(») -298.6559 ^^ 
earned on m the ordinary way. Thus we have —777;^ = Kona <bo ='05+, 



flad the next figure of the root is 5. 



/'(«) 



5296. 1B2 



4. To FIND THB NEXT GBSiATER ROOT we resume the coefficients after the 
roots had been diminished by 12. Then adding 1 to the value of ar, we find that 



i 

i 
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lor X sz 18, /(«) = 1888, haying dumged rign, as it should. Now aa f'(x), i. e, 
0289, and /(a;) are both positiye, and the other ooeffidents, though negative, are 
oomparatiTely amall, it will take oonaiderable increase in a? to change the sign 
of f(z). We tlierefore add 10. Now f{x) has changed sign, and by inspecting 
the coefficients, 1,.+12, —848, —1821, and 24872, it is evident that x cannot.in. 
crease another 10 without changing the sign of f(x). Hence we try 6. For 
a idmilar reason we add 4 next. 



1 - 



-82 

1 


- 18 

- 81 


-81 
1 


- 49 

^ 80 


-80 

1 


- 79 

- 29 


-29 
1 


-108» 
-180 


-28» 
10 


-288 
-80 


-18 
10 


-868 
20 


- 8 
10 


-848t 
85 


2 

10 


-268 
110 


5 


-158 
185 


17 

5 


- 18{ 
144 


22 
5 


126 

160 


27 
5 


286 
176 


82t 

4 


462§ 


86 

4 




40 

4 




44 

4 




48§ 






104 
-1753" 
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+5867 


- 4086 

5818 


12 


- 49 


1 


5818 


1282» 


10 


- 79 


28590 


5 


5289* 


24872t 
-18180 


4 


-2880 


82.+ 


2859 


11692* 




-3680 


-11588 




-1821t 


104S 




-1315 






-2686 






- 765 






-8401* 






504 






-2897 






1144 







-17588 



No^ — i,) V = T»5o='^"+'* ^^* *■ *^*® coefficients preceding —1753 are 
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all +> tbey will diminish it somewhat in. the opeiatibn, and hence it is probable 
tl\|it .06 is the proper addition to make to the root. The process can now be 
continued to anj extent desired. 

5. To FIND THE KBXT OBEATB8T (in this case the greatest) SOOT, we have the 
following operation, whidi we leave the student to trace: 



FOX7BTH OPERATION. 



+462 
49 

511 
50 

561 
51 

612* 
53 

665 
54 

719 
55 



-1758 


+ 104 


1 


511 


-1242 
-1188* 


1 


-1242 


84.8^ 


561 


• 16 




- 681* 


-1154. ••• 




665 


1086.8416 




- 16 


- 67.1684 




719 






703. ••• 






655.562 






1858.562 






692.416 







1 +48 
_! 

49 
_1 

50 
_2 

51 

52* 
_J. 

53 
1 

"54 
1 

55 

1 

56.8 
.8 

57.6 
.8 

58.4 
JB 

59.2 
The student should extend these solutions 2 or 8 figures farther. 



774. • . 
45.44 

819.44 
4^.08 

865.52 
46.72 

912.24 



2050.968 



7 to 12. Solve the following: 



(7. 

(8. 

(9- 
(10. 

(11. 

(12. 

(13. 

(14. 



of + 60ai» — 800a;= 60000. 
«» + 2aJ* + 3a:* + 4c» + 6a; = 
aJ* + 4c» — 4a:* — lire + 4 = 
aj* - 27a:* + 162a? + 356a: = 
a? - 3a? = 48654231721. 
a? + 2a? + 3a: = 13089030. 
a? — 10a? + 6a: = 1. 
a? -f 173a: = 14760638046. 



64321. 
0. 
1200. 
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(16.) a^ - 70doa? + 152627642? = 10000730880. 

(16.) a? + 12x = 35.4026. (Solve by Homer's method.) 

(17.) a:" + 4a:» - 9a; = 57.623625. 

(18.) 2a^ + 5a:*+ 4a;*+ 3a; = 8002. (Observe that it is not neces- 
sary to make the first coefficient unity. See examples in the fbrst 
part of the section.) 

(19.) 3a;* - 4fl5* + 2a; = 1000. 

(20.) 6a' - 3.2a; = 41278.216. 

NOTB. — ^The roots of sereial of the aboye are oommeiuraiable ; and fheir sola- 
tion shows that Homer's method is adapted to sach cases. 



21 to 26. Extract the roots of the following numbers by Homer's 
method : 

(21.) The cube root of 119736852154. 

(22.) The square root of 6126486. 

(23.) The fifth root of 2. 

(24.) The fourth root of 3671827100256769L 

(26.) The cube root of 3. 

Suo's.— To solve the 21st, write x* — 119786852154, and solve as nsnal, heing 
carefnl to remember that the coefficients are 1, 0, 0, —119736852154. To find 
the initial figure, point off as in the ordinary method of extracting roots. The 
following exhibits the first steps of the process : 

10 -119736852154 ^9 

4 16 64 

4 16 - 65736 

4 82 53649 



8 48** - 2087853 

4 1161 

129 5961 

_J 1242 

188 7208 
_9 

147 



26 to 29. Solve the following by first eliminating, and then solving 
the resulting equation by Horner's method : 

(26.) 2a^ — 5a;+3y = 2xt/ — 4rc* + 12, and 4y« — 3a; = 2y + 5. 
(27.) 2y' - ^xy + 2a^ — 3y — 2a;-8 = 0, and 4y» + 4a;* = 11. 
(28.) 2y' — 4xy + 23;* — 3y — 2a; =8,andy» x 2y+a!»— 6a;=— 6. 
(29.) 2f - 4a;y + 2a^—dy — 2a; = 8, and y'+6y4-a;'— 4a; + 9=0. 
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Sxtg's. — From the 2d of (26) we have y = i ± i^Sx-h^. Substituting this 

in the 1st, we obtain 6a5« — V* — ^4^ = (x—i)^Sx -}- V» whence 36a;* — 69a;' 
- 101x*+^^sc + H*=0. And dividing by 36, we have a;* - 1.917aj=» - 2.806a;'^ 
-4- 3.687a; 4- 3.188 = 0, carrying the fractions to three places. 

278. ScH. — There are various methods by which Homer's process may 
be abridged, especially when a large number of decimals is required ; but 
we have thought it better to exhibit fully and clearly the principles es&entiai 
to the process, than to spend time and distract attention by giving these 
arithmetical abridgments. The most simple of these are : (a) the omission 
of the decimal point ; (b) the writing of the sums only in the several working 
columns, performing the various multiplications and additions mentally; 
(c) after several decimals have been obtained, instead of annexing 0'^ 
(or • • • 's) to the working columns, dropping off figures from the right iu 
each new operation, as one from next to the last right-hand column, two from 
the next to the left, three from the next to the left, etc. ; (d) and, finally, 
when all the working columns but the last two have disappeared, continu- 
ing the operation as a process of simple division, only dropping off a figure 
from the right of the divisor at each step instead of annexing a to the 
dividend. We condense an example from Todhunter as an illustration. 

Ex. — ^To compute to 16 decimal places the root of a:" + 3ic* — 2a? 
^5=0, which lies between 1 and 2. 
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+3 


-2 


-5 1 1.3300, 


58739567982^ 


4 


2 


-3000 




5 


700 


-333000 




60 


889 


-663000000000 




63 


108700 


-98647524875 




66 


110779 


-8347885443 




690 


112867000000 


446624425 




693 


112870495025 


-107998801 




696 


112873990075 


-6411112 




699000 


11287454929 


-767351 




699005 


11287510850 


-90100 




699010 


1128751574 


-11087 




699015 


1128752063 


-929 






112875208 


-27 






112875210 


-4 
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SECTION III. 

GENERAL SOLUTION OF CUBIC AND BIQUADRATIC EQUATIOK& 



Cabdajt's Solution ov Cubic Equations. 

279. ProbM — To resolve the general cubic equation z'+px' 
+ qx + r = 0. 

SOLunOil. — ^ThiB solation oorndflta of three stepe: 1. To tnnafonn the eqoft- 
tioa into one of the fonn jf * + my + » = 0, that is, an inoomplete cubic larking 

the sqoare of the unknown quantity. To effect thia, we put jb = jr + c« and 
substituting, haye 

y» + ?y »« + a^* + «• + IV* + 3py» +j»*+«jr + 5s + r = 0, 
or, y» 4- (& + jp)y* + C3s* 4- 3ps + ?)y + «* + j»« + 58 + r = 0. (1) 

Now as we hare only one condition expressed between jf and s, vis., |r+s=riE, 
we are at liberty to impose another. Let us put 8s + J> = 0, whence s = — ip. 
Then wiU this value of s substituted in (1) giro 

y«+(ff-ip')y + (/^»-iW + r)^0. (2) 

2. Since the aboTe transformation can always be effected, a soluticm of 

Jf'+mjf + n = (3) 

will include the solution of all cubic equations. Our second step is to trana- 
f orm this equation into one which can be solved as a quadratic. To do this we 
put y = tt + V, which gives (3) the form 

u* -h 8tt*« H- Suv* + «• + fn{u -h «) + n = 0, 
or, u* + 9uv{u + «)•+-«• + ni(u + «) + » = 0, 
or, «» +«• + (8«fl + i»X«-H«) + » = 0. (4) 

Now, as we have but one condition expressed between u and e, viz., «+«=yy 
we are at liberty to impose another. Let ns put 8ttv + m = 0, whence « = 

— ^; and (4) becomes «» + «»-+-» = 0, 

or by substituting the value of e, 

^•-27i?-^* = ^' 
whence we have t*6 _,. ^u* = rfrw*. (5) 

8. Solving this quadratic we obtain 



«• = - in ±V^*»»-4-in«, or tf = |/-in ± V^t«»» -t-inS- 
•ndasD» = -(«« + n). • = ^-in T ViM»' + i^'. 
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Flnallj, taking the square root as + for the value of u, and — for the value 
of V, flinoe these are correepondizig values, we have 



y = y^-i«+ V«V«*» + ln« + j/^-in- V^f»»+^«, 



(6) 



280. Prop. — 1. In the equcUion y* + my + n = 0, when m is 
positivet <*nd when m ie negojtive and -^vof < ^-n*, Me equcvtion has 
one real and two imaginary rootSy and Gardaxie formida (6) gives 
a satisfactory/ solution. 

2. When m is negeUive and ^m' = ^n% two of the roots are equals 
and Cardaris method is satisfactory^ 

3. Bvty when m is negative and ffffOi* > }n*, aR the roots are real 
and uneqiud, while Cardan^s method makes them apparently imagi- 
nary, af%d the solution is unsatisfactory, 

Dex. — ^A cubic equation must have at least one real root {238). Let this be 
a. Now conceive the equation reduced to a quadratic hj dividing /(ic) by x^a, 

and let b + ^/e) and h — a/~c be the roots of this quadratic, these- being the 
general forms of the roots of a quadratic, in which if c is + the roots are real, 
if c is — they are imaginary, and if c is these two roots are equal. 

Now, a, & + V^ ^^^ ^ " V^ being the roots of the equation, we have 
by (23S) 

(»-a) (»-P+ V^]) («-p- V^])=«»~(a4-26)»«+(ao6-h6«~<j>r-a(ft«-c)=0. 

To transform this into the form y' + mff + » = 0, we must put a + 25 =: 0; 
whence a = — 26, and we have 

y8 _(8jf ^ c)y -f 25(ft* -e) = 0. 

Comparing this with Cardan's formula, we see that 

Hence we see that if <; is +» that is, if all the roots of a cubic equation are 
real and unequal. Cardan's method gives a result apparently imaginaiy. But if e is 
^, that is, if two of the roots are imaginaiy, Cardan's method gives a real form. 
Also when = 0, that is, when the roots are a, h, and 6, the form is real^ since 

-v/iVm» + W = (f>* - W >v/'^=^, is then 0. 

Now by inspecting the quantity ^ irm^ •+- i^* we see that it is real when 
fn is positive ; and also when m is negative if ^ym' < iii*. Hence in these 



* If 00 the roots an equal, tbe equation takes the form (a; ~ a)* = jb* - Boa;* + Sa's ~ o* = 0, 
a heing the value of one of the eqnal roots 0935). In this case the transformation which maket 
tlM term In sfi disappear gives y* = 0, since a; = y-^=:^ + a, and y s a» > a s a 
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cMe0 there are one reiA and two imiiginftTy roots, and Cazdan's method, giTing 
a real form, emkblee ns to determine one of them, and hence to eoWe the 
equation. 

Sd. We have also aeen above that when = 0, that is, when two of the roots 

are equal (and not all three), ^ifr^* + i»* = 0, in which case m must be nega- 
tivty and ijin* r= in*. 

dd. ft has also appeared above that when an the roots are ntd mud unsqual. Gar- 
dan's method gives an apparentlj imaginarj result. But this can onljbe the case 
when 7fi is negative, and iM»* > i^'- 

28 i» ScH. — Cardan's method would seem to give a cnbic equation nine 
roots instead of three, since as there are three cube roots of any number, 

a/ — i» + ^ifin^ + i»* would have three values, and 4/-J»- V^iSw' + \n* 

would have three other values. Now combining each of the former, in 
turn, with each of the latter, we should have nine results. In order to ex- 
plain this seeming paradox, let us find the form of the three cube roots of a 
number, as of a'. To do this we have but to solve the equation x^ =a'. 
Thus «» — a' = (» — o) («» H- <M? -i- a') = 0. Whence ir — a = 0, and aj'+oc-Ha* 
=0. From these we have x = a^ — Ja(l + ^Z — 3), and — Jii(l — ^—8) 

Now let the roots of i/ — In -f ^^tm* -H in« be r, — lr(l+ '\/ — 3), snd 

— ir(l — V — 8); and the roots of // — Jn — y fVw=* + in* be r', —it' 

(1 + V— 3), and — ir* (1 — ^ — 3). It will be remembered that we assumed 

tM =s — •-• ; that is, the products of the admissible roots must be red. 
o 

Therefore we can use for the parts of the root r and r', — irfl + y' — 3) and 

- Jr' (1 - V"^, and - lr(l - V^^) "id - lr'(l + \^^=^); and we can 
use these parts in no other combination, as any other would not give a real 

quantity. Thus we cannot have y = tt-h« = r-lr(l + V^-3), since uv 

would then be — tf ir(l + \/^)], which Is an imaginary quantity, and hence 

not equal to -> :=r, as it should be. 

o ' 

We win £^ve a few examples to which the student may apply Cardan's pro 
cess. 

Examples. 

Solve the following, finding one of the roots by Cardan's process, 
and then depressing the equation by division, solve the resulting 
quadratic. 
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1. «» - 9:r + 28 = 0.* 

2. rc* — 3a:* + 4 = 0. (See first step in general solution.) 

3. re* — 6a; + 4 = 0. 

4. a;* + 6a; - 2 = 0. 

5. a; + J -f 3 Vahx = a. 

6. a;» + 3a:» + Oa; — 13 = 0. 

7. a;* — Qa:* + 6a; — 2 = 0. 

8. a;» — 6a;* + 13a; — 10 = 0. 

9. x"- 48a; = 128. 

10. a:» + 2a; = 12. 

11. ^ - 3;^ - 2z* - 8 = O.f 

12. y* — 6y* + 13.y = 12. 

13. 2a;» - 12a;* + 36a; = 44. - " 

^. Va + X , Va 4- X Vlo 

14. H = . 

a X c 

15. a;» - 8a;* + 19a; - 12 = 0. 

Sue. — Ail attempt to solve the last by €Jardan'8 process will give roots 
apparently imaginary, although it is easy to see that the roots are all real, and 
oommensarable. 






Descartes's Solution of Biquadratics. 

282. JProb. — To resolve the general biquadratic eqiuUion x* + 
ax* + bx* + dx + e = 0. 

SoLTTTiON. — The first step in the process is to transform the equation into one 
wanting the 3d power of the unknown quantity. This is done in the usual way 
(see Cardan's method of resolving cubics) ; i. e,, by putting z=yi-z, substituting, 
collecting the coefficients with reference to y, and, putting the coefficient of y^ 
equal to 0, finding the value of e. This value of z substituted in the given 
equation will give the form 

y* + my* + ny + r = 0. 
2. Assume y* + my* + ny + r = (y* + <y + /) (y* + ^ + ^), and deter- 

* It is better for the Btodent to use Cardan*8 jTfooeMtban to substitnte in the formula. Thns 

Ibr «• - ftr + 28 = 0, we have, by pottisg a: = y + «; y» + «» + (3y» - 9) (» + y) + 28 = ; 

8 27 3 

and making 8ys - 9 = 0, or « =-, y« + -j + 28=0. Whence y= -1, and -8, and « = - = -3, and 

-1. .•. a: = y+«= -4. Then (ar* - 9ar + 28) -h (x+4) = a:« - 4aj + 7 = ; whence ar=2± //^ 

t An equation of the form a^a** + aa:>m + ftc"* + c s can be reduced to a cabic of the form 
y*+»^-f-nsO, by patting xh^s^i/" ^a. 
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mine the quantities c, e, /, and g, bo that thej will fnlfiU the leqnired oondmon& 
Thus, expanding we haye 

y*+iiiy«+ny + r = y*+c y'+/ y*+^ Jf+Zl^; 



y'+/ 


y«+^ 


+c« 


•¥eg 


+ ^ 





whence, aa the memhen are identical, 

c + = O, f-^e6 + g = m, ^+<y = n, and fg^r. 

From the first we see that = — e. Suhstitating this value, we have 

(1) f-e' + g-m; (2) ^'-g) = n; and (3) /|^ = r. 

From (1) and (3) we have g = t^«« — - + m\ and /= i(tf* + ^ + *^) • 

which substituted in (8) give (e* ^ j -¥ m) («* - ^ + *») = «* + ^^^' 

5 + f»* = 4r, or 

s« + aww* + (m* - 4r>5« - n« = 0. (4) 

Now (4) can he reduced to a cubic in terms of ei by putting «^= «, — |f» (see 
foot-note on preceding page). This cubic equation will have at least one re/A 
roai (238), and this will g^ve ^«al values to «],and hence to «,<;,/, and g. 
Wherefore, if Cardan's method gives a praeUeal eoltOion of (4), we can resolve the 
biquadratic 

2S3» ScH. — ^It will be observed that this resolution of a biquadratic in- 
volves the resolution of a cubic, and hence is subject to the difficulty attend- 
ing the irreducible case of cables. We will give a single example, to which 
the student can apply the process of Descartes. 

Ex.— Find by Descartes's method the roots of a^— 10a?— 20a? — 16 
= 0. 



Rbcurrino Equations. 

284. A Mecurring ^nation is an equation such that the 
coefficients equidistant from the first and last are numerically equal, 

when the equation is in the complete form Aaf^+ B3f^^+ Oaf*^ 

Zr = ; and the signs of the corresponding terms are either all alike, 
or all unlike; i. e^ the coefficients of the first half recur in an inyerse 
order in the second half of the function. 

IiiL. 12a?' + Soj* — to* — to* + 8a? + 12 = Is a recarring equation. 
-4a?» + Ba?»-» + Cte»-« - - - - Cfc* 4- 5aj + -4 — is the type of such equations. 

28Sm JProp. 1. — 27ie roots of a recurring equation are recipro^ 

cola of each other ; L e., t/ a is a root, - is alao^ and so of each 

a 

of the roots. 



BBGUBBINO EQUATIQB8. 253 

Dek. — If a satzafieB the equation 

Ase* 4- B3f^^ + Cfe*-' Cb* + J3* + -4 = 0, 

- will also satisfy it, for the fonner when substitated f^res 

Aa* + 5af»-" + CcP^* (Ja* + Ba -¥ A^Oi 

and the latter gives 

A B C OB. 

which, bj moltiplTing bj o" becomes 

-4 + jBa -f Ci»» - - - - Cb^« + -Btf^' + AO" = 0, 

a result identical idth that obtained when a is substituted. 

^^<l. ScH. — ^From this relation among the roots of recurring equations, 
they are often called Bedproeal Equatiom. 

287 • Cor. 1. — If the degree of the equation is odd the correepand- 
ing coefficients may aU have like^ or all unlike^ signs / but^ if the 
degree is even they must have like signs unless the middle term is 
wanting^ in which case they may have unlike signs^ and the roots 
still be reciprocal. 

That the signs may be unlike in the cases specified is evident since, if in such 

cases a is a root,, and we substitute - instead of a, dear of fractions, and change 

all the signs, we shall have the same result as if a had been substituted. Thus, 

if substituting a gives -4a«+ Ba*-Cb' + (7a*— J?a— -4=0, substituting - will 

A B C C B 
give -5 + — 4 5 + "T -4 = 0; whence clearing of fractions and dianging 

€t Ct €t Qt Q 

all the signs we have —A — Ba + Ca* — Ca^ + Ba* + -4«* = 0, a result iden- 
tical with the former. The fact concerning the equation of an even degree is 
shown in a similar manner. Notice that aU the corresponding coefficients must 
have like signs or (xU unlike signs. 

288. Cor. 2. — A recurring equation may always he reduced to a 
form having the coefficient of the highest power cf the unknown 
quantity ^ and the absolute term each 1, since by definition these are 
numerically equal. 



289. JProp. 2. — A recurring eqimtion of an odd degree has one 
of its roots —1 if the signs of the corresponding terms are alike^ and 
•j-lif they are unlike. 

Dem.— Having aj»±^af^» ± Bx'-*± Ob*-* ± Cfe» ± Bx* ± Ax ±1=0* 

* The sign of «* can always be made 4-. Tbe amblgaooa aigne are to be taken + or -, ac- 
cording to the taypbtheaia. 
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taking the eigns of the oorreflpondtng terms alike we can write 

(aj» + 1) ± -4«(a--» + 1) ± Bx*(ixf^ + 1)± C&'(aj»-« + 1) + etc = 0, 
which 10 divlsihle by « + 1 (Pabt I., 119), wherefore — lis a root {231). 

Taking the signs of the corresponding terms nnlike, we can write 
(«• - 1) ± Axiaf-^ - 1) ± 5x«(ir— * - 1) ± Qc^ai^-* - 1) + etc. = 0, 
which is divisible hjX'-l (Part I., 119), wherefore + 1 is a root {231). 



290: JProp. 3* — A recurring equation of an even degree^ whose 
corresponding terms have opposiie signs^ has one root + !> and one 
root —1. 

Dem.— Having ajH ± -4a*«-» db -BaJ»"-« ± Cfe*»-« . . . - ^ Cfe' T Bx* T Ax 
-> 1 = 0, taking the signs of the corresponding terms nnlike, and remembering 
that the middle term, which would have no corresponding term, is wanting 
{287), we can write 

(aj«» - 1) ± Ax (aJ»«-« - 1) ± Bx^(a?^^ - 1) ± Cfe'(«»— • - 1) + etc. = 0, 

which is divisible by «■ — 1 (Part I., 119) ; wherefore »» — 1 = 0, and 
aj = + 1 and — 1. 



291. JProp. 4. — A recurring equation of an even degree above 
the second^ may he reduced to an equation of half that degree, when 
the signs of the corresponding terms are alike, 

DKM.—Havingaj«»±^aj»"->±5aj*^«±aB*'^ dblfo* ±Ca^±B3fi±Ax 

+ 1=0, taking the signs of the corresponding terms alike, we can write 

(aj*» + 1) ± Aia^-^ + a?) ± B(aJ*^« + ««) ± CI[aj«»-« + «') + etc. = 0; 
whence, dividing by of, we have 



.(. . I) 



±jr=o. 



Now putting « + - = y, we can write (« + - ) = «• + 2 + -^ = y', 

X \ x/ a? 

1 /1\' 111 1 

whence a;«+— = yt-2. {x + -) =aj»+8a;«- +8aj-x + --, =»»+ — 

X* ^ \ x/ X X* X* JC-* 

+ 8^« + -j = y«, whence x* + —, = y' — 3y. 

r + if) = «* + 2 + A = (y* - 2)*, whence «♦ + -^ = (y« - 2)« - 2. 

fx + -) =aj» + 6aj*l 4- l(te»i + lOaj* i + 6x\ + ~ = a:» + -^ 

\ iP/ XX* X* «* a;' a;* 

+ 5 (aj» + -) + 10 (aj + 1) = y«, whence x^ -f 1 = y» - %» - ?y) - l(Jy. 
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( a;» 4- -r, ) = aj« + 2 + -g = (y'— 3y)», whence «• + -g = (y»— 8y)«— 3. 

Whence we see that anj l^rm of the form o^ H may be expressed in terms 

of jft and will involve no higher power than y". Therefore the original equa- 
tion, which is of the 2nth degree, can by this substitution be transformed into 
an equation in y, of the nth degree. 

Examples. 

Solve the following recurring equations by applying the foregoing 
principles : 

1. a^ — 5a;' + Ba:* — 5a; + 1 = 0. 

2. a;* - 11a;* + 17a;» + 17a;» - 11a; + 1 = 0. 

3. 6a:» - lla^ - 33a;" + 33a;» + 11a; - 6 = 0.' 

4. 1 + a;* = a(l + x)\ 

5. a;' — gar' + a^ + a;* — 2a;' + 1 = 0. 

6. ^7^ - 16a;* - 25a;» ~ 16a;» -f 8 = 0. 

7. 4a;« -^"^4^ + 57a;* - 732;* + hW - 24a; + 4 = 0. 

8. a;* 4- 4aa;» — 19aV + 4a»a; + a* = 0. 

9. a;*4-a;' + a;'-fa; + l = 0. 
10. 1 4- a;* = i(l + a;)*. 

Binomial Equations and the Roots of TJnity. 

292. A Sinomial Equation is one of the form a;»=fc a = 0. 
Such equations may be considered as recurring equations and solved 
accordingly. 

III. — ^Having aj» ± a = 0, put «• = ay» ; whence ay* ± a = 0, or y» ± 1 = 0, 
which is recurring. 

Examples. 

1. a;»±5 = 0. 3. a;»db2 = 0. 5. a;»±ll = 0. 

2. a?*db3 = 0. 4. a;*±7 = 0. 6. a;* db 1 = 0. 

7. What are the two square roots of 1 ? The three cube roots of 
1 ? The f(mr fourth-roots of 1 ? The five fifth-roots of 1 ? The 
six sixth-roots of 1 ? 

Suo. — ^The solution of these questions consists in resolving (v* — 1 = 0, 
aj» — 1 = 0, jc* — 1 = 0, etc. The %ye fifth-roots of 1 are 

1, i( VE-^1 ±V-10-2V5), and - j( ^5 + 1 ±V-10+2V6). 

29S. ScH.— It will be observed that the form a;^ ± 1 = is omitted 
above. Now «^ — 1 =0 has one root 1. The equation can therefore be 
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depressed to a recurring equation of the 6th degree, having all its signs + • 
This can be reduced to a cubic by (291), o;^ -f 1 = has one root « = — 1, 
and can be reduced to a recurring equation of the 6th degree having its 
signs alternately + and — . This can be resolved into one of the 8'rd degree 
by (291). Hence the complete resolution of a!' ±l=zO depends on the 
resolution of a cubic. 

x^±a = can be resolved by putting x*=y^ whence we have y* ± a = 0. 
Solving this for y we have 8 roots. Call them ai, a^, a^. Hence to com- 
plete the solution we have to resolve the three cubics ^'±ai=0« x*±at^O, 
aj» ± a, = 0. 



ExpoNEiimAL Equations. 

294:. MxponenMal Equations are equations in which the 

nnknown quantity or quantities are inyolved in the exponents. 

1 
III. aF + ft» = «, tf« = d, a* = 42, »^=2, ^ = 256, «"=100, and 
afif-~yz=m are exponential equations. 

29S» Prob. 1. — To solve an eaponential equoaUm of the form 
a'= m. 

Solution. — Taking the logarithms of both members we have x log a = log tn 

(180 f 181) ; whence x = y^ — . Therefore finding the logarithms of m and 

a from a table of logarithms, and dividing the former by the latter, we find x, 

296, Prob. 2. — To solve an eaqwnenticU equation of the form 
x''= m. 

Solution. — Taking the logarithms of both members we have x log x = logm. 
Then find log m from the table, and determine x by inspection from the table so 
that X X log X shall equal log m exactly or approximately.* 

Examples. 

1. Find the ralue of 2; in the equation ^* = 2546. 

a , « , c^Ai, log 2546 8.405858 ^^^ 

Solution. « log 3 = log 2546. .\x^ ° = 477121 '^'^' 

2 to 6. Solve the following: (24)>'=18742; 2*=2673; (11)»=2681; 
2*= 10; 5'=1; (12)*' = 1. 

7. Find the value of x in the equation of = 3561. 

« — . - 

* The method of solving sach eqaatioas by Doable Position is entirely- useless, since a table 
of l(^rarlthms is necessary for that method, and having snch a table at hand, the approximations 
can be made to any extent likely to be desired, more readily by simple inspection than by com- 
pating the errors by Doable Position. Moreover, the method here given affords an excellent 
oi^rtise in the ate of the tablet). 



EXK)NSI<rriAL EQUATIONS. 267 

60L^nOK.'>--We have x log x^ log 8561 = 8.551572. Now looking in a table 
of logarithms, we soon see that x most be near 5, since 5 log 5 = 5 x .698970 
= 3.494860. Thus we see that « >5. Trying 5.1 we hjB.ve 5.1 log 5.1=8.608607, 
.-. X < 5.1. Therefore we try 5.05. 5.05 log 5.05 = d.55](61955, which coincides so 
nearly with the required value of x logx, that undoubtedly the lOOths figure is 
4. Again, for a nearer approximation try 5.049, as the value of jb is very near 
5.05. 5.049 log 5.049 = 8.550482. Hence we see that x = 5.049 + . 

8 to 15. Solve the following as above : af = 100; af = 7; of = 21; 

a^-4aK*=200; 3'"+3'=100; a--4- = ^*; a*^* = <?; a""J" 
= c. 

16 to 21. Solve the following: af^y*, and a^=i/^; af^zy^, and 
af = t^; m*-«' = n, and a:4-y = y; 2»3*=500, and 2a; = 3y; 

6*'-- = 256 ; (tf* - 2aV + }*)-» = (a - J)*- {a + *)-«. 

22. Given the fundamental formulss of Geometrical Progression, 

viz., I = af^', and S = ^ , to find the following : 

r — 1 

log ? — log a , - log [a + (r — 1)8] — log a 

log r log r 

*- log(iS'-o)-log(5-0 ^^''"'^ "- ^7 ^^• 

23. Giren the two fdndamental formalffi of Compoand Interest, 
Tiz, a = p(l + r )*,* and i = a — p, to find the following : 

_ logiP + *')-logp . . _ log g- log .P . i„ ,1 , .X 

*- log(l+r) ' *- log(l + r)' log (I + r) 

^ log (;> + *•)- log j> . J (1 + r) = ^og g - log j> . 

log g - log (a - t) . , , . _ log a - log (a - 1) 
' - log (1 + r) ' ^^^ (^+r) - ^ 

Note. — ^Many problems in Ck>mpoand Interest, Annuities, and kindred sub- 
jects are most expeditiously solved by means of logarithms. The student who 
has not a table of logarithms at hand may either omit the following examples 
in this section, or content himself with selecting the proper formula and telling 
how it is applied to the solution of the particular example. 

24 What is the amonnt of $100 at 7^ annual compoand interest 

* This formvla is obtained thus : letting r represent the rate for time 1, ezpreBsed decimally, 
i. «., if tlie rate is 7 per ct., r=.(W, <>' j^ » we have for time 1 (as 1 year), a=i?+pr=p(l+r) ; 

fortlmeft,a=pCL-\-r^-i:prit'^r)=pil+r)t; ftir timaS, as=p(l+r)t+pr(l-t-r)«=p(l+r)»; thero- 
fore for time ^ as:p(X-try. 
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for 10 yean? What if the interest is compounded semi-annnally ? 
What if quarterly ? What in each case if the rate is 10^? If 6^? 
If 3j^? 

8uG's.--We have o = p (1 + r)*, whence log a = log p + llog (1 + r) = log 
100 + 20 log 1,035, for interest at 7% oompounded semi-annnallj. 

25. In what time will a Bom of money doable itself at 10^ com- 
ponnded semi-annnally? At 7 ft compounded annually? In what 

time triple ? Quadruple ? 

' loe2 
8uo. g =2jp =r jKl + rf, whence 2 = (l4>ry,md I = ^ ^ 

26. In what time wiU $10 amount to $100 at 8^ compounded 
annually? 

27. What is the present worth of $2000 due 3 years hence, without 
interest, if money is worth 10^ compound interest ? 

SuG. — ^The present worth is a sum which, pat at componnd interest at 10j(, 
will amount to $2000 in 8 years. Hence 2000 = p (1.1)', p standing for present 
worth. Whence log p = log 2000 — 8 log (1.1). 

28. A soldier's pension of $350 per annum is 5 years in arrears. 
Allowing 5^ compound interest, what is now due him ? 

Suo's. — The 5th, or last year's unpaid pension has no interest on it, as it is 
just due. The 4th, or next to the last, has 1 year's interest due, and hence 
amounts to 850 (1.05) . The 8d year's pension has 2 years' interest due, and hence 
amounts to 850 (1.05)<. Thus the total is found to be 350+850(1.05)+350 (1.05)* 
+ 850(1.05)' + 850(1.05)*, or 850 {1 -h (1.05) + (1.05)* + (1.05)» H- (1.05)*}. 

29. Letting S represent the amount of an annuity h, in arrears 
for t years, compound interest being allowed, at rfi, show that 

r 

30. What is the present worth of an annuiiy of $200 for 7 years, 
money being worth 5^ compound interest ? 

Bug.— Evidently, a sum which, put at 6% compound interest, will amount to 
the same sum in 7 years, as the annuity will. 

31. Letting P be the present worth of an annuity a, for time t, at 

r^ compound interest, show that P = - . ^^.t^^^TT^ Also, that if 

r (1 + ry 

the annuity is perpetual (runs forever), P = -. 
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r (1 + 7^) T {1 -i- r) T 

Bhoald, since such an annuity is worth a present sum which will yield an 
annual interest equal to the annuity. 

32. What is the present worth of a perpetual annuity of $350^ 
money being worth 7^^^ compound interest ? K money is worHi 
10^ compound interest ? 

33. What is the present worth of an annual pension of 1125, 
which commences 3 years hence * (first 'payment to be made 4 years 
hence), and runs 10 years, money being worth 10^ compound 

interest ? 

SuG. — ^Evidently, the difference between the present worth of such a pension 
for 13 years, and for 8 years. 

34. An annuity a^ which commences T years hence, and runs / 
years at r^ compound interest, gives 

When the annuity is perpetual after the time T^ we have 
jP = - (1 + r)" ^. Student give proof 

. T 

35. Two sons are left, one with the immediate possession of an 
estate worth 112000, and the other with a perpetual annuity of 1800 
in reversion after 7 years: money being worth 5j^ compound in- 
terest, which has the more valuable inheritance, and how much ? 

36. What annual payment will meet principal and interest of a 
debt of $2000 at 8^ compound interest in 5 years ? 

Suo's. — The amount of $2000 at 8^ compound interest for 5 years = the 
amount of the annuity a for the same rate and time. 

37. Show that if 2> is a debt at compound interest at r^, h an 
annual payment, and i the number of years required to liquidate 

thBdebu= ^"^^"\?^^•T^"^■ 

log (1 + r) 

38. The debt of a certain State is $20,000,000, bearing annual 
interest at 4i^^. A sinking fund of $2,000,000 annually is set apart 
to meet it How long will it require to extinguish the debt ? How 
long if instead of paying the $2,000,000 annually on the debt, it is 
invested at 6j^ compound interest ? 



* An annuity which commences after some specified time is said to be in rtwr^t^ 
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39. A fanner has paid $10 per annum for newspapera^ which he 
cousiders have increased his net annual income at least ^. For 10 
years during which his net income has been $500 annually, money 
has been worth 10^ compound interest What is the total net gain 
to be credited to his investment in newspapers? 

40. A boy commenced smoking when 15 years old. For the first 
5 years he smoked 2 6-cent cigars each day. For the next 20 years, 
3 10-cent cigars per day. Now had he abstained from smoking and 
invested at the end of each six months the amount thus saved, at 10% 
annual compound interest, how much would he have accumulated from 
this source at the age of 40 ? 

41. A man pays a premium of $104 per annum on a life policy of 
$4200 for 20 years before his death. Money being worth 10^ com- 
pound interest^ does the insurance company gain or lose, and how 
much? 
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297* To Diseuss, or Interpret, an Hqu^itian or 
an Algebraic JExpression, is to determine its significance for 
the various values, absolute or relative, which may be attributed to 
the quantities entering into it, with special reference to noting any 
changes of values which give changes in the general significance. 

Such discussions may be divided into two classes : 1st. The dis- 
cussion of equations or expressions with reference to their constants; 
and 2d. The discussion of equations or expressions with reference to 
their variables. 

The following principles are of constant use in such discussions : * 

298^ Frop* — Afr<zctiony when compared with a finite quantity^ 

becomes: . 



* Theoe principles, and in fact most of this chapter, have been considered preyioasly, but 
are collected here for review and connected Study. 
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1. Equal to O9 when its numeraik>r is cmd Us denominator finite^ 
a7id when its numerator is finite and its denominator 00 • 

2. Equal toco, when its numerator is finite and its denominator 0, 
and when its nicmercUor is 00 and its denominator finite. 

3. Jt assumes an indeterminate form when numerator and denom- 
inator are both 0, and when they are both 00 .* 

Dem. — These facts appear when we consider that the value of a fraction de- 
pends upon the rehttive magnitudes of numerator and denominator. 

1. Let a be any constant and x a variable, then the fraction - diminishes as 

d 

a 
X diminishes, and becomes when x is 0. Again, the fraction - diminishes as 

X 

X increases, and when x becomes oo , t. e,, greater than any assignable magni- 

a 
iude, — becomes less than any assignable magnitude or infinitesimal, and is to 

X 

be regarded as in comparis^m with finite quantities. (See 142 and lifl^ Dem., 
and foot-note.) 

X 

2, Aax increases, the fraction - increases, and hence when x becomes infinite 

a 

a 

the value of the fraction Is infinite. Also as x diminishes the value of - in- 

X 

creases ; hence when x becomes infinitely small, or 0, the value of the fraction 
exceeds any assignable limits, and is therefore oo . 

X • 

8. Finally, if x and y are variables, ~ diminishes as x diminishes, and increases 

y 

«s y diminishes. What then does it become when a; = 0» and y = ? i e., what is 



the value of — ? Simple arithmetic would lead us to suppose that - was o^m- 

lutdy indeterminate, i, e., that it might have any value whatever assigned to it, 



for - = 6, once = 5x0 = 0: -=r 7, since = 7x0 = 0, etc. But a closer 



inspection will enable us to see that the symbol - is not necessarily indetermi- 
nate, or rather that the expression which takes this form for particular values of 
its components, has not necessarily an indefinite number of values for these 

X 

Talues of its components. Thus, what the value of — will be when x and y each 

diminish to will evidently depend upon the relative values of x and y at 
first, and which diminishes the faster. Suppose, for example, that y:=5x; 

X X 

then — = — . Now, 8upi)ose x to diminish ; the denominator will diminish 6 
y 5x 

00 

* By this is meant that ^ and — tnay have a variety of valuea, not that they neceasarOy 
40 have. 
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timefl M fwt M the numerator, and vihateyer the value of x, the value of the 

X X 

fraction will be i. So if v = Ta;, — = r— , which la | for any value of x. Hence 

^,^,ajOajl X X 1 

when X = 0,and y = 0, we have — =-•=—■=-, or — = ■- = -- = -, or 

X 

- = ~ = any other value depending upon the relative values of x and v. So, 

y 

^ OO X CO X 

alflo, if a? = 00 , and y = oo , - = — ; but if y = O2, we have — = — = — 

' y « ^^ ' y 00 e» 

1 a; QD a; 1 

= - . And BO if y = 10a?, we have - = — = — - = —- . Thus we see that the 
6 9 » y 00 ICte 10 

mere fact that numerator and denominator become 0, or become 00 , does not de- 
termine the value of the fraction, t. e., gives it an indeterminate form. 

299. A JReal Number or QtiantUy is one which may be 
conceived as lying somewhere in the series of numbers or quantities 
between — 00 and + 00 inclusive. 

III. — Thus, if we conceive a series of numbers varying both ways from 0, i, e, 
positively and negatively to 00 , we have 

— 00 - - - - -4, —8, -2, -1, 0, + 1, + 2, + 3, + 4, - - - - + 00. 

Now a reed number is one which may be conceived as situated somewhere 
within these limits ; it may be +, — , integral, fractional, commensurable, or 
incommensurable. Thus + 15624 and — 15624 wiU evidently be found in thia 
series. + V* t^^^^J he conceived as somewhere between + 5 and + 6, though it$ 
exact locality could not be fixed by the arithmetical conception of discontinuous 

number. So, also, — V* is somewhere between — 5 and — 6. Again -f V5 is 
somewhere between + 2 and + 8, though, as above, we cannot locate it exactly 
by the arithmetical conception. 

The following Oeometrical lUustratum is more complete than the arithmeticaL 
Thus let two indefinite lines, as CD and AB, intersect (cross) each other, as at O, 
Now let parallel, equidistant lines be drawn between them. Call the one at a 



-Oa— 




+ 1, that at h will be +2, at c +8, etc. So, also, the line at a' being —1, that at 
h' will be —2, at c' —3, etc. Now conceive one of these lines to start from an 
infinite distance at the left and move toward the right. When at an infinite 
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distance to the left of its value would be — oo , and in passing to it would 
pass through all possible negative values. In passing it becomes at O, 
changes sign to + as it passes, and moving on to infinity to the right, passes 
througli all possible positive values. Hence we see how aU real values are em- 
braced between — oo and + oo inclusive.* 

300. An Imaginary Number or Quantity is one 

which cannot be conceived as lying anywhere between the limits of 
— 00 and + 00 , as explained above. The algebraic form of such a 
quantity is an expression involving an even root of a negative quan- 
tity.f (See Part L, 218.) 



Examples. 

J' — ft 

1. What are the values of x and y in the expressions x = , , 

a — a 

y = — ^ ; , when b = b' and a and a' are unequal ? When b=b' 

and a = a'? When a = a' and b and V are unequal ? What are the 
signs of x and y when b>b' and a > a', the essential signs of a, a, 
b, and b' being + ? When b> b' and a<a'? U a' and b are essen- 
tially negative, and a = a', and b = b'y what are the values of x and 
y? If a' and b' are each ? 

2. What ge7ieral relation between a and a' renders :; — "^ — -, = ? 

1 + aa 

What renders it oo ? 

Solution. — To render z >= 0, we must have a' -- a = 0, and 1 -h cut' 

1 4- aa 

finite or infinite ; or else we must have 1 + aa' =:<x>, while a' —aia finite or 

_f _ /\ 

(298). Now a'— a = gives a' =:a; whence ; = r —, which is for 

^ 1 + aa' 1 -!-«*' 

any value of a finite or infinite. Hence the relation a' = a fulfills the first re- 
quirement. Let us now see if l+oa' =00 will also fulfill this requirement. This 
gives aa' z=<x>f since subtracting 1 from oo would not make it other than qd . 

oo 
Thus we have a' = — . Hence for all finite values of a (Including 0) a' is oo , 



* For example, the etadent who is acqaalnted with the elements of geometry knows how to 
constract a line which is exactly equal to v^S (Qbom., Pabt I., 110). This line he can locate 
between + 2 and + 8, and also between - 2 and - 8, since >/Z is both + and -. 

t Transcendental functions afford other forms of imaginary expressions ; for example, 

8in~' 2, sec~^ yi, log (—120), log (-m), etc. But our limits forbid the consideration of the in- 
terpretation of imaglnarles, except in the most restricted sense, as indicating incompatibilitf 
with the arithmetical sense of the problem. 



A 
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and ^ '^^ = — . = -. which can only be when a = co\ Therefore the 
1 4- oa aa' a 

a' •— d 
pmrtieular Talnee a' = co = a = oo , render < ,^ = ; but no gen&ral Talnes 

do. 

a' "- a 
Affain, in order that ; r = oo , we most have 1 + «o' = 0, and of — a 

finite or infinite ; or else we must have a' — a = oo , and 1 +aa' finite or 0. 

^ . , ^ _, 1 a'-a *"*'7 «'•+! a'« + 1 

Nowl + aa=Oglvesa=-j; j^;^-^ = —^ = -,-_, = __= co 

^ a' 

for any valne of a* finite or infinite. Therefore the general relation a= ; 

o' — ct 
between a and a' renders z , =ao A Let ns now see if the relation a''-a=ao 

will do the same. Now if a' — a == oo , one or the other (a' or a) must be oo . 

cC "^ ck a! 1 
Let a'= 00 . We then have ^ , = — ; = -, which can only be oo when a=0. 

Hence the partUvlaT values o'= oo and o = mnder ^ -, = oo , but no gen- 

eral values meet the requirement unless a = ;. 

3. What ceneral relation between a and a' renders — ^^ = ? 

What renders it oo ? 

4. In the expression y = - 2a: + 4 i V^^^riT^, how many 
values has y, m general'^ for any particular value of a; ? For what 
value or values of x has y but one value ? For what values of a; is y 
real ? For what imaginary ? For what values of a; is y positive ? 
For what negative ? 

Solution. — ^Writing the expression thus, y = — (2aj — 4) ± ^y/a?* — 4aj — 5^ 
we see that the value of y is made up of two parts, viz., a.rational part '(2a;— 4), 

and a radical part ^x^ — 4« — 5. But the radical part may be taken with 
either the + or the — sign. Hence, in general, for any i>articular value of z 
there are two values ofy. 2d. But if such a value is given to fB as to render the 
radical part 0, for this value of x, y will have but one value, viz., the rational 

part. But the condition ^x* — 4aj — 6 = gives a? = 5 and — 1. Thus for 

* This rednctlon is made by dropping a and 1, since the subtraction of a finite from an In- 
finite, OT the addition of a finite to an infinite, does not change the character of the infinite. 
Thus, in ttiis case, to assume that dropping a and 1 affected the relation between numerator and 
denominator, would be to assign to a and 1 some values with respect to the infinite a'. Bat 
this is contrary to the definition of an infinite. 

t It is to be obsenred tliat the relation as — ; reqnhres that a and a' have different essen- 
lial signs; while the relation of 3* a requires that they liave the same essential signs. 
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i? = 5, y = — 6, but one value ; and for aj = — 1, y = h- 6, also but one value. 
8d. To ascertain for what values of a;, y is real, we observe that y is real when 
oj* — 4aj — 5 is positive, and imaginary when a?* — 4aJ — 5 is negative. Now 
for X positive a?* — {4x -1-5) is -h when aj* > 4aJ + 5 ; and for x negative, we 
have a;* H- 4a; — 5, which is positive when a;* -h 4aJ > 5. The former inequality 
gives a;* — 4a; -h 4 > 9, or a; > 5 ; and the latter gives a;* -f- 4a; H- 4 > 9, or a; > 1. 
Hence for positive values of x greater tlian 5, y is real, and for negative values 
of X numerically greater than 1, y is real. The 4th inquiry is answered by this : 
y is imaginary for all values of x between —1 and +5. 5th. To ascertain what 

4- values of x render y -h, and what —, we observe that — (3aj— 4)± y'a;*— 4a;-5 
can only be + when the + sign of the radical part is taken and when 

\^x* — 4a; — 5 > 2aj — 4. This gives x <2 ± V"^, ». e., an imaginary 
quantity. Hence y is never + for a; +. Taking the negative sign of the 
radical we see that both parts of the value of y are — , and consequently y is 
real and negative^ for all + values of x which render y real, i. «., for valued 

greater than 5. Finally, for a; — we have y = 2a? + 4 ± \/a;* 4- 4aj — 5. Now 
when we take the 4- sign of the radical both parts are 4- ; hence this value of 
y is always 4-. When we take the — sign of the radical y is negative if 

2a; 4-4 < \^x* 4- 4a; — 5. But this gives a; < — 2 ±^^, Hence y is never 
negative for any negative value of x. Therefore both values of y are positive 
and real for all negative values of x numerically greater than 1. 

5 to 22. Discuss as above the values of y in the following ; t. e., 
1st. Show how many values y has m generaly and whether they are 
equal or unequal ; 2d. For what particular value or values of x^ y 
has but one value ; 3d. For what values of ic, y is real, and for what 
imaginary ; 4th. For what values of ic, y is +, and for what — ; 5th, 
Also determine what values of x render y infinite : 




* In all cases solve the equation for y In the first pl.irc. In this example 
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(18.) 4y» + 4a:" + 2y - 3a: + 12 = 0; 

(19.) 8y*-8a:" = 12; 

(20.) 12y» + 4a:* = 20 ; 

(21.) a:»+y«=16; 

(22.) a;* - y* = 20. 

23. Discuss the equation ay* — a;* + (J •— c) a^ + icx = 0, as aboye, 
when b>c\ also when c> b. 

BVB'B, jr = ± -rV^* ~ (ft — <5)i»'— hex, Wh6ned tre 8e6tluity hastwo values 

a* 

for evety valiie of a;, namericallj «qiial, but with opposite slgiis. yinO, when 

X* ^(P^ e)x* — 6e« = ; i, e,, when » = 0, « = 6, aad — e. Again y is real for 

* +, when «• > (6 — <>)»• + 6ca?, or «•>(* — c)« + Jc ; which gives w>b. For 

1 

a —, we hare y = db -ry — «' — (6 — c)aJ* -H ftca?, wliich gives y real when 

^' + (ft — e) a:' < ftea;, which gives x nomericallj less than c, i. e., greater than 

— e. Hence y is imaginary for all values of x between and + ft, and real for 
all values of x from + ft to +ao . 8o also y is real for all values of t iiom. to 

— e, and imaginary for all values of x from — « to — oo . 

24. Discuss as above y* = (x-- ay , showing that in general 

y has two valnes numerically equal but with opposite signs ; that it 
is for a; =r a, and a: = 6 ; is imaginary from a; = to a; rs } (except 
when x=sa, b being greater than a) ; real firom x^b to x= + co, 
and real for all negative yalues of x, i. 0., from a; = Otoa;= — go; 
and that for a: = 0, y = =b oo , and for x^ +ao,y=it:o»; also for 
a; = — 00 , y = ± 00 . 

25. Show from the equation y + «*y = a:> that y = when a: = 0, 
+ 00 9 and —00 ; alsb that y has but one yalue for any particular 
value of a:; that it is -f when a: is +, and — when a: is — ; and that 
y increases numerically as x passes from to +!> and from to —1^ 
but that it diminishes numerically as x passes from + 1 to + oo , 
and also from — 1 to — oo . 

26. Discuss y*a: = 4a' (2a — a:) with reference to y as a function 
of X, as above. 

27. Show that in the equation y* — 3aa:y + a:* = 0, y has three 

real values between the limits a: = 0, and x = a\^y and only one 

real value between the limits x = a V ^ a^d a; = 4- oo , and also be- 
tween the limits a: = and a: = — oo . 

Suo. — This ia dons by means of Cardan's formula. (See 280.) 
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301. Abtchmetical Iio^sepsbtatioks of Nbgativs akd 
Ihagmtabt Solutions. 

1. A is 20 years old, and B 16. When will A be twice as old 
asB? 

Bug's.— We hare 20 -h a? = 2 (16 + a?) ; whence a? = — 12. The arithmetical 
interpTetation of this reealt \b that A wiU n&oer be twice as old as B^but that he 
tooi twice as old 12 years ago, i. 6,, when he was 8 and B 4. 

2. A is a years old, and B,5. When will A be n times as old as 
B ? For n>l what are the possible relative values of a and h con- 
sistently with the arithmetical sense of the problem ? Interpret for 
a > n5, fl = w5, a < nJ when n > 1. Also for « = 1, a > nb, a<nbj 
and a = nb. 

3. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, the latter at rate h They are 
at two places c miles apart at the same time. Where and when are 
they together ? 

Solution and Discussion. — ^Let XY represent the road which the couriers 
ajpe traveling in the direction from X to Y^ and A and B the statiotui which they 






V r 



-0- 



B 



pass at the same time, A being at A when B is at B, and D or D' the place at 
which they are together. Call the distance fjrom B to the place at which they 
are together ±x, -^ x when D is beyond B, and — x when it is on the hither 
side of A and B, as at D'. Then the distance from A to the point at which they 
are together is « + (± a;). Now disregarding the essential aign of x, and leering 
it to be determined in the seqael, we haye 

Distance A trayels from A =s 6 + ^^ 
Distance B travels from B = X', 

Time from passing A and B to the time they are together and - . 

Bat these are eqoal. Hence we are to discuss the equation 

c + jcaj Jc j^^^ ''^ 

= - , or a; zs =• , and e + » =s r . 

a h a — ft a -b 

The points to be noticed In the discussion are, (1) when a > 5, (2) when a < 5, 
(8) when a = 6, c being greater than in each case but not oo . Also the like 

eases when e == 0. 

TF^» c> ttrf n<>< 00. 

W« hare^ far a>l^x poiUite, which shows that the point at which they are 
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together ie at the right of B, i, e., in the direction which thej are traveling. 
The Ume, r ( or ), is poiUive, which ehowB that they are together ttfUr 

passing A and B. 

CM? 

For a <h, x is negative, and c-h x, which eqoals =- , is also negative. 

A — 

Thia showa that thej were together at a point at the left of A, that is, before 

they reached the stations A and B. With this the expressions for the tisie also 

X X e ^ X 

agree. Thus -r becomes — r^ , and is also negative, since in this case x>e. 

o on 

When a=zb,x=: r = -zr =ao , and o 4- fl' = r = -tt =«> ; which indi- 

cates that thej are never together. 

When c=zO. 

In this case x =: 1 = 0, and -h s = r = 0. for a and b unequal, indi- 

a — o a — 

eating that they are together when they are at A and B. This is evidently oor- 
rect, since A and B coincide in this case. When a = 5, a; = r = ^ , and 

6 4- = — > which shows that they are oMDoye together, ^r being a tiymbol of in- 

determination which in this instance may have any value whatever, as we see 
from the nature of the problem. 

S02* ScH. — ^The student should not understand that the symbol - 

alwaye indicates that the quantity which takes this form has an indefinite 
number of values. It is frequently so, but not necessarily. The indeter- 
mination may be only apparenty and what the value of the egression is 
must be determined from other considerations. The Calculus affords the 
most elegant general methods of evaluating such expressions. But the 

simple processes of Algebra will often suffice. Thus for a? = 1, -= = 7:. 

1. — X 

1 — JC* 1 — «' 

But YIT^ = 1+ « -h aj*, which, for « = 1, is 3. Hence j^;^ = 3, for a?=l. 

Here the apparent indetermination arises from the fact that the particular 
assumption (that aj = 1) causes the two quantities between which we wish 
the ratio, viz., the numerator and denominator, to disappear. Let the 

demonstration. ) 



student find that ^_^ ;_ = 2i for aj = 1. (See also 298^ 3d part of 



4. Two couriers starting at the same time from the two points 
A an4 B, c miles apart, travel toward each other at the rates a 
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and b respectively. Discuss the problem with reference to the place 
and time of meeting. (Consider when a>bya<.by and a = b.) 

5. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, and the latter n times as fast. 
They are at two places c miles apart at the same time. Discuss the 
problem with reference to place and time of meeting as in Ex. 3, 
adding the considerations, w > 1, n < 1, w = 1, n = 0. 

6. Divide 10 into two parts whose product shall be 40. 

Solution and Discussion. — Let x and y be the parts, then x + y ==10, 

ajy = 40, and a? = 5 ± y — 15, y = 5 qp ^— 15. These results we find to be 
imaginary. This signifies that the problem in its arithmetical signification is 
impossible : this indeed is evident on the face of it. But, although impossible 
in the arithmetical sense, the values thus found do satisfy the formal, or alge- 
braic sense. Thus the sum of 5 + y^— 15 and 5 — >^~ 15 is 10, and the 
product 40. 

7. The sum of two numbers is required to be a, and the product 
h : what is the maximum value of b which will render the problem 
possible in the arithmetical sense? What are the parts for this 
ralue of 6 ? 

8. Divide a into two parts, such that the sum of their squares 
shall be a minimum. 

Sug's. — ^Let X and a^x be the jMirts, and m the minimum sum. Then 

aj* + (a — a?)* = 2aj* — 2ax + »* = «*; 



whence x = ia ± i ^ 2m — a*. From this we see that if 2m < a*, x is 
imaginary. Hence the least value which we can have is 2m =: a*, or m = ia*, 

9. Divide a into two parts, such that the sum of the square roots 
shall be a maximum. 

10. Let d be the difference between two numbers : required that 
the square of the greater, divided by the less, shall be a minimum. 

11. Let a and b be two numbers of which a is the greater, to find 
a number such that if a be added to this number, and b be sub- 
tracted from it, the product of this sum and this difference, divided 
by the square of the number, shall be a maximum. 

SxTO's. — ^Let n be the number, and m the required maximum quotient. Then 

by the conditions ^ — r^^— "= m, whence we find 

•^ n* 



a-^b y^g* + 2fl6 + &' — 4abm 
'*"""2(l-m) * 2(1 -m) 
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From this we see thftt the greatest valae ^ich m caa have and render n teal 

4ab ^ 2(1 —m) a — ft 

12. To find the point on a line passing through two lights at 
which the illumination will be the same from each light 

Solution. — Let A and B be the two lighta, and XY the line peering througli 

sc if i % It Y 



them. Let a be the intensity of the light A at a unit's distance from it, ft the 
intensity of B at a unit's distance from it; e the distance between the two lights, 
as AB, and x the distance of the point of equal Ulumination from the light A, as 
AD (or AD'). Then, as we learn from Physics that the illuminating effect of a light 
varies inversely as the square of the distance from it, we have for the illumina- 

tion of the point D by light A -j , and for the illumination of the same point 

by light B, ^ . But by the conditions of the problem these effects are 

equal ; hence we have the equation to be discussed ; viz., 

a __ ft 
»*""(<? — X)* ' 

_-, . (d — «)• ft c — x ./ft ±\/b 

This gives . = ^5 ^ ~^ = * V :; = — ^ ' 

X' a X r a ,^^ 

e ^ ± \/b e a/H ± \/h 
or 1 = 2^ ; or - = -i ^ ; 

* ya * ya 

or, finally, x:=^c—-^ — , and x ^zc-^-p^ -=, 

*^a-\-yh ya— yft 

wliich are the values of a; to be discussed. 
DiscTTBSiON. — L Ltt cbefinUe and > 0. 

1. When a>b, x^c - .J/ ^ .- >ic, since y ^ > J for a> ft. This 

y«+v* Va+vft 

is as it should be, since for a > ft the point of equal illumination will evidently 

ya 

be nearer to B than to A. Again, the other value of x gives « = c —-=■ — >c, 

/— 

since ,^ p- is -f and > 1, when a > ft. Hence we learn that there is a 

ya— y^ 

point beyond B, as at D', where the illumination is the same from each light. 
If we assume \/o=2y^, AD = | c, and AD' =2c. 

2. It is evidently unnecessary to consider the case when a < ft, since this would 
only situate the points of equal illumination with reference to A as the preced- 
ing discussion does with referonce to B. 



INTEHPBETATION OF EQUATIONS. 271 

8. Whena = 5,g = e J^ *^ = tc, eince Jj^ =^^=i. This 

ya-^yb ya + yb 2ya 

is as it should be, since it is evident that in this case the point of equal illumina- 
tion is midway between the lights. Again, for the second value of x, we have 

A/a 
x=z6 = 00 . This is also evidently correct ; for when the lights are 

of equal intensity there can De no point beyond B, for example, at which the illu- 
mination from A will be equal to that from B, except when 2 = oo , for which 
the illumination is for each light. [Let the student give the reason.] 

€t b 

II. When = In this case the original equation ~j = rz becomes 

-5 = -; , whence a=6. We then have x=zc — ^ — ;=: = ; and x =e — :^ — ^ 

CA/i 

= — =:^ = X. The former shows that there is a point of equal illumina- 

tion where the lights are (when e = they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both these con- 
clusions are evidently correct.* 



* Ia difciiMing this problem, loiiia have committed the error of eoBsideriiig that, tince fo: 

c = and a and b oneqaal, x = e — = — = 0, therefore there is a point of eqnal illumination 

at the point where the lights are sitoated I This is evidently absard, since the hTpotbesis is 
that the lights are of uneqiuU intensity. The error consists in not perceiving that the 

hypotfacslSv.^ :zO, excludes the hypothesis, a aad ^ uneqnaL That tha hypotheses a ^ ^ are 
ozclttded by the hypotheses &zs and that there is a point of equal illuminatton, is self-evident 
PeriiHM the student may think that these conditions are no m(»e inconsistent than those in L 8, 
above, viz., c finite, a=6, end a pointof equal illumination ; and that, if in the former case we in- 
terpret x = e ^ — ^-^ — s 00 as indicating a pomt of equal illumination at a; = 00, we should in 

this interpret x = • ^r « . = as indleatlBg a point of equal illumination at the place 
where the UghU are situated. But the doabig remark in L 8 will dear up this difficulty. 
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SECTION L 

SEREBS. 

303* A Series is a saccession of related quantities each of 
which, except the first or a certain number of the firsts depends upon 
the next preceding, or a certain number of the next preceding, 
according to a common law. Each of the quantities is called a 
Term of the Series. 

III. — A Progression, as 1, 3, 5, 7, etc., or 3, 6, 12, 24, etCw, is a series in which 
each term after the first depends upon the next preceding according to a conimoii 
law. The numbers 1, 3, 7, 11, 21, 39, 71, 131, etCw, constitute a series in which 
oach term after the third is the 9wm of the ihree next preceding. The numbers 
2, 8, 5, 17, 88, 1513, etc., constitate a series in which each term after the first 
three is the product of the Udo next preceding + the third preceding. 

30^. A Recurring Series is a series in which each term 
after the first n is eqnal to the snm of the prodncts of each of the n 
preceding terms multiplied respectively by certain qnantities which 
remain the same thronghont the series. These multipliers with 
their respective signs constitate the Scale of JReiation. 

III. 1, 4a, 9x*, Ifkt*, etc., is a recurring series whose scale of relation is 
x'*, — 8a5*, 8aj, since (1 x «*) + (4ij x [ — 3«*]) + (to* x Sa?) = 16aj». The next 
term after lftij» would be (4c x «») + (9aj« x [ - 3a?*]) + (Ite* x 3a-) = 25«*. 
The next would be 3fte'. 

30S, An Infinite Series is one which has an infinite number 
of terms. Such a series is said to be Convergent when the successive 
terms decrease according to such a law as to make the sum finite ; 
otherwise it is called Divergent. 

III. 1%, yj^, rf^> rshnif etc., to infinity, is an infinite, converging series 
^hose sum is J. That -flf + t8tt + ti^Vitt + ift Bofl + etc., to infinity *= i is evi- 
dent, since by division we have i =.3333 + = A + yfc + tAo + etc. 



♦ The expression *• to infinity " is usaally omitted, as being snfficienUy indicated by " etc.; • 
and, in foct, either the + sign at the end or the " etc." may be omitted. 
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306* To Mevert a Series involving an nnknown quantity; 
is to express the value of that unknown quantity in terms of 
another quantity which is assumed as the sum of the first series, or 
as involved in that sum. Thus the general problem is, having 
given /(y) =z ax + bx^ + caf + etc., to express x in terms of y, t. e., 
to find x^f{y). 

III. — Thus to revert the series x + Sjc* + &»• + 7aj* + 9»* + etc., is to express 
the value of x in another series involving y when y = x + 8aj* + 5aj' + 7aj* 
+ 9aj* + etc., or when 1 — 2y + 5y' = a? + 3aj* + fite' + 7aj* + 9aj* + etc., etc. 

307* The First Order of Differences of a series is the 
series of terms obtained by subtracting the 1st term of the given 
series from the 2d, the 2d from the 3d, the 3d from the 4:th, etc. 
The Second Order is obtained from the first as the first is from the 
primitive series. The Tliird Order is obtained in like manner from 
the second ; eta 

These several series are called the Successive Orders of Differences. 

III. — ^Having the series 

1, 8, 27, 64, 125, etc* we obtain 

Ist order of diifs, 7, 19, 87, 61, eta, 

2d *' " '* 12, 18, 24, etc., 

8d " " *' ^ 6, 6, eta, 

4th *' " " 0, eta 

308. Interpolation is the process of finding intermediate 
functions between given non-consecutive functions of a series, 
without the labor of computing them from the fundamental formula 
of the series. 

III. — ^The logarithms of the natural numbers 1, 2, 8, 4, 5, 6, 7, 8, etc., con- 
stitute a series of functions. Now knowing these, interpolation teaches how to 
find intermediate logarithms, as log 4.8, 4.5, 4.6, etc., or 2.7, 2.72, 8.102, 7.025, 
etc., without the labor of computing them from the fundamental formula of 
tlie series (192), 

[Note. — ^The student must guard against the notion that every series is a 
recurring series. Any succession of numbers related to each other by a common 
la/ID, as, for example, the logarithms of the natural numbers, is a series, as well 
as the more simple arithmetical, geometrical, and other recurring successions.] 

309. Some of the more important problems concerning infinite 
series are : To find the scale of relation of a series; To find the nth 
(any) term of a series ; To determine whether a series is convergent 
or divergent ; To find the sum of a convergent series, or of n terms 
of any series ; To revert a series ; and, To interpolate terms between 
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given tenxiB. To these problems we shflll give attention after 
haying demonstrated the following Iemma» which is of use in the 
solution of several of them. 



310* LeWima. — The first term of the nth order of difference 
if a — nb +5i!iZLJc— '^ "" .i *" d-t-etc^ fiohen n ie even, and 

^a + nb -5^zJL)c+ H(£.I±l(ilL?) d-etc.,t.Am n is odd; a, 

hf Cy d, etc^ beinff eucceaeive terms of the series. 

Dbm. — ^Letting a, h, e, d, e, f, etc, be the aeries, we have 

IM Order of cliff's, 6 — o, c — 6, d — c, « — £?,/—€, etc., 

2d " *' " c-2ft + a, d-2c + 6,e-2d-|-c,/-2« + «l, etc, 

8d " " " d-8<5 + 86-a, «-3cf + 8c-6,/-8«+8d-c,ctc. 

4tli " ** " «-4kf + 6c--46 + a,/— 4d + (W — 4c + 6,etc„ 

5th " " " /-6«+l(W-10c + »-a, etc. 

Now by inspection we observe that, numerically, the coefficients in these 
terms follow the law of the coefficients in the development of a binomiaL Thus 
the coefficients in any term of the 2d order of differences, as in — 25 + a, aro 
the same as in the square of a binomial ; those in any term of the 8d order, aa 
in d— 8c+8&— a, are the same as in the cube of a binomial, etc. Hence, revers- 
ing the order of the simple terms in the^«^ terms of the successive orders, and 
representing the first term of the first order by D, , the first term of the 2d order 
by Dt, the 1st term of the 8d order by D,, etc., we have, for the seen orders, 

Dj = a — 26 + c, 

2>4 = a — 46 + 6<j — 4(f + «. 

Hence, by induction, we have, for the Ist tena of the nth order, when a is eoen, 

J>.,.a-«H.!;»tZiac-"(*-|»*-g)4.H,te. 

Again, for the odd orders, we have 

2>i = ~ a + 6, 

i>, = -« + »- 106 + lOd _ 6^ +/. 
Hence, by induction, when n is odd, the first term of the nth order la 

jJn= —a + fib i-- — - c + -i ^ ' d — etc.* 

^ Li 



* The author does not deem it expedient to take the time and space to demonstrate more 
rigorously this law ; nor does he fully sympathize with the idea that induc^on is In no case a 
tatltfactory sMtfaematical arfnmmit 
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311. Cor. — It will be obBemtd the^ in order to jmd the 1st term 
of the first order of differences^ we must have 2 terms of the series 
given ; to find the \st term of the 2d order, 8 terms ; to find the 1st 
term of the Sd order, 4 terms ; and, in general, to find the 1st term 
of the nth order toe must know n -f 1 terms of the series* 

Examples. 

1. Find the Ist term of the 3d order of differences in the eerics 
7, 12, 21, 36, 62, eta Also the 1st term of the 4th order. 

Bug's,— For the 8d order we have 

2>, = -.a + 8&-80 + (2s-7 + 812-8.21 + 863r8. 

For the 4th order, 

2 to 6. Find the first term^ of the orders of differences specified in 
the following : 

(2.) 2d, 3d, and 4th, in 1, 8, 27, 64, 125, etc. 
(3.) 3d, and 5th, in 1, 3, V, 3», 3^ 3», etc 
(4) 5th, in 1, i, J, \, ^, i^, etc 
(5.) 5th, in 1, 6, 21, 56, 126, 252, etc. 
(6.) 6th, in 3, 6, 11, 17, 24, 36, 50, etc 



312. JProb. 1. — To find the Scale of Relation in a recurring 
infinite series when a si^fficient numier of terms is given* 

Solution. — 1st. When each term (tfter tTie first depends on the next preceding. 

— Let m lepresent the scale of relation. Then b = ma {304). Whence m = -. 

a 

2d. When e€teh term (itfter the first ttoo depends on the tw> terme neet preeedinff 
it. — Letting m, n be the scale of relation, we have e::sma'k-nb, and d^mb-hne 

(304). Whence m = r^, and n = nr. 

ac — lr ae — b* 

8d. When eaeh term after the first three dependsonthe three terms next preced- 
ing it, — ^Letting m, n, r represent the scale, we have d = ma + n6 + re, e=smb 
+ ne ■¥ rd, and/= mc + nd -i-re. From these three equations the Talues of 
m, n, and r can be found. 

4th« We can evidently proceed in a similar manner when the dependence is 
upon any number of preceding terms. 

313» ScH. — ^In applying this method, if we assume that the dependence 
is upon more terms than it really is, one or more of the terms of the scale 
will reduce to 0. If we assume tlio dependence to be on too few terms, the 
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error will appear in attempting to apply the scale when found. If we 
attempt to apply the method to a series which is not recurring, the error 
will appear in the form which the scale assumes, or when we attempt to 
apply it. 

When the dependence is upon two terms, any two equations of the series 
e = ma -¥ nbj d = mb •¥ ne, e = fne -^ ndy /= md + ng, etc., will give the mme 
odlues for m and n. So also if the dependence is upon tliree terms, any three 
equations of the scries d = ma ■¥ fib + re, e = mb -k- ne + rd, / = me -k- nd + re, 
g = md -^ ne + rf, etc., will give the tame values to m, n, and r ; etc., etc. 

There is no general method of determining that a series is absolutely not 
recurring. The best practical method of procedure is to assume ftnt that 
the dependence is upon ttioo terms : if this does not give a scale which will 
extend the series, try whether the dependence is not upon three terms, then 
upon four, etc. Of course, applying this process to an infinite series would 
not determine that the series was absolutely not recurring. 

Examples. 

1. Find the scale of relaj;ion in the series 1, 12, 48, 384, 1920, etc. 

Bug's. — ^Assuming that the dependence is upon two terms, we have 48 = m 
+ 13n, and 384 = 12m + 48/i ; whence m = 24, and » = 2. Now since 1920 
= 24 • 48 + 2 • 384, we conclude that +' 24, + 2, is the scale. 

2. Find the scale of relation in the series 1, 6a;, 12a;*, 48.'c', 120ar', 
etc. 

Sno's. — We have 12a?* = f» + (ten, and 48a;' = (te» + 12a;*n ; whence m=to*, 
and n=a;. Now, as 12(h;* = 6a;' • 12a;' + x • 48a;', we conclude that the scale of 
relation is + to', + x, 

3. Find the scale of relation in the series 1, 4a;, 6a;*, 11a;*, 28a?*, 633;*, 
and extend the series two terms. 

Scale of relation^ +3a;', —a;*, +2a:. 
Next two tennsy 131a;*, 283a;\ 

4 to 11. Find the scale of relation in the following, and extend 
each series 2 or 3 terms : 

(4.) 1, a:, 2a;*, 2a;*, 3a;*, 3.r*, 4a;*, 4a;', etc. 
(5.) 1, 3, 18, 54, 243, 729, 2916, 8748, etc 
(6.) 1, a;, 6a;*, 13a;*, 41a;*, 121ar', 365a;*, etc. 
(7.) 1, 4, 12, 32, 80, etc. 
(8.) 3, 5a;, 7a;*, 13a;*, 23a;*, 45ar', etc. 

{^') |, - f^x>-^x\ --^a,-*, etc 
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(10.) 1, 4, 10, 20, 35, 56 84, 120, etc. 
(11.) 1, 4, 8, 13, 10, 26, 34, eta 



314:. Prob* 2* — To find the nth term of a series when a mf- 
ficient number of terms is given* 

Solution. — The best method of doing this depends upon the character of 
the series. We give the following : 

lat. The formula Z = a + (» — \)d, and I =r ar*~*, resolve the problem for 
arithmetical and geometrical series, I being any term. 

2d. The scale of relation may be determined by Prob. 1, and the series 
extended to the nth tenn by means of it. 

3d. But the first tenns of the successive orders of differences afford one of 
the most elegant and general methods. Thus from (310) we have 

!>«= a— 26+c; .-. c=a+2i>,+D, ;♦ 

I>3=— aH-36— 3c+rf; .*. <?=a+82>,+32>,+l>3; f 

2>4= a+46— 6<;H-4d— tf ; .*. «=a+4i>,+6Z>,+4i)3 + Z>4 ; 

i>5=— a-|.56— lOc+lOrf— 5«-h/; .•./=a+5I>,+102>,+102>a+5/)4+7>«. 

etc., etc., etc. 

Whence, by induction, we have, in general, the nth term = a + (n — l)2>t 

(n-lXn-2)-, (» - l)(n - 2K» - 3) -^ , ,,„ ,, ^ ,.. 

+ ^^ S ^t + ^ \o — '— J^a + etc, till the term containing 

« I o 

2>«.i is reached, or till an order of differences is reached of which each term 
is 0. It is only in the latter case that the method is practically useful, since to 
determine the first terms of the n — 1 successive orders of differences, requires 
that n terms of the series be known. 



Examples. 

1 to 5. Solve the following by means of the scale of relation : 

(1.) Find the 8th term of 1, %x, 8«*, 28a;", 100a?*, etc 

(2.) Find the 9th term of 1, 3a5, 6a:», 7a;», ^y lla;», etc- 

(3.) Find the 10th term of 1, 3a:, 2a:», — a*, — 3a?*, — 2a:», etc. 

(4.) Find the 12th term of 3, 5, 7, 13, 23, 45, etc. 

(5.) Find the 11th term of 1, 1, 6, 13, 41, 121, etc. 

6 to 12. Solye the following by means of the successive orders of 
differences : 

(6.) The 12th term of 1, 5, 15, 35, 70, 126, etc 

* c = - a + 86 + Z>, SB > a + 8(a -h Z>|) + Z>s = a -f S2>| + X>«. 
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(7.) The ISfch term of l, 8, 6, 10, 15, 21, eta Also the lidt 
(8.) The nth term of 1-2, 2-3, 8-4» 4-5, etc 
(9.) The 12th term of 1, 4x, 6a:*, lla:*, 28a?*, 63a:», etc.* 
(10.) Solve the first fiye given above by this method, when it 
will apply. Also determine the scale of relation in (6) to (9) in cases 
in which the series is recnrring. 

(11.) Find the nth term of 1, Vy 3*, 4*, eta 

(12.) Find the 9th term of 70, 252, 594, 1144 1950, etc. 

13. Extend the foUowing to 10 terms, by the method of differences: 
1, 4, 8, 13, 19, eta Also ^, 4a?*, 8a;*, 13ai", 19aj'*, eta Also 1, 6, 20, 
50, 105, 196, etc, 

31S. JProb* 3m — To determine whether a series is convergent or 
divergent. 

Solution. — Ist When the terms are off +. If the oeries is not decreasing, 
of course it cannot be oonvei^nt. Thus a + b + c-hd-^e-^ etc, if a <b 
<e <d <e, etc, is > «ao . Let ns then consider the case when the terms are 
all -f , and a>b>e>d>e, etc We liave 

i9=:« + & + 6 + tf + €4-etc=a(l +-+- + - + - + etc) 

\ a a a a J 

(ft ^ d^ «to& \ 

a ba eba dd>a */' 

Now if -, r, -, n, etc<p, i9<a(l +p •fj»' •l-p*'«-ji*+ etc), which, if 

p < 1, = q . Therefore, An infinite ufiee of poettite terms is ehsays eoneer- 

1 —p 

gent, if the ratio of each term to the preceding term is less than some assigTuMe 

quantity which is itself less than 1. 

2d. When the terms are aUemately + and — , and decreaeing. Let the series 
be a, — ft, -f c, — d, + «, — etc. Now we may write 

5=i(a — J) -K (c — d) + («—/) + etc; 
and also 5as: a — (6 — c) — (d — «) — etc 

Since the terms are decreasing (e — (2), (s-^f), etc, are +,^And 8>a — b. 
Again, (6 — c), {d — e), etc., are + , and 8<a. Therefore, e4ny series of decreas- 
ing terms, vMch terms are alternately + and — , is convergent, 

8d. When the terms are aUematelp + and — , and increasing, we have 

5=a — ft + c — d + e— / + ^ — etc = o — (5 — c) — (d — «)—(/ — ^) — etc 

Now, since the terms are increasing, b — c, d — e, f — g, etc., are essentially 
negative. Representing these differences by — d, — di, — d„ etc., we have 



* It is evident that the ISth term iiiTolyes x \o the 11th power, or containe x". Hence we 
have only to And the coeffldeat, or the 12th terra of t be aeriee 1 , 4, 6, 11, S8, 68, etc. 
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S^a-^d + dt -fdf^- etc, a ieriei whieh can be examined bj the first proeeee 
given above. 

4th. The process of gitmping the tenns and thas forming a new series, as in 
the last case, is freqnentlj serviceable in other cases than that there specified.* 



Examples. 

111 1 

1. Determine whether 1 + 7 + iro + tito + 7-0-5-7 + ^^> i» 

a convergent series. 

Sno's. — ^Here - = 1, i = x, - = « , ^" = t» eta ; whenoe we see that each 

($ 4 C O €b ^ 

of the ratios after the second is less than i, whidi is itself less than 1. Hence 
the series is converging. 

2. Determine whether l+l^ + '^ + i+ etc., is a conTeiging series. 
3 to 6. Determine which of the following are converging : 

(3.) ^ + j + | + ^ + etc. 

(4.) IH ^■3 + 11 + ®*^ ^ being > 1, ue^ any decreasing 

geometrical progression. 

. . 1 1 1_ 1 

^^•^ 8.18 "^ 10^21 ^ 12:24 ■*" 14:27 ■*" ^^ 
3 4 5 

^^^ ^y* I jy^ ^jr^ ^Jt^ ^^^ 

7. For what values ofrcis a;— -jr + o* — t+t — -s- + e*^c., 

^ o 4 D o 

convergent, and for what divergent ? 

Bug's.— For « ^ 1 we have a series with the terms alternately + and — , 
and decreasing. Hence, by (31S, 2d), tiie series is convergent. Again, to 

examine the series for a? > 1, it may be written * "* -5- + ^ (-r — Ti 
4. ^ |__ £. J + ajt I -_. — — - J + etc. Now, for « > 1, some one of the 

tBctoiB (y-"|-). (y""?")' (t""1)' ®*^' ^^ ^ following it 

o Id; 

will become negative. Thus, if fl! = => all following = — g will be negative. 

• 10 



* This Is conHessecUj quite an imperftct jiresentation of this probkm ; bat it is snflVitnt for 
moat pnrpoMs, and la as fiill as our Umila win i^w. 
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The Bfun of that portion of the series preceding this first negative factor will be 
finite, since it will be composed of a finite nomber of finite terms. Let us now 
examine the infinite series which is composed of negative terms. Let a be 
the value of x for which we are examining the series, and y the exponent of x 

in the first negative term. This term is therefore af^l- ^ ^ j. Now this 

may be taken' as the general term of this portion of the series if we understand 
that a is constant and y variable. As y increases bjr 3 in each successive term, 

the first two terms of this series are a^( 5 ), a»+*| ^ -) ; and 

the ratio of the second to the first is a« [ ^,^^7,7"^ x JISLULI 

i (y + 2)(y + 3) y^l-ay) 

= «• li ^'^;''»^^7^^Tt^^^T1^Z^^^^ a \ ' the limit of which, as yin- 
((l-a)y» + (6 — 6a)y« + (11 — 6a)y + 6V ' * 

creases to infinity, is a*. But as a > 1 , a' > 1, and this negative series ia diver- 
gent and its sum is infinite. Hence the given series is convergent for ^ 1, and 
for all values of > 1 it is divergent 



316* JProb. 4. — To find the sum of n Urms of a series. 

This problem, like many others coi^ceming series, does not admit of a general 
solution. We specify the following cases : 

Gasb 1. — When the eeriee is Abitumktical or Gbombtrical, either dieergent 

or convergent, for n finite, 8= in [2a + (n — 1) d], or 8= — ^ :— . For an 

r -"1 

infinite geometrical convergent series we have 8 = 



1-r* 



Case 2,— When the eeries ie an infinite, deereasing, bboukriko eeriee, to find 
the sum of the series (t*. e,, n being oo). Let the series be a+&+c+(2+e+ etc., 
and m, n the scale of relation, the dependence being upon two terms. Whence 
we have 

a = a, 

6=6, 

c ^ (Xifn + bn, 

d = bm + en, 

e = em + dn, 

f ==dm -k- en. 



Putting 5=a+6+c+cf +etc.. 



and adding, this gives i9 = a + 6 + 8Tn + (5 — a)9k 

Solving for 8, we have 8 = -= . (X) 
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When the scale ofrekUian consigie of three terme, as m, n, r, we hav« 

a =: a, 

b =b, 

e = c, 

d = dm + hn + er, 

e = bm + en -h dr, 

f z= em + dn + er, 

g = dm -k- en + fr. 



Whence S=a + b + e + Sm + (8— a)n + (S—a — b)r. 

And solving for -8. S = « + >+"" '^~ <" "^ ^^ . P 

When the scale of rekUion eonsiste of four terms, as m, n, r, s, we can wriK 

from analogy, 

flr +6+ c + (f — «/i — (a + 6)r — (a + ft + c)« ,^. 

^ z= . [p) 

1 — w* — n — r — s 

Case 3. — To find the sum of n terms of a series by the method of differ- 
enees. — Let the series be a, b, c, d, e,f, etc, which we will call (A). 
Now if we write the series 

(B) 0,a,a + b, a + b + e, a + 6 + c + d, a-*-6 + c + d + «, etc., 

of which the series {A) is the first order of differences, it is evident that the 
(n + l)th term of {B) is the sum of n terms of the given series {A), By thv> 
formula for the nih. term (314 f 8d), which is 

The Tith term = a + (n— l)i>i + ^^ g 2>s + r o ' i>8 + «tc, 

noticing that a, the first term, in series {B) is 0, that D\ of series (B) is a of 
series (-4), i>j of series {B) is i>i of series {A), etc., we have, for the sum of 
n terms of {A) 

On this formula we observe that when the orders of differences do not vanish, 
if the series is extended to the (n + l)th term the coefficient of that term will 
become 0, and the series will terminate. 

Moreover, in cases in which the nth order of differences vanishes, the same 
number of terms of this formula will give the sum of any number of terms of 
the series above the Tith. 

Case 4. — ^Upon the principle that any fraction of the form , ^ — - 

= - (?. — ),♦ many series of fractional terms of the form — : — - — : 

p\n n + p/ v\n + p] 

may be summed. 

• This is eyident since i - ^ _nq^pq-nq_ pq 



n +jP »»(»+jp) »»(« + p)' 
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Alflo nuuiT 0erie0 of fnetSonal terms of the form —, % t-t may be 

Bommed from the fbet that 



«(» + 1>X» + 2p) 



^^{—1 g \ 



When the fractional terms are of the form — ^ . ^ ;;-., the 

summation may often be effected upon tlie principle that 

I _ 1 ( g ? > 

«(» + pX» + 2pX» + 8p) 8p (n(n + pK»* + Sjp) (n + pX» + 2pX» + 8p) J " 

The practicability of this method depends upon oar abili^ to find the ^Uffer- 
enoe between two series. Thus, when the terms of the given series are of the 

form -7—^ — r , if we can find the difference between two series wiiose terms 
ii\n + p) 

are of the form - , and — - — respectively, we can find the sum of the given 

n n -j- p 

series. Bat the method will be more readily comprehended in connection 

with itfl application. (See Ex's 15-90.) 

EXAKPLES. 

1 to 7. Find the sum of the following reonrring series : 

(1.) 1 + 2ic + 8x» + 2Sof + lOOaf* + etc5. 

(2.) 1 + 2a? + 3«" + 6a^ + 8«* + eta 

(3.) 1 + 3x -«- 5«* + 7a^ + etc 

(4.) d + bz + ^x" + lda* + %Sx^ + j^cfi+ etc. 

(5.) 1 + 1 + 5 + 13 + 41 + 121 + etc 

(6.) 1 + a: -f 2a;* + 2a;» + 3a?* + 3a;" + 4a^ + 4a;' + etc 

-_,. a ac , flwj" . ^ . . . 



8 to 14. Find the sum of the following by the method of differences 

(8.) H-3+5 + 7+etc,to20 terms; ton terms. 

(9.) l+2+3+4+5+etc.9 to 50 terms; to n terms. 
(10.) 1 + 5 + 16 + 36 + 70 + 126 + etc, to 30 terms ; to n terms. 
(11.) 70+262 + 694+1144 + 1950 etc., to 25 terms; tow terms. 
(12.) l + 2*+3*+4*+etc., to 12 terms; tow terms. 
(13.) l+2*+3*+4*+etc., ton terms. 
(14.) 1+2* +3* +4*+ etc., ton terms. 



1111 
15. Find the sum of=-^+;r-5 + 5-r+ r-^+ etc., by the method 

X'A A*0 o«4 4»0 

given in Case 4. 



BSBIB8. 288 

Suo's.-^If we put i» = 1, g = 1, and n = 1, 9, 3» 4, etc., Buccessively, tlie 
general form of the term in this series is —r^ — r . Thus we have 

For the 1st term, , ^ x = .// .^ =7 f? - 7-^tV= ^ ^^ - 5 ") ; 

w(»4-i>) 1(1 + 1) 1 U 1 + 1/ \ 2/' 

Portheadtenn. -^^ = ^ = ^ g_^J.= 1 g _ 1 ) ; 

etc., etc., etc. 

Putting 8 for the sum of the series and adding, we have 
^ 5=(l^j) + (i-4) + (i.i)4.tt^j) + etc. 

_ jl + i + i + i + etc.) _ 
"< -i-i-i-etc.) ""^" 

Note. — ^It will be seen that this method is only an ingenious deyice for de- 
composing the given infinite series into two infinite series, one of which destroys 
all but a finite portion of the other. 

16. Find the sum of j^ +^ + g^ + ^ + etc. 

17. Find the sum of n terms of each of the two preceding series. 
Sua. — We have for the nth term of the last series g = 1, p ;= 2, » =: 2n -* 1, 

since 2n — 1 is the nth odd number. Hence for the nth term 

»(n + p) 

= K2?^~2Srn)- We therefore have 



i . 1 1 1 



^ 1 ' 8 ' 6 " 7 2n-l 

^=21 ^l^l^l _1 1 

8 6 7 ' ' ' ■ 2»-l 5nTT 



"■2 V 2n + 1 j 



2» + l* 



18. Find the sum of ^-^ + 2;^ + ^^ + ^^ + etc. Alsoof nterms 
of the same. 

19. Find the aum ^^ T5 — 35 + go— 55 + ^^ *o ^ terms. 



since by Case 4, _L_ =1 ("« - -4-). 
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Suo'b. — ^It will be seen that thia series is the same as =— = ~ £— ^ + £-7: — 



86 5.7 7 9 9 11 
+ etc Hence hj making 9 = 2» 8, 4, 5, etc» sncoessively, n = S, 6, 7, 9, etc., 
saooessiyelj, and psz^pwe have 

i{(f-»)-(»-f) + (f-J)-(J-A-) + etc.}, or 
i { I - (» + J) + (f + ♦) - (t + ») + A + etc. } 
= i{|-l + 1-1 + A + etc}. 

Yi 4> 1 

Now the form of this last term is ^r ^ ; and if an even number of terms of 

xn + o 

the given series is taken, we have «■ 1 « — 1 + sr — 5 f » *U *^« intermediate 

tenQS destroying each other. Bat if an odd nnmber is taken, we have 

1/2 n + l\ --, ,, n + 1 11 , . 

■«( -5 — K E )• rinallj, as ^ = = •« — stts 5; » '''^« '"^ve for an eve^ 

2V8 271 + 3/ ^ 2» + 8 2 2(2n + 8) <|^ 

numberof tennsi j|-i-^^jl^^[ . or 1 - j^i^^ ; «id for «. odd 

•2-— = ; whence the sum is — . 

4(2» + 8) 12 

20. Find the sum of --5 + jr-j + 5— + eto. 

I'O «*4 O'O 

21. Find the sum of :p-5 — jr-r + ^-r — etc 

I'O «-4 0*0 

22.Findthe8umof3^+^ + ^ + eta 

SUG.-This equate 1 (j^^ + J^ + glj + etc). 

4 4 4 4 

23. Find the sum of — = + r-^ + ^rr^ + 75-71^ + etc. 

4 5 6 

24. Find the sum of r-5-5 + 5-5-r + oTT + e^. 

l*^*o «*o*4 o*4*^0 

SUG'8.--By putting p = l, g = 4, 6, 6, etc, successively, and n = 1, 2, 8, etc., 

successively, these terms take the form —7 --, tt-m •^d since 

n{n-^p)(n + 2p) 

—i ri s-T = s- •! — r-^ — V — •; r? s-v \ , we may write the given 

n(n-*.p)(n + 2p) 2p(n(7i+p) (» + !>) (n -f 2p) f ' "^ ** 

series thus : 

2)(r:2"' 2T3) "^ (sTs "" 8:4) ^ Gi "" ro)'^®*'')* 



FILIKQ BALLS AND SUEXLS. 



18 2-3 84 ■* 



8.4 



25. Fiad the sum of ^^^ ^^^ ^^ + eta 

26. Find the snm of ^ 
+ sTTi; + E-s-H + s-s-r; + etc 



5-8-11 8-11-14 ^ 11.14-17 

' i-3.5 "" 3:5:7 "•" 5:7:9 "*" ^^°* 
«. Find th. ,„M ,f ji-^ + ji-, + ,45 + ji?fi 



28. Find the b: 



a of 



1-3-3-4 a.3-4-5 3-4-5-6 



+ etc 



Sva. — CoQfllder that 

"(»-+p)tfi + Sp)(7. + 3p)f ■ 

29. Find tlie Bum of 



iOiT^(^+^(ST^) 8p)»(n.tp)(n + 2j 



80. Find the sum of 



1-3.5-7 3-5.7.9 
8 . 6 



3-6-9-12 6-9-13.15 9-12-1518 
Note. — The above einmplefl are taken from Yorma'a Aiaebra, an exeellent 
old EugliBh work to nhich American editors am muck indebted. 



Piling Balls and Ssells. 

Sltt In arsenals and naTy-yu^ls, camion>ba11e and Bhells are 

piled on a level surface in neat and orderly piles of three different 

forms, viz., triangular, square, and oblong. The figures below will 

snfflciently illuBtrate these forms : 



4 



31S. ^rop. — The/ormulafor the nwnber of balls or shells i. 

triangular pUe having u bails or shells on a tide of its lowest cours 

ta(n + l)(n + 2). 
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SuG'B.— Aflsome x = A$f-k- By* + C^ + -Py* + etc. 
Whence x* =A*p* -h2ABy* -¥2A0 |y*+etc, 

+ B*\ 
«» = -4'y» + ^A^By* + etc, 

and sp* = A*y* + etc., these developments being extended 

as far as is necessary in order to determine four terms of the reverted 
series. 

Bnbstituting these valaes in the given series we have ^ 






y» + D y* + etc 
-h AG 
+ iB* 

Whence ^ = 1, J? + M» = 0, (7 -h ^P-h W = 0, and D-^AC-hiB^-^-A^B 
+ i4* =0. These give A = l, -B= - i. C7=: i and D = -^. Therefore 

the reverted series is « = y — ^y* + 7oy'~T7y* + ®*<^ 

2 to 6. Bevert the following : i 

(2.) y = iB + a;' + a:* + i»* + eto. 

(3.) y = a; + Sa;* + 5a;* + 7aJ* + 9rc» + etc. 

(4.) y = a; — ^a;* + ia;" — +a;' + etc.* 

(5.) y = 2a; + 3a;* + 43:" + 5a;' + etc. 

(6.) y = l+a; + ia;*+,ia;*+jia;* + etcf 

7. Eequired to express the value of y in teims of x from the 
relation 

y -^ ay' + by^ -^ ci/* '\' etc. = mx + wa;* + i^a;* + ja;* + etc. 



Intbbpolatiomt. 

3^4* JPvob. — Having given a series of functions a,b, Cyd, e, 
etc., to find a function intermediate between any two of this series, 
which function shaU conform to the law of the series, 

lLL.~Let the series of functions be the logarithms of 282, 233, 234, 235, etc., 
viz., 2.365488, 2.367356, 2.339216, and 2.371068 ; let it be required to find the 
logarithm of 233.4, t. e., the function } of the way from 2.367356 to 2.369216. 

SOLUTXOir. — The solution of this problem is simply an application of the 

* In this example it will be more ezpedltioas to aesame s = ^y + By* + Cy^ + etc., thongfa it 
ia not esMntial. 

t Transpose the 1, put s s y ~ 1, and then revert the series s = x + ^x* + 4^+.Xm^+etc. 

'^hls is necessary, since the theory of Indeterminate Coefficients ananme? that hoth variables 
me at the same time ; i. «., that 9;=0, makes «=0. 
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formula for finding the nth term of a series by the Method of Differences 
{314) ; viz., 

mi *i.x / ^xT^ (^— 1)(»— 2) ^ . (n— 1)(»— 2X»— 8) _ 

The nth term = a + (» — l)Di + ^ S 2>f + ^ \o • -Z>3+eta 

But for our present purpose it is more convenient to replace the (n— 1) of the 

formula, where n represents the number of the term sought, by - , a fraction 

which indicates the distance of the term sought, from the first term used, 
this distance being measured by calling the distance between any two given 
terms 1. Thus in the series a, 6, c, d, e, etc., a term J of the way from htoc, 

would be reckoned at a distance 1|, or ) from a, i, e., - would be ) in this case. 

Now by this method of reckoning it is evident that the (n— 1) of the formula must 

be replaced by ~ , torn stands for the number of the term, which is one more 

than the number of intervals between it and the first term. Thus the 4th 

P 
term is 3 intervals from the first term. Making this substitution of - for n— 1 

the formula becomes 

Term tobe interpolated=a+ -I>i + ^ "(--l)-^« + 5 "(- -l) (~2)i>3+etc. 

325» ScH. 1. — On this formula we observe that when the series of func- 
tions is such that the differences vanish, i, «., Da, 2>3, D^, or some order 
becomes 0, the formula gives an absolutely correct result. But when the 
differences do not vanish, the result is only an approximation. However, 
such is the closeness of approximation, that for practical purposes only 
second differences are usually needed, although sometimes third and fourth 
become necessary. 

Examples. 

1. Finding from the tables the logarithms of 232, 233, 234, 235, 
to be 2.365488, 2.367356, 2.369216, and 2.371068, required to inter- 
polate the logarithm of 233.4. 

SOLUTION. 



ARGUMENTS.* 


FUNCTIONS. 


IST DIPF'S. 


2d diff's. 


3d diff's. 


232 
233 
234 
235 


2.365488 
2.367356 
2.369216 
2.871068 


.001868 
.001860 
.001852 


-.000008 
-.000008 


.000000 



* In Buch a caea the namber is called the Argument^ and its logarithm the ftmction. Thi» 
mMUif simply that the logarithm it a ftxactioa of the numher (or aiipuBeBt). 
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In this case a = 2.365488, D^ == .001868, 2>, = -.000008, 2^3 = 0, and - = ^. 

Hence we have ^ oak^ioq 

log 232 = a = 2.365488 

?i), = I (.001868) = .002615 
q 5 

l.P. /£- 1^ D, = - ^ (.000008) = - .000002 

2 fi' \g / 50 

.-. log 233.4 = 2.368101, wliich is ex- 

Mctlj as it is in •the tables. 

2. Finding from the table the logarithms of 61, 62, etc., interpo- 
late the logarithm of 62.23. 

S26. ScH. 2.— When second differences only are to be used, and four 
functions of the series are known, a convenient and excellent formula is 
obtained thus: Let the four functions be a, 5, c, d, and let it be required to 

interpolate between ft and c. Let ^ be the mtenral from I to the place of the 

term to be interpolated. Now if we compute from 5, instead of from o, the 
preceding formula will become 

The interpolated function = & -h ~ | i>i + 2 W " ^j*^* ) ' 

In which D, is the second of the first differences, i. e., the one which falls 
between & and c; or, in general, if we tabulate the differences as above, it 
is the first difference which falls in the same horizontal line with the func- 
tion to be interpolated. Again, as the second differences are supposed to be 
different, it is best to take the arithmetical mean of the two, which mean 
will also fall in the same horizontal line with the interpolated function, 

3. Find by {326) the logarithm of 68.53 from the logarithms of 
67, 68, 69, 70. (See table.) 



ABGT7MEKT8. 


FUNCTIONS. 


IST DIFF'S. 


2d diff's. 


MEAN OF 

2d diff's. 


67 

68 
« 


1.826075 
1.832509 


.006434 
.006340 
.006249 


-.000090 
-.000091 


-.0000905 


69 
70 


1.838849 
1.845098 



Here we have & = log 68 = 1.832509, ^ = :51, Di = .006340, and 

q lUU 

7>s = — .0000905. The student should make the substitutions and compare 

with the tahle. 
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327 • ScH. 3. — But it is not for interpolating logarithms that this 
method is chiefly used. For this purpose the method given in (196) is 
preferable. The student will readily discover that the method of (196) 
is identical with that just given if only first differences are used. When 
great accuracy is required, and the tables used give the logarithms to 8 or 
10 places, it sometimes becomes necessary to use mean second differences, 
as above. It is, however, in Astronomy that Interpolation has its most im- 
portant applications. Thus, suppose the Right Ascension (analogous to 
terrestrial longitude) of a planet has been dhserved four times at intervals of, 
say one day. By interpolation we may find its Bight Ascension at each interme- 
diate hour, or point of tune. In this problem the Bight Ascension is the function, 
and the time is the argument, 

4. The Right Ascension of Jupiter to-day, July Ist, at noon, is 
lOh. 5ni. 38.6s. ; July 2d, at noon, it will be lOh. 6m. 18.86s. ; on July 
3d, lOh. 6m. 59.41s., and July 4th, lOh. 7m. 40.24s. What will it be 
July 2d, at midnight ? 

SOLUTION. 



ABGUMENTS.* 


FUNCTIONS.* 


1st dipp's. 


2d dipp's. 


MEAN 

2d dipp's. 


July 1. 


lOh. 5 m. 38.6e. 


40.26 s. 






July 2. 


lOh. 6 m. 18.86 s. 




0.29 8. 




• 




40.55 8. 




0.285b. 


July 3. 


10 h. 6 m. 59.418. 


40.83 8. 


0.28 8. 




July 4. 


lOh. 7 m. 40.24 s. 









In this case ^ = h » ^ = lOh. 6m. 18.86s., Di = 40.55s., and 2>, = 0.285s. 
q A 

The answer is lOh. 6m. 89.1s. 

5. To-day, July 1st, at noon, the moon's declination (distance 
from the celestial equator) is 6° 38' 10".8 north ; at 4 o'clock it will 
be 5° 45' 51".3 ; at 8 o'clock, 4° 53' 7".8 ; at midnight, 4° 0' 2".8 ; and 
at 4 o'clock in the morning it will be 3° 6' 38".7. Interpolate for 
the intermediate hours. 



* In this example the argnment is the ftme, and the function is the Right Ascension, i. «., 
the Right Ascension is a ftinction of the time. 
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SECTION II. 

PERMUTATIONS. 

328. ConibinaHons are the different groups whlck can be 
made of m tilings taken n in a group, n being less than m. 

III. — Taking the 6 letters a, b, c, d, e, we have the 10 following cowbinaxMnB 
when the letters are taken 8 in a groap, or, as it is usually expressed, taKen 3 
and 8 : dbe, ahd, ahe, aed, ace, ode, bed, bee, bde, ede. Taken 2 and 2, we have the 
following 10 combinations : ab, ae, ad, ae, be, bd, be, ed, ee,de. It is to be naUeed 
that no two eombinaUons contain the eame letters; i, e,, they are different groapg. 

329. Permtitations are the different orders in which things 
can succeed each other. 

III. — Thus the two letters a, b have the two permutationB ab, ba. The three 
letters a, b, e have the 6 permutations dbc, a6b, cab, bae, bea, eba. 

330m Arrangements are permutations of combinations. 

III. — Taking the 10 combinations of 6 letters taken 8 and 3, and permuting 
each combination, we get the arrangements of 5 letters taken 8 and 8. Thus 
the combination abc gives the 6 arrangements abc, acb, cab, bae, bea, eba. In like 
manner each of the 10 combinations of 5 letters taken 8 and 8 win give 6 arrange- 
ments ; whence. In all, 5 letters taken 8 and 3 have 60 arrangraients. 

33 1» Prop. — The number of Arrangements of m things taken 
n and n is 

m (m - 1) (m - 2) (m — 3) .... (m - n + 1). 

Dem. — Let us consider the number of arrangements which can be made of the 
m letters a, b, e, d, etc., taken 2 and 2. Letting a stand first, we can have ab, ac, 
ad, etc., to m — 1 arrangements. Letting b stand first, we can have ba, be, bd, 
etc., to m — 1 arrangements. Thus taking each of the m letters in turn we c^ 
have m — 1 arrangements in each case, or m(m — 1) arrangements in all. 

Again, each of these m (m — 1) 2 and 2 arrangements will give m ~ 2 arrange- 
ments 8 and 8, by placing before it each of the letters not involved in it. Thus 
we have m (m — 1) (m ~ 2) arrangements of m letters taken 8 and 8. 

Once more, each of these m {m ~ 1) (m ~ 2) 8 and 8 arrangements will give 
m — 8 arrangements 4 and 4, by placing before it each of the letters not involved 
in it. Thus we have m (m — 1) (m — 2) (m — 8) arrangements of m letters taken 
4 and 4. 

Finally, we observe the law ; i. «., the number of arrangements ia equal to 
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the oontinned pTodttet bf w(?A — l)(w — 2) (w» — 8) - - • • fiH — (fi — 1)} op 
f»(m — 1) (w — 2) (w — 3) - - - - (m^n + 1). 

332» Cob. 1. — The number of Permutations ofm. things is 

1.2.3.4 m. 

This is evident since arrangements become permutations when the number in 
a group is equal to the whole number considered ; i. e., when n = m, 

333 n Cor. 2. — -If p of the m Utters are alike {as each a), q others 
aUkCy r others alike, ete., the number of permutations is 

1«2.3.4 - « * * m 
|p X [q X |r X etc. ' 

Thus consider the permutations of a, b, c, d, viz., abed, bacd, (zcdb, hcda, acbd, 
head, abde, bade, adeb, bdoa, etc. Suppose b to become a, then since for any par- 
ticular position of e and d, as in abed, there are as many permutations of the fout 
letters as there can be permutations of the two letters a and b, viz., 1 x 2 ; if 6 
becomes a there will be 1 x 2 fewer permutations when these two letters are 

alike than when they are different, i. e., —-7-77-— . 

1 • 2 

So, in general, if p of the letters are alike, there will be 1 • 2 • 3 - - - - p, or 
[p fewer permutations than if they are all different, etc. 

334:m Cob. 3. — The number of Combinations of m things taken 
n and n is 

m (m — 1) (m — 2) (m — 3) - - ^ - (tn — n 4- 1) 

1.2.3.4 . * - - n 

Since arrangements are permutations of combinations, the number of ar- 
rangements of m things taken T^nd n is equal to the number of combinations 
of m things taken n and n multiplied by the number of permutations of n 
things. Hence the number of combinations is equal to the number of arrange- 
ments of m things taken 7t and n divided by the number of permutations of n 
things. 

EXAHPLES. 

1. How many permutations can be made of the letters in the word 
marbled Of those in horned Of those in logarithms^ 

2. How many arrangements can be made of 10 colors taken 3 and 
3? Of 7 colors taken 2 and 2 ? Taken 3 and 3 ? 4 and 4? Sand 
5? 6and6? 7 and 7 ? How many mixtures in each case, irre- 
spective of proportions ? 

3. How many different products can be made from the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? 5 and 5 ? 6 and 6 ? 7 and 
7? 8 and a? 9 and 9? 
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4. How many different numbers can be represented by the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? etc. 

5. In a certain district 3 representatives are to be elected, and there 
are 6 candidates. In how many different ways may a ticket be made 
up? 

6. There are 7 chemical elements which will unite with each other. 
How many ternary compounds can be made from them ? How many 
binary? 

7. How many different sums of money can be paid with 1 cent, 1 
3-cent piece, 1 5-cent piece, 1 dime, 1 15-cent piece, 1 25-cent piece, 
and 1 50-cent piece ? 

Suo. — ^If taken 1 and 1, how many ? If 2 and 2, how many ? If 8 and 3, etc. ? 
How many in all ? 

8. In how many ways can 12 ladies and 12 gentlemen arrange 
themselves in couples ? 

9. If you are to select 7 articles out of 12, how many different 
choices have you ? 

10. How many different sums can be made from 1, 2, 3, 4, 5, 6, 
taken 2 and 2 ? 

11. How many permutations can be made from the letters in the 
word possession sf (See 333 •) How many from the letters 
in the word co n si s t en ci e sf 

12. How many different signals cau^e made with 10 different- 
colored flags, by displaying them 1 at a time, 2 at a time, 3 at a time, 
etc., the relative positions of the flags with reference to each other 
not being taken into account ? 



Pbobabilities. 

33S. The Mathematical ProbabUity of an event is the 
number of favorable opportunities divided by the whole number of 
opportunities. The Mathematical Improbability is the number of un- 
favorable opportunities divided by the whole number of opportunities. 

III. — ^A man draws a ball from a bag containing 5 white and 2 black balls ; 
the opportunities favorable to drawing a white ball are Jhe, and the whole num- 
ber of opportunities is seven ; hence the mathematical probability of drawing 
a white ball is f . The mathematical improbability of drawing a white ball is f-. 
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Examples. 

1. I learn that from a vessel on which my friend had taken pass- 
age, one person has been lost overboard. There were 40 passengers, 
and 20 in the crew. What is the probability that my friend is safe ? 
What the improbability ? If I learn that a passenger is lost, what 
then is the probability that my friend is safe? What that he is 
lost? 

2. A man fires into a flock of birds of which 6 are white, 4 black, 
6 slate-colored, and 3 piebald. If he kills one, what is the probability 
of its being a black bird ? What the improbability of its being pie- 
bald ? How much more probable is it that he will kill a whit« than 
a piebald bird? A black than a piebald ? 

3. Twenty-three persona Bit around a table. What is the proba- 
bility of any given couple sitting together ? 

III. — CaU the two persons A and B. Then wherever A may sit, there are 22 
others who may sit beside him in one of two places (on his right or left). There 
are therefore 2 favorable and 20 unfavorable opportunities. 

4. What are the odds against the fourth of July coming on Sun- 
day in any year taken at random ? 

SuG. — The odds against an event is the ratio of the unfavorable to the favor- 
able opportunities. 

5. The moon changes about once in 7 days. What is the proba- 
bility that a change of weather will come within 3 days of a change 
in the moon ? 

6. The letters a, e, w, n, can be arranged so as to form four words, 
viz., mane, mean, name, amen. If they are arranged at random, 
what is the probability of their forming a word? What the "odds 
against " their forming a word ? 

7. Show that the probability that a leap-year will contain 53 Sun- 
days is f 

8. Three balls are to be drawn from an urn which contains 5 black, 
3 red, and 2 white balls. What is the probability of drawing 2 
black balls and 1 red ? 

Sug's. — The first question is, How many opportunities in all ? That is, how 
many different groups (comMnations) can be made of 10 balls taken 3 and 3. 
Second, How many opportunities favorable to drawing two black balls and one 
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red ftt the same time Y There are 6 black ballfl, and theee can be combined 2 and 

5-4 
2 in q— ^ , or 10, ways ; and as one of the three red balls can be obtained in 8 

ways, each one of these combined with one of the 10 ways of obtaining the 
black balls will give 10 x 8, or 30, favorable op^rtnnities for selecting the balls 
as desired. The probability is therefore -ffo, or i, 

9. If from a lottery of 30 tickets, marked 1, 2, 3, etc., 4 tickets are 
drawn, what is the probability that 3 and 5 are among them ? What 
are the odds against it? 

Suo's. — ^From 80 how many combinations of 4 and 4? From 28 how many 
combinations of 2 and 2 ? Odds against drawing 3 and 5, 143 to 2. 

10. A bag contains a $5 bill, $10 bill, and 6 blanks. What is the 
expectation of one drawing ? That is, what is one drawing worth ? 

Sua. — The probability that one draught will take the f5 bill is i, and hence 
is worth $}. The probability that the $10 note will be drawn is also i, and 
hence this expectation is $V^. The entire expectation is therefore $^, or 
$1.87i. Hence a gambler who should sell such chances at $2 each, would in 
the long run make money. 

11. What is the expectation of a draught from a bag containing 5 
•2 bills, 4 $0 bills, 2 $10 bills, 1 tlOO bill, and 60 blanks ? 

12. In a given bag are 5 $2 bills, 3 15 bills, and 6 blanks. What 
is the expectation of 2 draughts ? 

14 . 1^ 
Bug's.— There are - ^ ' = 91 opportunities, or ways in which 8 things can 

be drawn from 14. 

5 • 4 
There are z — ^ ways in which $2 bills may be drawn. Hence the probability 

of drawing 2 $2 bills is }f , and this expectancy is $|f . 

In like manner the probability of drawing 2 $5 bills is ^, and this expect, 
ancy is $}f . 

The probability of drawing 2 blanks is H, and this expectancy 0. 

The probability of drawing 1 $2 and 1 $5 bill Is ^, and this expectancy is 

The probability of drawing 1 $2 bill and 1 blank is {f , and this expectancy 

ifl m- 

The probability of drawing 1 f5 bill and 1 blank is il, and this expectancy 
is $§^ 

The entire expectancy, or worth, of 2 draughts is therefore ff -f- }f -H W + W 
-f- 1* dollars, or $3.57|. 

Observe that the sum of all the probabilities, I. e,, tf + A + tt + H -H t? + W» 
is 1, as it should be. 



PBOBABILTTIES. 297 

That the probability of dtatring 1 |2 bill and 1 |5 is i^, is seen thus : There 
are 5 opportunities favorable to drawing 1 $2 bill, and with each of these there 
are 3 opportunities favorable to drawing 1 $5 bill. 

13. There are 4 white balls and 3 black ones in one bag, and 2 
white ones and 7 black ones in another bag. What is the probability 
of drawing a white ball from each bag at the first draught from 
each? 

Solution. — There are in all 7 c^portunities of drawing a ball from the first 
bag, and with each one of these there are 9 opportunities from the second 
bag ; hence there are 7 x 9, or 68 opportunities in all. Ag^n, there are 4 favor- 
able opportunities for drawing a white ball from the first bag, and with each of 
these there are 2 favorable opportunities for drawing a white ball from the 
second bag ; t. e., there are in all 4x2, or 8, favorable opportunities. Hence 
the probability is -^3. Notice that this compound probabUity is the prodtict of the 
itoo simple probabilities. 

m 

14. The probability that A can solve a problem is f, and that B 
can do the same is f , what is the joint probability ? 

Stjg's. — The student will observe that there are 4 possible results, viz. : 
1. Both may succeed, of which the probability is ift- ; 2. A may succeed and B fail, 
of which the probability is H; S. B may succeed and A fail, of which the prob- 
ability is ^-; and 4. Both may fail, of which the probability is 4^. Now either 
the first, second, or the third result will give a solution. Hence the probability 
of success is -JV -f- it + A = ih or ^. 

This result may be more expeditiously obtained by considering that they 
will succeed if both do not fail. The probability of A*s failure is f , and of B's f . 
Hence the probability that both will fail is f- x f, or ^; and the probability of 
success is 1—^, or f. 

15. It may be said that on an average 10 persons will die during 
the next 10 years 

Out of every 62 whose present age is 30, 

« « 35 << " 50, 

« « 25 *' " 60. 

What is the probability that a person who is 30 will live till he is 
60 ? What that a person who is 40 will live till he is 70 ? 

Suo's. — Let us examine the probability that the man who is 30 will die before 
he is 60. The probability that he dies before 40 is ^, and that he lives to 40 
J-f . Now the probability that a man who is 40 dies before 50 is iJ. Hence the 
probability is H of H that this man lives to 40 and dies between 40 and 50, or 
it ig }i of f I that he lives to 50. Finally, the probability that he dies between 
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60 and 60\Biioi^oi H, or it id H of U of H that he liyes f lom 50 to Oa 
Hence the probabilitj that a man who ia 30 will die before he is 60 ib 

« + H X i» 4- H X tt X «, or i« ; 

and, conBequently, the probability that he will live is 1 ~ H}> or m; i, e., it is 
a little more probable that a man who is 80 will die before he is 60, than that 
he will live to 60. 

16. What is the probability that two persons, A and B, aged re- 
spectively 30 and 40, will be alive 10 years hence ? 

SUG'B.— Chanoe^f A*» being alive H> of 3*9 U, of both (} x H, or if}- 



lOGARITHIS OF NUMBERS. 



N. 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


1 
2 
8 

4 
6 


o*oooooo 
o*3oio3o 
0'477i2i 
o* 602060 
©•698970 


26 
27 
28 
29 
80 


1-414573 
I*43i364 
1*447 I 58 
I * 462398 
i*477»2i 


51 
52 
58 
54 
55 


1*707570 
1*716003 
1*724276 
1*732394 
I '740363 


76 

77 
78 
79 
80 


I. 880814 
I -886491 
1-892095 
1.897627 
1.90J090 


6 
7 
8 
9 
10 


o»778i5i 
0*845098 
0*903090 
0*954243 
I • 000000 


81 
82 
88 
84 
85 


I •491362 
i*5o5i5o 
I -518514 
I*53i479 
1.544068 


56 
57 
58 
59 
60 


1*748188 
1.755875 
1.763428 
1.770852 
1.778151 


81 
82 
88 
84 
85 


I .908485 

1.913814 
I. 919078 
1 .924279 
1.929419 


11 
12 
18 
U 
15 


i«o4i3o3 
i«07oi8i 
I*IM943 
I. 1461 28 
I '176091 


86 

37 
88 
89 
40 


I -556303 
1*568202 
1.579784 
1*591065 

1*602060 

• 


61 
62 
68 
64 
65 


1.785330 
1-792392 
I. 79934 I 
I. 806180 
1.812913 


86 
87 
88 
89 
90 


I * 934498 
1*939610 
I* 94448 J 
I .949390 
1*954243 


16 
17 
18 
19 
20 


I -204120 

I • 23o44q 

1.25527J 
I • 278754 
i«3oio3o 


41 
42 
48 
44 
45 


1-612784 
1*623249 
1*633468 
1.643453 
i*6532i3 


66 
67 
68 
69 
70 


I. 819544 
1.826075 
i.8325o9 
1.838849 
1.845098 


91 
92 
13 
94 
95 


1*959041 
1.963788 
I .968483 
1.973128 
1.977724 


21 
22 
23 
24 
25 


I-3222IO 

1*342423 
1*361728 
i*38o2ii 
1.397940 


46 

47 
48 
49 
60 


1*662758 
1*672098 
1*681241 
1*690196 
1.698970 


71 
72 
78 
74 
75 


I. 851258 
1.857333 
1.863323 
1.869232 
1.870061 


96 
97 
98 
99 
100 


1.98227 1 
I .986772 
f. 991226 
1.995635 
2*000000 



Remark. — ^In the following Table, the first two figures^ in the first column of 
Logarithms, are to be prefixed to each of the numbers, in the same horizontal 
line, in the next nine columns; but when a point (*) occurs, a is to be put 
in its place, and the two initUil figures are to be taken from the next line below. 
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r. 





1 


2 


8 


4 


5 

3166 
6466 

•724 
4940 
9116 
3353 
7350 
1408 
5430 
9414 


6 


7 


8 


9 


D. 


100 
101 
109 

loa 

104 
105 
106 
107 

108 
109 


oooooo 
4321 
86oo 

013837 
7033 

031 i8o 
53o6 
q384 

033434 
7426 


0434 

4761 
0036 
3359 

745i 
i6o3 
5715 

Vs^ 

7835 


0868 
5i8i 
0451 
368o 
7868 
3016 
6135 
•195 
4237 

833i 


i3oi 
5609 
9876 
4100 
8384 
3438 
6533 
•600 
4638 
8630 

3576 
6495 
•38o 
433o 
8046 
1829 
558o 
9298 
2985 
6640 


1734 
6o38 
•3oo 
4531 
8700 
2841 
6943 
1004 
5039 
9017 


3598 
6894 
1147 
536o 
9533 
3664 

77^7 
1813 

583o 

9811 


3039 
7321 
1670 

5779 
9947 
4075 

8164 
2216 
633o 
•207 


3461 

7748 
1993 
6107 
•36i 
4486 
8571 
3619 
6629 
•602 


3891 

8174 
24i5 
6616 

X 

8978 

302I 

7028 

•998 


432 
428 
424 
419 
416 

412 

408 

404 
400 
396 

393 
389 
386 

383 

379 
376 

373 
369 
366 
363 


110 
111 
112 
113 
114 
115 
116 
117 
113 
119 


04i3o3 
5323 
03i8 

053078 
6905 

060608 
44^8 

8186 

071833 

5547 


1787 
5714 
9606 
3463 
7286 
1075 
4833 
8357 

325o 
6912 


3i8a 
oioS 

3b46 
7666 
1453 
5306 
8928 
3617 
6376 


•766 
4613 
8426 

3206 

5953 
9668 

3353 
7004 


3363 
3583 

6336 
••38 
3718 
7368 


3755 
7664 
1 538 
5378 
9185 
3968 
6699 

•407 

4o85 
773i 

i347 
4934 
8490 
2018 
55i8 
8990 

2434 

5851 

9241 
26o5 


4148 
8o53 

1924 
6760 
9663 
3333 

7071 

•776 
4451 
8094 


4540 
8443 
2^09 
614a 

9942 
3709 

7443 
1145 
4816 
8457 


4933 

8e>3o 
3O94 
6534 

•320 

4o83 
7bi5 
i5i4 
5i83 
8819 


120 
121 
122 
128 
124 
125 
126 
•127 
128 
129 

130 
131 
182 
138 
134 
135 
136 
137 
188 
1C9 

140 
141 
113 
148 
1:4 
145 
116 
147 
14S 
149 


079191 
-082785 

636o 

.0905 

093433 

6010 
100J71 

38o4 

7210 

110690 


^43 
3i44 
6716 
•358 
3773 
7257 
0715 
4146 
7549 
0936 


7071 
•611 
4133 
7604 
loSo 
4487 
7888 
1363 

461 r 

7934 

I33l 

45o4 

7753 

0977 
4177 
7334 
•5o8 
3639 


•266 

3S6i 
7426 

•963 
4471 
7961 
1403 
4828 
8237 
1599 


•636 
4319 

i3i5 

4^30 

8298 

5169 
8565 
1934 

5278 
8595 
1 888 
5i56 

6399 
1619 

4814 
4363 


n 

8i36 
1667 
5i6o 

8644 
3091 

55io 
8903 
3370 


1707 
5391 

8845 
3370 
5866 
9335 

2777 
6191 

9579 
9940 


2067 
5647 

9'9* 
3721 

63i5 

9681 

3119 

653 1 

f4 


3436 

6004 
9533 
3071 
6363 
••36 
3463 
6871 
•253 
3609 

6940 
•245 
3525 
6781 
••12 
3219 
6403 
9^64 
2702 
5Si8 

8911 
1983 
5o33 
8061 
1068 
4o55 

7032 

2895 
58o2 


36o 
357 
355 
35i 

349 
346 
343 
340 
338 
335 


1 1 3943 
7271 

I 30674 

3833 
TIOS 

x3o334 
3539 
6731 

14^01 5 


4277 
76oi 
0903 
4i78 
7420 
0655 
3858 
7037 

•194 
3337 

6438 
9627 
3594 
5640 
8664 
1667 
465o 
7613 
o555 
3478 


4Q44 
8265 
l56o 
483o 
8076 
1398 
4496 
7671 
•82a 
3951 


56ii 
8926 
3216 
5481 
873a 

5i33 
83o3 
i45o 

4574 


5943 
9356 

3344 
5bo6 
9045 
3260 
6431 
8618 
1763 
4885 


6376 
9586 
3871 
6iii 
9368 
358o 

8934 
3076 
5196 


9915 
^198 

6456 
9690 
3900 
6086 

9349 
2389 
5507 


333 
33o 
328 
325 
323 

321 

3i8 
3i5 

3i4 
3ii 


146138 

152288 
5336 
83£a 

x6i3od 
4353 
73i7 

170263 
3i86 


6748 
9B35 
3900 
6943 
8965 
1967 

4947 
7908 
0848 
3769 

6670 
9553 
34i5 
5269 
8084 
0893 
368i 
6453 
9306 
1943 


7o58 
•143 
32o5 
6246 
9266 
3266 

6244 
8203 

1 141 
4060 


7367 
•449 
35io 
6549 
9567 
3564 
5541 
8497 
1434 
435i 


7676 
•756 
38i5 

685a 

9868 
2863 
5838 
879a 
1736 
4641 


7985 
io63 
4120 
7154 
•168 
3i6i 
6i34 
9086 
3019 
4933 


8^4 
1370 

4424 
7457 
•469 
3460 
643o 
9380 

33ll 

533a 


86o3 
1676 
4728 

7759 

37?? 
6736 

9^74 
26o3 

55i2 


309 
3o7 
3o5 
3o3 
3oi 

299 
297 
254 
393 

291 

389 
287 
285 
283 
281 

279 

278 

276 
274 

372 

D. 


i->o 

151 
lo2 
158 
154 
l.-)5 
156 
157 
158 
159 


176091 

181844 
4691 
7521 

190333 
3i25 

201397 


638i 

9264 
3129 

7803 
0613 
34o3 
6176 
8o32 
1070 


9^39 
2700 
5543 
8366 

3969 
6729 
9481 
33l6 


7248 
•126 

3985 
5825 

8647 
i45i 

J237 
7oo5 
9755 
2488 


7536 
•4i3 
3370 
6108 
8938 
1730 

45i4 
7381 
••29 
3761 


7825 

35?? 
6391 
9209 
2010 

•3o3 
3o33 


8ii3 

•985 
3839 
6674 
9400 
3389 
5069 
7833 

33oJ 


8401 
1272 
4133 

6966 

9771 
3567 

5346 
8107 
•85o 
3577 


8689 
1558 
4407 

7239 
••5 1 
3846 
5623 
8382 

1124 
3b4» 

9 


N. 


r 


1 


8 


3 


4 


6 


6 


7 


8 



UO&ASXtSWi Of JStnOXtSM. 



801 



N. 





1 


2 


8 


4 


6 


6 


•/ 


8 


9 


D. 


160 
161 
162 
168 
164 
165 
166 
107 
168 
169 


3041 30 
6826 

95i3 

313188 

4844 

7484 

320108 

37l6 

5ioo 

7887 


4391 

2434 
6109 

7747 

0370 

2076 

5568 
8144 


4663 
7365 
••5i 

5373 
8oio 
o63i 
3236 
5826 
8400 


4934 
76J4 
•319 
3986 
5633 
8273 
0892 
3496 
6o34 
8607 


5204 

3252 

5903 
8536 
ii53 
3755 
6342 
8913 


5475 
8173 
•8d3 
35i8 
6166* 

8798 
1414 
4oi5 
6600 
9170 


5746 

8441 
1121 
3783 
6430 
9060 
1675 

4274 
6858 
9426 


6016 
8710 
1388 
4049 
6694 
9323 
1936 
4533 
7ii5 
9683 


6286 

1634 
43 14 

9^8^ 
3196 
4792 

9938 


6556 

9247 
1021 
4379 
7221 
9846 
2456 
5o5i 
7630 
•193 


271 

369 
267 

366 
364 
262 
261 
259 
253 
256 


170 
171 
172 
178 
174 
175 
176 
177 
178 
179 

• 


380449 
3990 

5528 
8046 

340540 
3o3d 
55i3 
7973 

35o430 

3853 


0704 
325o 
5781 
8297 

VM 
5759 
8219 
0664 
3096 


0960 
35o4 
6o33 
8548 
1048 
3534 
6006 
8464 
0908 
3338 


I2l5 

3757 
6285 
8799 

3782 
6253 
8709 
ii5i 
358o 


1470 
401 1 
6537 

9049 
i546 
4o3o 

1J95 

3823 


1724 
4264 

6789 
9299 

1795 

4277 
6745 
9198 
1638 
4064 


>979 
4317 

7041 
9550 

3044 
4535 
6991 
9443 
1881 
43o6 


3234 

4770 
7293 

9800 

3393 

477a 

7?^7 
9687 

3133 
4548 


3483 
5o23 

7544 
••5o 

3541 
5019 

7482 

S^ 

4790 


2742 
5276 

7795 
•3oo 

52?6 
7728 
•176 
2610 
5o3i 


254 
253 

352 
25o 

249 
243 
246 

345 

343 
343 

341 

339 

233 
337 
23i 
234 
233 

233 

33o 

329 


180 

131 
182 
188 
134 
185 
156 
187 
158 
139 


355373 

7679 
360071 

3431 
4818 

7J72 
95i3 

371843 

41 58 

6463 


55 14 
7018 
o3io 
.2688 
5o54 
7406 
9746 

3074 
4389 
6692 


5755 
8i58 
0548 
3925 
5290 
7641 

n^ 

4620 
6921 


± 

,5525 

7875 

•2l3 

3538 
485o 
7i5i 


6237 

8637 

I025 

3399 
5761 
8110 
•446 

2'»70 

5o3i 
7380 


5^77 

^U 

3636 

•679 
3ooi 
53u 
7609 


6718 
9116 
]5oi 
3873 
6233 
8578 
•913 
3233 
5543 
7838 


6958 

9^55 

1739 
4109 
6467 
8813 
1144 
3464 
5773 
8067 


7198 
9594 

4346 
6703 
9046 

36^ 
6003 
8396 


2314 

4582 

6937 
9279 
1609 

6232 

8S35 


110 
101 
103 
108 
104 
105 
106 
107 
108 
109 


378754 

3dio33. 

33oi 

5557 

7803 

390035 

3256 

4466 
6665 
8853 


8983 
1261 

3527 
5782 
8026 
0237 
347^ 
46S7 
6834 
9071 


93 TT 

1488 
3753 
6007 
8249 
0480 
3699 

4907 
7104 
9389 


^439 

1713 

lilt 

8473 
0702 
3920 
5127 
7323 
9507 


9667 
1942 
42o5 
6436 
8696 
0925 
3i4i 

5347 
7542 
9725 


9895 
2169 
443 1 
663i 
8920 
1147 
3363 
5567 
7761 
9943 


•133 

3396 
4656 
6905 
9143 
1369 

3584 

6787 

7979 
•161 


•35i 
3622 
48S3 
71 3o 
9366 
1 591 

38o4 
6007 
819S 
•378 


•578 

2849 
5107 

7354 
9589 
I8i3 
4025 
6226 
8416 
•595 


•806 

3075 

6332 
7578 
9812 
2o34 
4346 
6446 
8635 
•8i3 


328 
227 
326 
325 
323 
222 
22! 
220 

?:? 


200 
201 

203 
208 
204 
205 
208 
207 
203 
209 


3oio3o 
3196 
5331 

311754 
3367 
5970 
8o63 

330146 


1247 

3412 
5566 
7710 
9843 
1966 
4078 
61 Bo 
8272 
o354 


1464 

3623 

5781 

7924 
—06 

2177 

42^9 
6390 
84S1 
o563 


1681 
3844 

^, 

•263 
3339 

4499 
0769 


1898 
4o:>9 
621 1 
835i 
•43i 
2600 
4710 
6809 
8898 
0977 


2114 

4175 
6425 

8364 
•693 
2813 
4920 
7018 
9106 
1184 


333i 
4491 
6639 
8778 
•906 
3o23 
5i3o 
7227 

9314 
1391 


3547 
4706 
6854 
8991 
1118 
3234 
5340 
7436 

9523 
1598 


3764 
4921 
7068 

9204 
i33o 
3445 
555i 
7646 
9730 
i8o5 


3980 
5i36 
7382 

9417 
i542 
3656 
5760 
7854 
9938 

3012 


217 
216 

2l5 
2l3 
312 
211 
210 
309 
30d 
307 


210 
211 

£12 
218 
214 
215 
'216 
217 
218 
219 


3S33T9 

42S2 
6336 
8380 

33o4i4 
3438 
4454 
6460 
84:^6 

340444 


3426 
4468 
6541 
85d3 
0617 
2640 
4655 
6660 
8656 
0642 


3633 
4694 
6745 
8787 
0819 
3843 
4856 
6860 
8C55 
0841 


3839 
4809 
6930 
8991 
1022 
3o44 
5o57 
7060 
9054 
1039 


3o46 
5io5 
7i55 
9194 

1225 

3246 

55?7 
7260 
9253 
1237 


3353 

53io 

'^ 

1427 

3447 

5458. 

7459 
945 1 
1435 


3458 
55i6 
7563 
9601 
i63o 
3649 
5658 
7659 
9630 
1632 


3665 
6721 

^? 

i832 
385o 
5859 

7853 
9S49 
1 8 Jo 


3871 
5926 

7972 
•••8 

3o34 
4o5i 
6059 
8o58 

••47 

3023 


8176 

•an 

3336 
4253 
6260 

8257 
•246 

3223 


306 

2o5 
304 

203 
302 
302 
201 
300 
190 
198 


K. 


1 ' 


1 1 2 

i 


8 4 


5 


6 


7 


8 


9 


-I 
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LOGASTTHHS OF nUHBEBS. 



N. 



8 



D. 



220 
221 
222 
228 
224 
225 
226 
227 
228 
229 



280 
281 
282 
288 
234 
285 
236 
287 
288 
289 

240 
241 
242 
248 
244 
245 
246 
247 
248 
249 

250 
251 
252 
258 
254 
255 
256 
257 
258 
259 

260 
261 
262 
268 
264 
265 
265 
267 
268 
269 

270 
271 
£72 
278 
274 
276 
276 
277 
278 
279 



343433 

4393 
6353 
83o5 
35o348 
3183 
4108 
6026 



2620 
4589 
6549 
85oo 
0443 
3375 
43oi 
6217 
8i2i 

••25 



361738 

3613 
5488 
7356 
9216 
371068 
3912 
4748 

83^ 



3Soo 

5675 

7543 

9401 

1253 

3oq6 

49^3 

6 ■ 

8 



38o2ii 
2017 
38i5 
56o6 

9166 
390935 

3697 
4432 
6199 



0392 

^5 
7568 
9343 
1112 
2873 
4627 
6374 



397940 

. 9674 
• 401401 

3l2I 

4834 
6540 
8240 
9933 
41 1620 
33oo 



8114 

???] 

3292 
5oo5 
6710 
8410 
•102 
1788 
3467 



414973 
6641 
83oi 
9956 

431604 
3246 
4882 
65ii 
8i35 
9752 



5i4o 
6807 
8467 
•121 
1768 
3410 
5o45 
6674 
8297 

9914 




1 525 
3i3o 
4729 

6322 

7909 
9491 

1066 
2637 
4201 
5760 




2io5 

3988 

5862 

9687 
1437 
3280 

5ii5 
6942 

8761 



0573 

3377 
4174 
5964 
7746 
9620 
1288 
3048 
4802 
6548 



8287 
••20 
1745 
3464 
5176 
6881 

8579 
•271 
19D6 
3635 



5307 

697J 
8633 
•286 
1933 

3574 
5208 
6836 
8439 
••75 



i685 
3290 
4888 
6481 
8067 
9648 
1224 
2793 

4337 

5915 



3oi4 
4981 

' ^9 




0829 
3761 
4685 

85^ 
•404 



3313 

5178 

7i35 
9083 

1023 

3954 
4876 
6790 
8696 
•593 



3394 
4176 

6049 
79i5 

9773 
1622 

3464 
5298 

7124 

8943 



0754 
2657 
4353 
6143 
7923 
9608 
1464 

3224 

4977 

6722 



8461 
•192 

3?34 
5346 
7o5i 

8749 
•440 

2124 
38o3 



1846 
345o 
5048 
6640 
8226 
9806 
i38i 
2o5o 
4Di3 
6071 

8 



2482 
4363 
'6236 
ftioi 

r^ 

3647 
5481 
7306 
9134 



0934 

4^33 
6321 
8101 
9875 
1641 
3400 
5i52 
6896 




5641 

7306 

8964 
•616 
2261 
3901 
5534 
7161 
8783 
•398 



2007 
36io 
5207 
6799 
8384 

3io6 
4669 
6226 



3409 

5374 
733o 
9378 
1216 
3147 
5o6d 
6981 
8886 
•783 



36o6 

5570 
7525 
9473 
1410 
3339 
5260 
7173 
9076 
•973 



3671 
455 1 
6423 
8287 
•i4J 

3^1 
5664 
7488 
9306 



2859 

8473 
•328 
3175 
401 5 
5846 
7610 
94^7 



iii5 

2917 
4713 
6499 

8279 
••51 
1817 
357* 
5326 
7071 



1296 

3097 
4891 

84^ 
•228 

l^^ 

55oi 
7345 



8808 
•538 
2261 

5^8 
73oi 
9087 

•777 
2461 

4137 



•711 
2433 

4149 

5858 

7561 

925? 

•946 

26 

43o 



58o8 

7472 
9129 
•781 
2426 
4o65 
5697 
7324 
8944 
•309 



5974 
7638 
9295 
•945 
2690 
4228 
586o 
7486 
9106 
•720 



2167 
3i70 
53v'>7 
6957 
8042 
•122 
1695 
3263 
4825 
6382 



2328 

3930 
5526 
7116 
8701 

*n9 
i852 

3419 
4981 
6537 



38o2 
5766 
7720 
9666 
i6o3 
3532 
5452 
7363 
9266 
1161 



1476 
3277 
5070 
6856 

8634 
•4o5 
2169 
3926 
5676 

7419 



9154 
•883 
26o5 
4320 
6029 
773i 
9426 

1114 
2796 
4472 



6141 
7804 
9460 

IIIO 

2754 
4392 
6023 
7648 
9268 
•881 



2488 



7275 
8859 
•437 
2009 
3576 
5i37 
6692 



5962 
7oi5 
9860 
1796 
3724 
5643 
7554 
9456 
i35o 



3236 
5ii3 
6983 
8845 
•698 

2544 
4382 
6212 
8o34 
9849 



i656 
3456 
5249 
7034 
8811 
•582 
2345 
4101 
585o 
7592 



63o8 
7970 
9625 
1275 
2918 
4555 
6186 
781 1 

9429 
1042 



2649 
4249 
5844 
7433 
9017 

•594 
2166 
3732 
6293 
6848 

8 



4196 

61 57 
8110 
••54 

'^ 

5834 
7744 
9^46 
1 539 

3424 
53oi 

7169 
9o3o 

•883 
3728 
4565 
6394 
8216 
••30 

1837 
3636 
5428 
7212 
8989 

•759 

2521 

6025 

7766 



9501 
1228 
2949 

4663 
6370 
8070 
9764 
i45i 
3i32 
4806 

6474 
8i35 
9791 
1439 
3082 
4718 
634Q 
7073 
9591 

I203 

2809 
4409 

6004 

7592 

9175 
•752 

2323 

3889 
5449 

7oo3 
9 



195 

194 

193 

192 
191 



[81 
[80 

■? 

'78 

174 

^ 
[73 

172 

171 

171 

170 

i67_ 

[67 
[66 
[65 
i65 
164 
164 
[63 
[62 
[62 
[61 

[61 
[60 
i59 

i58 

1 58 

\U 

[55 
D. 



■Wi 



ANSWERS. 



PARTI. 



[NoTB.— The fUl-fiiced flgnres in connection with the namber of the page refer to the Arti- 
cles in the text. The numbers in parenthesis in the paragraph refer to the parUcalar Example. 
* * * indicate that it is not thought expedient to give the answer.]^ 



AI>I>ITION. 

(Page 13, 68.) 

(1.) -7a. (2.) 4a«-M+a*6-l-a6'H-2d'-3a'. (3.) 15caVH-26aVH- 

7mx*y^. (4.) 4B*-a?*H-5»*+5aj«y-a&-aj»-8. (o.) x. (6.) 5ez-x^-\-2zK 

(7.) (a+e)z+(m^5a)y (8.) (2a+2b+3c^2d+e'-2n)x^+{12a+An-{-2)yK 

(9.) (a+ft+l)a;*+(6-a+l)ay+(a-6+l)y*. (10.) (a+wX«+y)+(&-nXaj-y). 

(11.) 8(»»+n-2) Vz^. (12.) aaj"*+(3-w)3ri+8c. (18.) f t'a'-a;*. 

(14.) 0. (16.) i»'+Jy~*-iar*. (!«.) (a+^H-c) V5*^. (17.) 2(a-2w)aj* 
4-8(w— l)y*+8«f. 



(Page 15, 7S.) 

(2.) »»+»*-2aj-8. (8.) -2(aj'-|-aar). (4.) 6aj^+2aj^. (6.) 4a; V- 

(6.) 10 Vl+x^^QayK (7.) a(y*-y)4-(10-a;) ^oft. (8.) &B(aj-ft)-4 Vmn+2, 

(9.) 2 4^a-6— Va&. (10). a— ft+c+d ; 5rt ; o— &+c— c? ; and 3^+9*. 
(11.)***. 



8M AN8WEB8. 



M ULTirLICATION. 

(Paob 20, 87.) 

(\.)T%a*Wj/*. (2.) 24»»«+«aj-"HH^«-'. (S.) lOOajVyl j. and - Da*** 

(4.) f»* ; 1 ; a« ; f»"=r; a"J^; <j^. (6.) 8a«+10aft-86*. (6.) aj*H-a;«y*H-y*. 
(7.) *»«-3*»*»V-|-n«-ho^ (8.) ««*—«•»+•+»•+•-«•+*+«•+*-«'. {».) «*— 

(10.) »«-y«. (11.) a*r6"5-+l. (12.) 20aft»^-80o»-/^•6-+•+' 

-.10fl/-#+J»-f6»—— -15a-+^-t-i. (IS.) ♦ ♦ ♦. (14.) ♦ ♦ * 

(15.) -a*+2a«6«-6*+2(a«+6*)6'-c*. 

(Page 21, 5^.) 

(8.) 6<»*-l(ki»»-22aV+46«»»-aO«*. (4.) 4a»-16a»>*+10a'6' +!««&* 
-256*. (5.) a*-x*. (6.) aj*-5aj*+10aj»-10aj«H-5a:-l. 



jDjrjsio-y. 

<Pagb 24, 105.) 
(1.) ,.A; ,^, (^)^, J^, 1^., ,1, i (2.) ^J^ ^^ ^ 

(8.) ♦ * ♦. (4.) Last two. 6>-««-6^— -6-d»+":aj'S'"'"'-2ar"*"^*+ai:— . 

(6 to 11.) ♦ • ♦. (12.) (x^yy. (18.) ♦ • ♦. (14.) ♦ ♦ ♦. (16.) a+d. 
(16.) «*•— 6»/H-ic-a*»+«— iftV^-ftfc*. (17.) »»*+«»••. (18.) maj»-fna!*+ 
««4-«i. (19.) A««— 2»+*. (20.) iD^-aj^y^+y^-ajV-yy+a*. 

\ (Page 26. 106.) 

<2.) a?«-6a«+4a«. (8.) 2a*+4fl«+8a+16. (4.) 8y«-4»«. (6.) ««-«*y 
H-a:V— «VH-«*y*-{»y'4-y« ; aj«+y*. 

(Page 27, 107.) 

(8.) 2y«-%3 4.12y«-%+2. (4.) a;«+a?"y4-a:V+«V+«V+«y'+y*; 

1 + a; + ««+«« + «* H- «»+««+«»+ »» etc. (6.) • ♦ ♦. (6.) * • ♦. 

(7.V»»» 



ANSWfiES, 305 



FACTOniNG. 

(Page 81, 122. 

Examples in factoring are, in general, of such a nature tliat the answen can- 
not be given without destroying the utility of the problem ; hence only the fol- 
lowing are given : (28.) k^y*--k^m^yV-¥k^m^yV^k^m^yz^+k^m^yV 

-Jc'm^y^t -J- mh^. (24.) oj'-aj^ V^ + a?*y *"-»' V'* + x^y^-x^y^ *+y^. 

(26.) * • •; l-a=(l+ Va) (l- Va); l+aia diviBlWe by 1+ Va, 1+ Va, 

etc (27.)10«(^-J)'. 



OBBATE8T OH HIGHEST COMMOK DIVI80B. 

(Page 84, 124.) 
(1.) 12. (2.) 12. (8.) 3. (5.) 2*'i«m«. (6.) 2a'ft. (7.) «*y-fc-. 



(8.) aj«y. (10.) 4*«ic-46«. 



(Page 38, J;^^.) 



(8.) «-l. (4.) «-+-l. (6.) 2a+3aj. (6.) 2a-». (7.) 4(aj«-2at+y«). 
(8.) 2005*— 6aa:«-|-10aa-2flL 

(Page 38, 130.) 
(1.) «-i-e. (2.) 2(»+y). 



LOJrBST on LEAST COMMON MXTLTrPLE. 

(Page 39, 132.) 

(2.) (a4-&)* («-&)•. (8.) a?* -4. (4.) 4(a*-2o«+l). (5.) 4959a*6««»y» 
(6.) l-18o-l-81a«. (8.) (aj»-39a;+70)(»-10). (9.) («-l)(»+2)(«-3). 

(10.) (a»-4a*&-+-9a&*-10&»)(a+4ft). (11.) a:*-14«»+71««-154a;+120. 

(12.) »*-i-7aJ*— lOoj'— 7(te«4-9a?+a.3. 



306 AK8W£BS. 



JFBACTION8. 

(Page 48, 167.) 

a.) ♦ • ♦. (2.) ♦ ♦ ♦. (8.) l+x+x*+x^+ etc.; aj«+10- —"* 



a;«+4 

m-^n ^ 4 o lo 

+ etc. ; a-\-x ; af H-l+ar*+aj-'»+ar-'"4- etc. ; l—na-*»H-»*a-^«— »*«-*• 

+n*a-»"— n«a-»®"+ etc. (4.) 8 • 7-»a- ^ ; (m 4- »)•+»; c'd— ««■; 






«f. /I. ax 2(Qa?«-16) fte«(3g-4) &B(24-ae ) ..p.^-hft. 

eic. U2.; ar(ftr«-.16)' ac(9aj*-16)' ac(9a5«-16)* ^^^'^ aJbc ' 

10a* aj* adfh-^bcfh m^-hmn*—m*n ^ afd-\-ae 

20&V+7C*? ' 9+dxy* ' SM+M^ ' m-n ' bdf+be^ef 

2 8aj»+20a;«-82aJ-235 - - ^ 2a4-rf+tf . y-px-^mpy* 



t f 



a:*-l-»«H-l' aj»+8aj«-5a;-84 * ^ •*'(«+<;) (a+d)(a4-c) ' (3my*-a;) 
?±-^ (18.) 0. (19.)^; 4; ..^I^,. (20.) 6.. «^* 
4«^ /otN 2a;-.3 /aax^a. g*+&* . - af-rta;+ay-ary 



^=^- ^'*-'(ie»-l)(a«+8)" ^—'8' a ' *' 6«_te+6y-ay' 
<«+^^*; 1. (28.)«-«+6; -i*; ggj^ l"*' ^ »H (24.)^i^',- 



ei*c+6rc— 2c*+' 



(a«C"-«) &«(•-/•)) (2a«— 36) 



^)^ ^^-P^ i-^l-^?-^^ l-h*.«-i.«-Ax- 



2^N^P) • — 5* — • ^^^'^ "^ • ^ '^ ^ ^ ' a*-6* • 

91a* 1 7a'6' 1 1 

(27.) -g^; ^^ ; 1 ; i. (28.) ^-^^^ ; irgu^a ' ^^. . 
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x—a 1 bcic—h)* ,^,,, , 

-^m^n-^+mn-^-^Tr*; -f- — ^; a*-2ac+c*-6* ; 1. (81.) 1. 

86*(a+&) 

(82.) 1. (88.) «-«-«->&-i+b-«-a-i(j->-6->(J-i+c-«. (84.) ^,^5^t,^«5.^4 ^ 

X; ' («-y)*(«*+y*)' a'*' ' ^*'*'-^ c+d ' ajl^S '» 

W^E? ; p±^. (87.) +. (88.) -. (89.) +. (40.) 1; 

^a^^ax-ai/; 1; (a»-&')*. 



IXrOLUTIOX. 
(Page 50, ^90.) 

(1.) 9a6 ; 4a*aj« ; ^; ^^o.- f^; |; ^. (2.) l-2a;+8x'-2a.»+aj*; 

4a«-12«aj3 + 9aj6. (8.) 9-12aj-2aj«+4flj»+aj*; 27a;6-27a;*+9aj«-.l; l-2aj* 

JL a ^ 

6 W ; 5^.^y^ ; -J— . (6.) 25a.« ; 512a^x^; ^^^ ; --^ ; 

4-r ' ^"^ (6 ) aj^+7aj6y+21»V+35ajV+35ajVH-21ajVH-7a^'+y' ? 

a.4-4a.3y^.ea.«y«_4py3+y4. 27a«-27a*aJH-9a«aj«-a?»; aj-»-6a;-«y4-15a?-'y«- 
35«-V + 703rY - etc. ; or* + 4aj-«^y + 100;-^*+ 20aJ-Ty' ^. 35aj-8y* + etc. ; 

5*+-^ i + 1 7 + etc., -+2a,a + ac«+i6aj^-+-128a;3 

2.6* 8-5* 16-5* 128- 5* 

1 A 3a; ftu* l(te=» 15aj* 
+ etc.; l-4»«+to*-4flj«+a:»; ♦♦*; ^ i^l+-^ ■+■ ^ "^ "^ -^ "^ 

+ etc.); ♦♦♦; ♦♦*. (7.) ♦•♦*•. 



(Pagb 61, 195.) 
(1.) 2.2-2-59 = 472; 2- 73=146; 5 - 7 • 67=2345; * ♦♦; ± {a • c - («+&)} 
= ±(a«c+a&c) ; ♦ ♦. (8 to 6.) * * ♦ *. 



806 11IBWSB8. 

(Pao« 65, 197.) 

To give tlie roots In problems in eyolution would be to destroj the benefit of 
the exercise ; benoe tbey are omitted. 



BEnucTioir or bai>icals. 

(Page 70. 207.) 



a-6' 



». 7^ . y 15(«*— y*). In such examples be careful, to leave only integral 
forms under the radical sign, in the reduced expression. (8 and 4.) * * * *, 
VJ = VT. (6.) ♦ ♦ ♦, a»(l -^y=(a«-6'A (6.) V^ and V5 ; 

• ♦♦♦5 V^ZJ^and y?+^. (7.) ♦♦♦. (8.) ^♦TS;****;?^^; 

o y 

«-y ' ^"2 ' ' 

2(^+^+^; llV2-4Vr5; B^-H 2^^ 34/3 -.-2^6^ 

2 

8(_V6+Vg+3); «»'8-«-<^-8»'8 . (10.) «^+*^V+'b*»*+*^»* 

6 

+ « ^y* + oj'y + «*|r + ary* + x*fr + « y + « y* + ^ + «*y"^+ «^ *^ + y" ; « ' 

+«"y*+ aj*y + * y + « *y'+ «*y * + ii?'^y*+ «'y * + «*y*+ »*y^ -^ z^jf* 
+y^; (4^8+ 4/8-4/5) (8-24^). (11 to IS.) ♦ ♦ •. 



COMBINATION OF BADICALS. 
(Paob 74, 21^.) 

«/•! Oy* 15,, 

a.) • • •. (2.) • ♦ •: ^ ; ^. (8, 4. 6.) • • ♦. (6.) Vm-. 
W ^151876 ; V'SaV ; ftisH?^; ^ 1 4-5*« + Ifte* + 10e» +8*' +««• 
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iVloTF^ 3V^; 80; 12^3. (7.) 41 ; x+y; 2464-68^30 

-41^5-36 t?; 3V'20-12V^- ^^180 + 12. (8.) jVlO; 4^9; 

VsTi; iV^. (9.)¥+iV2; 2«i^; JV6 + V2; ftVS"; y^' 
|^*V15^; -AVi5"; 6-2 V6; 27(a-«)V5=i; a*-3a6*+3a*6-6*. 



ii^S; (12.)24-8V^; ^4^+8i^; aV«-Vai; ♦♦♦. 



IMAGINARY QUANTITIES. 
(Page 78, i?2.9.) 

(2.) 12( VS+I) V^ ; 19a 1/=T ; (46» +3«) 4^^. (4.) {Vx±Vy) V^. 
(5.)1V'^; 12(^3"- 1)V^; llaV'^of; (a VT- c V^) V^I 

{fi,)\V^. (7.) 6 V2 4^=^; ; 164^ V^; IV'^T; ^t^. 

(Page 79, 925.) 
5«.7VZT, and9 4^'^-l; 2«+(/F+ V7) V=T, and (VJ- i^i^^^T. 



MULTIPLICATION AND INVOLUTION OF 

IMAQINABIE8. 

(Page 80, 226.) 

(2.)_^ ♦, -6^6. a) *, 8, V^. (9-) »78-/=8. or 278^8 V^; 
972y^, or 972>v/2 V^- (10.) a^w. 



DIVISION OF IMAGINABIE8. 

(Page 81, 227.) 



(3.) -i V^ 4/I:T; - 4^a i^IT (6.) — ^ 



«f-.jt 
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PART 11. 



SIMPLE EQUATIONS. 

(Page 87, 28.) 

(l.)l«; 34; 28J; 8ft; 8; 4; — — ; -; -^^ ; 2.9; 2W. 

- 8a— 2& c VZ 

^.^h±^^^±!m; 8; 0; a (8.)|; 4; 4; 41. (4.) 81 ; 

c«-26c; 16; 6; 4(a-l); 8; 1; 6; 6; 8; ±??^; -; 4; 



6+1 * 



9 

7* 



8a 
4 • 



APPLICATIONS OF SIMPLE EQUATIONS. 

(Pagb 90, 33.) 

(1.) A'B 84, JJ's 42, CTb 14 (2.) A*b ^ ^^ , J?'s= — 51 



mn ' 



CTb . ^ . (8.) 30.18. (4.) !i^, ~. (6.) 35. 

^^•) ^„ ^ «^ ' (S) t- W ^^ . y^ • (IB.) ttJ of an hour; -—-——-. 

p+2— wi— »* ^ *' ' m+»— »»p+p * V •/ » ^_26+c' 

(18.) 19, 80, ^+1 • m+1 * (19.) 73, 77, g^ 

5=^±^. (20.) 8. (210 _??_ , _^ . (24.) 20, 40, 80; 16} 

83i, 60; 14f. 28», 42J. (26.) 1200. (27.) 50. (28.) 5712. 
(30.) 50. 
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SIMPLE EQUATIONS WITH TWO UNKNOWN 

QUANTITIES. 

(Page 96, 4:2.) 
(1.) aj=10, y=3. (2.) 19, 2.t (8.) 16, 85. (4.) 7, 2. (5.) 7, 17. 

10f57 278 

(6.) a. 8. (7.) 12,9. (8.) -8, 19. (9.) -2, 1. (10.) -^. -^■ 

«1^^ 1 ,.«. 26«-6«' +<i 8a'-5« + d, .« «• 6«-«« 

^"•^5' 7d- ^^^^ 3^~' 36 • <**->6^6' -J-- 

(14.) («+»)', («-S)'. (16.) 10,5. (16.) 18, 12. d'-)!' j-- 

(18.) g, ^. (19.)i, ^. (2O.)'20.5; 6,8; 7,10; %«-72=0: 

y«-22y+120=0; y?-V-|-14y*-20y«+9=0. 



APPLICATIONS. 
(Page 98, 4^.) 
(1.) 18}, Slf (2.) 8. (3.) 20, 8. (4.) 5000, 5000. (6.) *. (6.) 24 
(7.) 29, 32. (8.) 5000,6. ' (9.) ^^^^^"^\ ^L^Ll??^?!?. 

(10.) 5^. .^. (11.) 48, 16. (12.) 24, 32. 



SIMPLE EQUATIONS WITH MOBE THAN TWO 

UNKNOWN QUANTITIES. 

(Page 101, 43.) 

(2.) 4, 3, 2. (8.) 2, 3, 4. (4.) 24, 60, 120. (6.) 64, 72, 84. (6.) 3, 2, 1. 

^7^25 55 65 5«+c'-a' a*^c*-b^ a»-^h^^c» 7^ 

(7.) 25, 55, 65. (».) ^^^ , ^ , ^^j . (»•) "g" . 

(10.)-!, -I, 2. (11.) 2a, 26, 2«. (12.) 



7 
2 ' 


21 
10" 


1 





> * x^QX 2^ ^ ^ /11\ 1Q K 

(d_a)(6-c)' (c~a)(c-6)- ^^^-^""ft+c' a+c* a+&' U*.M^, o, 
7, 4. (16.) 2, 1, 3, -1, -2. (16.) 3, 4, 5, 1, 2. (17.) b+c-a, «+c-&, 
a4-6— c. 

t The valiiee of the unknown qaantitiee are given in the order ar, y, », etc. 
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APPLICATIONa 
(Paob 102.) 
(2.)|3,20oentB,10cent8. (8.) £8000 at «, etc. (4.)~. ^, ^, 

^ . (5.) 148857. (6.) 26, 9, 5. (7.) 140, 60, 45, 80. (8.) 18A, 84f , 
2dA» 80. 



(Page 105, 50.) 
,-.«! 85a 9 bm . ^.1 ^4 8 

(l.)3; 5-; ^; j' *"^^' 16' S?' "*"*• ^'^a ' *• ¥' 55' 

1 16 an 1 



^+^' T' 6^' i^- (8.)6:11; l:a«+ft«; 2(a-«):(a+«). (4.) 9:25; 

a«:ft«; 27:125; a»:6»; 5:4; V3:V7; Vm.Vn; 3:4; i^xii^. 
(5.) Thefonner. (7.) 4:1. 



PJBOPOjBTJOJT.— APPLICATIONS. 

(Page 111.) 

(8.) 18, 26. 89. (4.) 8, 6. (5.)^ + ^, ^-^- («•) 120, 160, 20a 

(7.) 8:9. (8.) 252. (9.) 56, 8l, 70. (10.) 20. (11.) 160. (12.) 800. 
(14.) 8h. 49|Vm., 8h. ^Si^m^ 8h. 16,*rm. (16.) Every liV lioars, A- hoars, 
and \^ ; or 11 times in 12h., 22 times, and 11 times. (16.^ No ; since it takes 
the minute hand liV hours to gain a round, and fx to gain half a round. 

(17.) 8:45 a.m. (18.) 1st. y-^, JZ^' «*«- ^' m^M* w^S"' ' 
a-k-m t s-^a+m t 28-HHrmt «— a— m^ 28—a—fnt 

f— a4--lft 2«— a-Hlft 



2f" — w Jftf — m 



, etc. 



* • • 



ABITHMETICAL rBOGBESSION. 

(Page 117, 5.9.) 

(1.) 88, 908. (2.) -89, -884. (8.) 5=^^ , 2^^ . (4.) 0. ^ 
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(6.) 193 • 243 . ■ 293 . 843 . 898 . . 446. (7.) -46, | . (8.) 100. (9.) 5!5±?, 

o 4 

"2"' 4 • 



Vs. 



GEOMETRICAL PBOGBE88ION. 

(Page 120, 90.) 
(1.) 46875, 58593. (2.) 6, 18, 54, 162, 486. (8.) 16384, 21845^. (4.) -1/5, 

H. (6.) 3, t. H. §4. (6.)¥; ^; t8; «. (10.) -A[M)--lJ; 
; I; WW; i 



(Page 124, 95.) 
(6.) ««». (12.) 18. (18.) «=ri/J5«. 



HARMONIC FROrORTION ANI> rBOGBE88ION. 

(Page 126, 100.) 
(6.) i, A, A. 



rUBE QUAI>BATIC8. 
(Page 128, iO«.) 
(1) ±4. (2.) ±5. (3.) ±V2a*~ft«. (4.) ±V6. (5.) ^i«^/8. 
(6.) ±6. (7.) ±|/_^. (8.) ±-/Z8. (9.) ±5jV6. (10.)±8V-». 

APPUCATIONS. \ ^^ " 

- - *P^ . (4.) 4580. (6.) -7= , —^ . (6.) 5.67+. 

18.12-, 40.61 + . (7.) 149,247.2 + miles from the surfaoe of the earth (8.) 240. 

/a ^ ^^^ from A. (10.) ^ from the louder belL 
^^ V7"±l^ ^*1 
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AFFECTED QUADRATICS. 
(Pagb 133, 114.) 

a.) 8. -9. (2.) 6. 2. (8.) a(2± VTl), (4.) 8, -1. (5.) 3 ± V^^Sl 
(«.) 1, -a. (7.) 2, -1. (8.) 7, J. (^.) 5 . ^ . (11.) 3. -Of. 

(12.) 5, ~-V. (18.) ^ . (14.) f, A. (15.) 11HI» «• (1«) 3. -»• 
(17.)^. f- (18.) t(-l ± i^iSs). (19.) 4, i. (20.) la(-3 ± V^> 

(21.) ±iV^, (22.) 8, -f . (28.) —f — * ft. (24.) 4, -J. 

(26.) 12, 4. (26.) 4, J. (27.) 7.12+, -6.78-I-. (28.) ia(l±3 V^, 

(29.) 1, vH-. (80.) 6, a 



HIGHER EQUATIONS SOLVED AS QUADRATICS. 

(Paor 138, i;^;^.) 

(1.) ±3, ±3 V^. (2.) 2 ; Uie other loar rooti sot required. (8w) ± m^. 

« 

(4.) 27. (5.) 121. (6.) 64. (7.) >•. (».) ± 8. (9.) ± V^, ± V2. 

(10.) v^K-1 ± V-^+i). (11.) 4, y^. (12.) I^M * V45^4T*)[ ^' 

(18.) V^(a ± ViN^)*. (14.) 248. (-28)*. (15.) 16. ^flt^. 

(16.) |1(5± VftTnCi)} '. (17.) 8. ^. (18.) v^. |/^- a»-) 1. 

1. 1 ± 2 VIS. (20.) 9. -12. (21.) 8, -i. i(5 ± VT^). (22.) 4. 69. 

(28.) Kl ± VS). (24.) |(l ± Vi). (25.) 8. 4, 4(-8 ± VS5). (26.) 2. IJ. 

1(7 ± VS). (27.) (^^4)^+? ^ ^*^'^ "' ^^' ^* ^^""^ ^**'^ ^' '"^' 
i(3 ± V:iT6). (80.) 2, 3, 1. (81.) 2. -|. i(l ± i^ls). (82.) 1. -3, -3. 
(88.) 2. 2 ± V^. (84.) 6, 4 ± Vt: (86.) -2. -1. -6. (86.) 6, 20, 3. 
(87.) 6. 4, 5. (88.) 1. 1. -2. -2. (89.) 4, 1, 3, 2. (40.) 3, - 1, 1 ± V^. 
(41.) 6, -4. 8, -2. (42.) 3, -3, 4(-13 ± i^=i66). (48.) 4, 3, K7± 1^69> 
(44.) 9. 4, i(-8± t^i:?). (45.) +1, -1, ± V'^:! ; -1, l(l ± V^ ; 1, 

M(-l±t^=3); 1,-1, ±yi:i; ^^-i;^; ± VZT, *( ± f^ ± 4^^ .• 

r8 
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±1, ±^r^, ^i^|3; t(±V3±i^±V-2± V2). 

^**-^ 2(r::a) ^ \ 2(l-a) / 

(49.)i± iV-3 ± V8(^). (60.) i(l ± V^). (61.) 2, -i, i(3 ± V^)- 

(52.) 1. 1, -2, -2. (63.)^(-l±V5). (54.)±^ J -:r^— ^ V^^^T2 I , 
(56.) 0,i,i. -1, +2, -2. (57.) J, i(-l± V335), ±1, ±Vi(-ll±v«5> 



SIMULTAKEOVS QUAI>ItATICS. 

(Page 142, J;&7.) 

(1.) aj=3, -H ; y=-.4, W- (2.) a!=± V^ ; y=2T V^, (8.) a?=2 ; 
y=2. (4.)aJ=±7, ii4; y=±4,±7. (6.) «=±3, ±Ji^; y=±2, ±iV2. 

(6.) «=±2, ±i 4^ ; y=±i, TfylO. (7.) a;=±3, t8; y=±5. 

(8.)a;=±^4^; y=±\Vli, (9.)«=±f4^; y=±|V2i. (10.) a;=±l, 
±¥V^; y=±2, +*t^. (ll.)a?=±2, ijVs"; y=±6, ±^Vs. 
(12.)aj=±10, ±i^V^^7; y=±3, tH'J^^^^. (13.) « = 4, 2, 

i(-13 ± V377) ; y = 2, 4. i(-13 T ^377). (14.) a;=4, -2, 0; y=2, -4, 0. 
(15.)a? = 2,3; y = 3. 2. (16.) aj = ± 3 ^2; y=±V2, (17.) a? = 9, 4; 
y = 4, 9. (18.) X = 11, ill ± 4/^=211) ; y = 3, i(- 15 ± V^^Wl), 

(19.) a? = 15, ; y=45, 0. (20.)«=±V2; y-2^V2, (21.)aJ = 0,2; 

y = -2,0. (22.)aj=l,4; y = 4,l. (28.) a; = l, 3, 2 T 5 i^^; y = 3. 
1,2 ±64''^. (24.) a; = 5, - 2, i(3 ± 4^^^) ; ^ = 2, -5, i(-3 ± ^^=^67). 
(26.) a?=±3, ±2; y=±2,±3. (26.) «= ± 2, ± 1, t 2 V^, ± V"^ ; 



y=±l. ±2, ±1/-1, T21/^. (27.)a;=VK4/2-l); y= ^ _ r. 

/«o X 2(1^ 2a^5 2abc 

(28.) a? = r r , y = -7--V , « = -T- i- . (29.) a; = ± 3, 

y=±2, e=±l. (80.)a; = ±2, y=±4, e=±6. (81.)aj = l, y = 2, 
« = 3. (82.)«=±V. TV4/3T, ±6, T4V^; y=±V, iV^"^, 
±4, iSi''^. (38.) a; = ± J f^, ±3, ±^V^', y=±h, ± 1. 

± tCTi. (84.) a5=8.0;y=8.0. (85.) aj=2, 8 ; y=8, 2. (86.) a?=10T4i^, 

10T}Vi5; y = 10±4V6,10±f 4^. (87.) aj = ± | V^blS. ±1^133. 
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±aVWl; y=±yi^±3,0. (88.) a? = 4, 9, - 8 T 4 1^:^ ; y = 9. 4, 

-3±4VI=10. (89.) « = A(15 ± « ♦^^^ 5, 1 ; y = A(25 ± 10 i^^X 8. f . 
(40.) x= i ; y=16. (41.) a;=4, 1,0 ; y=8,0. (42.) aj=2744, 8 ; y=9604, 4. 

APPLICATIONS. 
(1.) 8. (2.) 18, $20. (8.) 10 and 3 days, 120 and 36 miles. (4.) 12, 36. 

(6.) 14, 10. (6.) 6 miles an hour. (7.) 4 and 5. (8.) H ^i/^zrj* /' 

/V(4m- >l)pT y ^\ ^^^ J ^^^ j(5 _^ ^y (j^^ 1^ 8^ 5^ 7. ' (H.) 2. 
\ Vw-1^ / ^-^/rf^o^LoHu 

8, 4, 6, 6. (12.) 8, 6, 12. (18.) 2, 4, 8. ^4.15,_10J?p^4fl^ (15.) 2, 4, 

8. (16.) 6, 8, 10, 12. (17.) 1, 2, 4, 8. (18.) 108, 144, 192, 256. (19.) 72, 

68, 56. (20.) 7, 8. (21.) 25. (22.) $960, $1120. (23.) 248. 

(24.) 6 and 7 per cent. (26.) 3 and 14. 



INEQ UA LI TIES. 
(Page 150, 134.) 
(8.) if and V- (9) Any number between 15 and 20. 



^^^ 



PART II L 



DIFFERENTIA TION. 
(Page 157, 156.) 
(8.) \^ibx*dx - mtdx -h4dx. (4 ) 2Axdx + SBx*dx + ACx^dx. 

Uwis.; ^^^5 » (aj«-f-l)* 2yaj 

+6dte; (5aj*-12aj'+12aj«-2a;)dir; (a;-2a?«+l)dir. (18to.l7.) 15(««+jr')*aj«da;; 

jyy^-», dx; 4{2-x*y^xdx ; -^ . (18 to 22.) - TTT^ ; 

2(l+a;)* ^ ' 

- _?^. - ^^ . i^l . i^?- (23.) When x > 1, faster; also 

(l+a;)»' (14-*)*' (l+aj)«* (l+a:)*' ^ ^ 

faster when « <i and > -i- . When x = — ;= , they both change at the same 

3 i^2 3 y 2 

rate. When x < = , V changes slower than x, 

3V2 
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IKnETEBMINATE COEFFICIENTS.— DETEUOVUENT OF 

FUNCTIONS. 

(Page 161, 16J.) 

(8.) l-i««-i«*-etc. ; a;-««+flj»-(r*+etc. ; | + |^aJ+ ^«« 4- ^«» 

-f«tc. ; l+ia;+i«*+T^'+i%«*+etc. (4.) 2+2a;— 8**— 6aj*— «♦— etc.; 

l+2«. + to« + toV+»^*H-etc.; ^ - J + ^ - go, + ^a^« eta 

(6.) l--J«-i«*— A«»— etc.; l-h|aJ-J«*+ij»r«'-etc. 

DECOMPOSITION OF FRACTIONS. 

(Paob 164, ^67.) 

^ ^. 5 2 3 1 _5 A_ 7 

(rto©.j g^^__2) 3(a?+l)' 2{a?-2) 2a;' aj-4 «~8 * 2(aj-4) 

1 1 ^ , ^ r7tnl1^_? 1 8 

2(«-2) • 2(a?+l) «H-2"^ 2(aj+8) " ^^ * ^^ («-!)» (jr-l)* "^ aj-1 ' 

2 8__ Jl__ . J_ _ J_ 2 _J; 1 7 

(ajH-8)» («+8)* "^ a?+8 ' «».- «« "*" aj "^ 4(l-aj) 2(l+a?)« 4(l+«)' 

1 1 1___ 1 " 2 1 2__ 

4(a!~l) 4(a?+l) 2(3j«+1) ' 25(a;-2)* 126(aj-2) "*■ 26(»+3)« "*" 126(a5+8) ' 

1 2flj— 2 2 3(aj+4) 1 1. 1 2 8 

(12 to 18.) i£:^-(a.«+i)«> 5 + (a?* - 2)* "*■ i^=2 ■*" i=I ' i*~i"^5+T' 

1 ( 1 _ _!_ fl?-2 _ a?4-2 ) , 

elaj-l aj+1 "*" «*-a?4-l x*-\-x+l) ' 



+ 



4a'(a4-«) 4a'(a—a?) 
18 2 10 



2a«(a*H-aj«)' (a-6)(aj-a) (a-6)(«-6)' a?-8 aj-1 «-3' 



TJJJS? BINOMIAL FORMULA. 
(Page 167, 17-*.) 

(1 to 6.) a« -6a«64-16a*6* -20o»6» +15a«6* -6a6» +&« ; a' - 7a?«y+21aj«y« 

- 86«V + 85»V - 21ajV + 7ay« - y^ ; a^-noT^x-^ ■ ^ ^ «— »«« 

n(»-l)(^-2) _ , n(n-l)(n-2)(n-8) _ ^ ^ ^ . « • ^ » 

Ir I* 

n(n— 1) . n(n— l)(n— 2) 
+«* ; i-^+lQy«-lQy«+5y*-y* ; l-»y+ -^^^2~ ^ ~ "^ ^ ^^ 

^ n(n^mn^2)(n-^S) ^^^^ (7 to 11.) •♦•♦♦. (18, U to 17.) ♦ • * ♦. 
(18 to 20.) a>-ia-»a;'-ia-V^-Aa-'V^etc ; ^^ + ^ + ^ 
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4- -^ 4- etc. ; a»4-4a«c*+6a*e-H4a«c*+c«. (28.) -rfiTa^^t", 



LOGARITHMS. 

(Page 179, 199.) 

(1.) 4. 6, ♦ ♦ ♦. (2.) -2, ♦ ♦ ♦. (8.) 4, ♦ ♦. (6.) To the 3291147th 
power, and the 1000000th root extracted. (6.) The 1000000th root of the 

8414689th power. (7 to 9.) * * * ♦. (10.) .23108, .17677, ♦ ♦. (11.) 4.449419, 
4.627084, 1.890210. (12.) 12.42, .00010081, 18.3625, 1.8858. (14.) | log ay 
+i[log (l-4-«)+log (1— «)], V}og a+log X" log 6— log y), i[log (#— a)-hlog (s—h) 

+log («— c)-log «], 4[log ar-4-log (1 -a;)] - } log y ; - (m log a+p log 6— « log c), 

11 <2iB 

i log c— - log d-4- - [log(m-haj)-|-log (m—aj)]— m log a-f-n log ft. (16.) — z — 
t It 1— aj 

^. ?!^. - ^. »;^. (19.) .666713. 449184 



SUCCESSIVE niFFERENTIATION. 

(Pagb 182, 204.) 
(2.) \2xdxK (6.) ♦ ♦ *. (7.) 2[(aj-6)-4-(«-c)+(aj-a)]dji«. 



JOIFFEEENTIAL COEFFICIENTS. 

(Page 185, 207.) 
(6.) 10«*-hl2»*-10aj. 40aj»+3&B'-10. 120aj*4-72a;, 240aj-h72, 240; ♦♦♦♦ 



TAYLOE^S FORMULA. 

(Page 188, 212.) 

(2.) • • •, a:*-hiaj~*y-i«~*y* -4-TVB~*y' ~Tii«" V +ih«"*y' -eta ; xr* 
+2«-»y4-8ar-V+4ar-»y3H-5ar-fiy*+6flr-V+etc. ; «"*— JaT^y+faj »y« 

-tta5"^y'-4-iiS«~^y*-«taj'^'fy»4-etc. Page 189, (2.) 8»»-2««+(lto*-4«)* 
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INDETERMINATE EQUATIONS. 

(Pagb 192, 218.) 
/J X / N jy = 4, 9, 14, 19. ... ^ 

jy= 5, 14. 23, 82, 41, 50, 59, 68, 77,86,95,104,118,122.181,140,149. 
^^' (a;=215, 202, 189, 176, 163, 150, 187, 124, 111, 98, 85, 72, 59, 46, 83, 20, 7. 

(d\\^^^^* ^' (d\^^^^' ,-. jy= 9, 28, 47,etc. (y =2, 119,236, etc. 

^ ' i aj=17, 28. ^ ( aj=20. ^^ 1 a;=56, 173, 290, etc. ^^^ I «=3, 131, 259, etc. 

APPLICATIONS. 

(2.) Yes ; 15, 163, 9. (4.) No ; yes, in an infinite number of ways ; 4 8-6hil- 
ling pieces and 192 guineas ; possible ; possible ; possible. (5.) 190. 



INDETERMINATE EQUATIONS BETWEEN THREE 

QUANTITIES. 

(Page 194, 219.) 

(e= 1, 2, 3, 4, 5, 6,11,12,13,14. 
(2.) ]y=ll, 9, 7, 5, 3, 1. 8, 6, 4, 2. (8.) 59 sets of valuer 

<a;=10, 11, 12, 13. 14, 15, 1, 2, 3. 4 
^.v . <y=2, 4,6.8,10.) 2 «<y=l, 3,5,7.9.) .^0^^=2,4.6,8.) 
^ ^^ ~ U=15, 12, 9. 6, 3.f la;=14, 11, 8, 5, 2. f U=10,7.4, 1.) 

.^4 <y=l, 3. 5.) ^^5 U=2, 4. ) ^^g (y=l, 3.) 
U=9,6,3.r f«=5, 2.r /a?=4, l.f 

(Page 194, ;^;^0.) 
(1.) e=7, y=2, aj=10. (2.) e=15, 30, y=82. 40, jr=15, 60. (8.) None. 

APPLICATIONS. 

(1.) 8 of 1st, 6 of 2d, 2 of 8d, and in 9 other -ways ; 23 and 2, 16 and 5. 9 and 
8, 2 and 11. (2.) |4, |2, |7 ; infinite variety of prices. (8.) 6, 8, 1, 18. 

(4.) Number of the 8d kind equals twice the number of the let kind, plus the 
number of the 2d kind ; 1 of 1st, 6 of 2d, 8 of 8d kind. (5.) 40, 60, 24. 
(6.) 55, 10, 85 18 one result in integers. There are an infinite number of other 
way*, a.)**- (8.) «=10,y=l,x = 18. 
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LOCI OF EQUATIONS. 

A LAitOB nnmber of these oonstractioiui are exhibited in the text, and to ^ve 
Inore woald be to destroy the possibilkj of the «tadent'B deriving any benefit 
from the exerdse. 



HIGHSB JSQlMTJOiV^a— TRANSFORMATION. 

(Paob 206, 228.) 

(2.) Multiply by y*, and then put p^x^. Finally put x=z — , etc. 

a 

It is not deemed expedient to give farther explanations. 

(Pagb 214, 249.) 

(2 to 84.) To give the roots of these equations would destroy the practical 
value of the examples. 

(Page 216, 2S0.) 

(1.) «»-2a5«-lla?-|-12=0. (2.) aj*-2x»-6aj«-f-4flj+6=0. (8.) ♦ ♦ ♦. 

(4.) aj»-a?«-7«-|-15=0. (5.) ♦ ♦ •. (6.) 80«j»-17aj*-ll«-h6=0. 

(7 to 10.) ♦♦♦♦♦•. (11.) aj«-l(te»-H88a?*-WjJ»-78««+66aj-|-39=0. 



EQUATIONS WITH INCOMMENSUBABLB ROOTS. 

(Pagbs 216-247.) 

To givo the answers to these examples would be to destroy their value to the 
student. 



CAMDAN^s rRocms. 

(Page 251, 281.) 

(2.) -1, 2, 2. (8.) 2, -1 ± Vs. (4.) ^ - h, and the roots of 
«' '^ ii^''h)x-^{h - t^) V 6 = 0, which are -K ^ - ^) 
± i/-|^-itq-3. (6.) {J^bi)\ {-t(aU4)±i(a4+64)4/33r. 
(6.) 1, -2 ± 8 i^IIT. (7.) • # # (g.) 2, 2 ± 1^=1. (9.) 8. -4, -4. 

(10.) • ♦ ♦. (11.) • • ♦ (12 ) ♦ ♦ ♦ (j^) One root is 2.88748+ 
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DESCABTES'S PROCESS, 

(Page 252, 283.) 

Ex. 4, -2, -1 -4- V^, and -1 - V^. 



BECUBBING EQUATIONS. 
(Page 255, 291.) 

(1.) 2±V3,i(l±V=:^). (2.) -l,i(9±V77),i(3±V5). (3.) 1,3, 

> l+4a±V5 4-20a 

i, — 2, — ^. (40 — 1, ^m ± Vjm» — 1, in which w = g^_ . . 

(5.) ~1, 1, 1, —1, -1, J(l ± V^). (6.) 2, J, Jm ± Vjm'' - 1, in whicii 

m = J (- 6 ± V5). (7.) 2, 1 2, i, J (1 ± Vllg. (8.) |(3 ± VS), | (-7±3 ^5). 

(9.) i(V6-l± V-10-2V5), -i(V6 + 1 T V- 10 + 2 V6). (10.) J«i 
± Vim« — 1, in which m= 2(1 ± VS). 



BINOMIAL EQUATIONS. 

(Page 255, ;?9;?.) 

(1 to 5.) See answe^ to (45), page 138, and multiply them respectively by 
i% i^S, ^2, i^, Vli. (7.) See as above. 



EXPONENTIAL' EQ UA TIONS. 

(Page 256, 206.) 

(2 to 6.) 3.0957+, 11.384-4-. 8.292-4-, 0, 0. (8.) 8.597-I-. (9.) 2.816+. 

(10.) 2.879+. (11.) 8.233+. (12.) 2.001+. (18.) ^^^ i^ ^^' • 

(14.) 2i^ftl2^^ (15.) , ^Yi . ' ae.)24,3J. (17.)(^y^\ 
^ ' & log <3 ^ ' w log a-bn log & v / •* V^5y 

U; • (^^-^M.^-^-iS^;* H^ i^^j- ^^^-^215^2^37073 • 

2(2+log 5) (2^^^ 2^42^^ _^^^^^ (2^^j ^^^^^l (24.) $196.71. 



2 log 2+3 log 3* V •/ • • • • V •Mog(a+6)* 

?^198.98. $200.17, $259.37. $265.33, $268.51, $180.61, $181.43. $13483. 
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(26.) 7.13, lOM, 16.28, 20.48 years. (26.) 29.91 years. (27.) $1502.63. 

(28.) $1988.97. (80.) $1157.28. (82.) #4794.52. $8500. (88.) $577.06- 

(86.) The former by $629.08. (M.) $500.91. (88.) 18.58 years. (89.) $796.87. 
(40.) $8229.70. (41.) Gains $1756.60. 



APPENDIX. 



SERIES. 
(Paob 275, 811.) 
(2.) 12, 6, 0. (8.) 8, 82. (4.) -A- (6.) 1. (6.) -14 

(Page 276, 318.) 

(4.) -«», +««, +«. &»•, 5aj'. (6.) -27, +9, +3. 82805, 98415. 

(6.) +&B«, +2aj. 1098«',3281«». (7.) -4, +4. 192,448. (8.) -2aj», +««, 

-f 2af. 87««, 17ai?». (9.) - 1- «. —x\^^ x\ (10.) -1, +4. -6, +4. 

56, 84, 120. (11.) +1, -8, +3. 26, 34, 43. 

(Page 277, 814.) 

(1.) 4516«^ (2.) 17««. (8.) -«'. (4.) 2738. (6.) 29525. (6.) 1865. 

(7.) 20. !!l^i\ (8.) n(»+l). (9.)6396«j". .(10.) +1, -5, 

+10, -10, +5. +1, -3, +8. +1, -3, +3. +3aj', -««, +2aj. (11.) n*. 

(12.) 8694. (18.) 26. 34, 43, 53. 64. 26a?», 34a?", 43a;^ 53aj», 64iJ». 196, 336. 

540. 825, 1210. 1716. 

(Page 279. 815.) 
(2.) No. (8 to 6.) Tes. 

(Page 282. 816.) 



l-a«!-2i8» • *"•' l-a-a* • ^"•' (l-ie)« * "•"' l-2a!-x'+2a!» ' 

^> . aO.) 278266 ; ^' +'^^' ^^'i^^'^^* ^^ . („.) losiSSO ; 
6n^4-44^' + 99»'-t61« ^j^.) 60710; ^' + ^* + ^* _ » . 
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iC^-^1'^2-;^)- »0.)i (21.) i. (22.) Vr. (28.)!. 
(25.) «f. (26.) t. (27.) A (28.) A. (29.) Vi- (80.) rfr». 

PILING BALLS AND SHELLS. 

(Page 387, 322.) 

(i.) 1540, 18244, 903. (2.) 9455, 4824, 85720, 465, 276, 1128. (8.) 749% 
8880. (4.) 624. (5.) 2780. (6.) 86256. 

REVERSION OF SERIES. 

(Page 288, 328.) 

(2.) « = y-y«+y»-y* + etc. (8.) » = y - 8y« + l?y' - 67y* + etc. 

(4.) a; = y + iy» + Ay' + rty' + etc. (6.) « = iy--fty» + t^' - etc. 

(6.) a^=(y-l)-i(y-l)« +i(y-l)»-i(y-l)* + etc (7.) «=]!! + ^^^'j:/^^' 
p m* —fUjp— 27i(<»w»* —njjy * 



m m' 



m' 



INTERPOLATION. 
(Pagb 290, 325.) 
(2.) 1.794. (6.) (• * *). 



rEBMUTATIONS. 

(Pagb 298, 334.) 

(1.) 720, 24, 8,628,800. (2,) 720, 42, 210, 840, 2520, 5040, 5040. 120, 21, 

85, 85, 21, 7, 1. (8.) 86, 84. 126, 126, 84, 86, 1. (4.) 72, 504, 8024. (6.) 20. 

(6.) 85. 21. (7.) 127. (8.) 479,001,600. (9.) 792. (10.) 15. 
(ll.)166,820. 64,864300. (12.) 1028. 

PROBABILITIES. 

(Pagb 295, 335.) 

(1.) tt, * ; «. A. (2.) h h 2:1, 4:8. (4.) 6 to 1. (6.) (• * *> 
(8.) t, 5 to 1 (11.) t2if. 
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Sheldon S Cofnpanj^s Texi^SookSm 

Hili's Eiements of Rhetoric and ComposUum 

Bj D. J. Hill, A.M., Preaideiit Lewisbaig UniFenity, author 
of the Bdenoe of Bhetoric B^ginoing with the selectioii of a 
theme, this book oonducts the learner thiough e^eiy proceee 
of ocmpoiition, induding the aocmnulatioQ of material, ]ts 
arrangement, the choice of words, the oonstmction of sentenoeB, 
the variation of ezpreflsion, the use of figures, the formation of 
paiagraphs, the preparation of manuaciipt, and the criticism of 
the completed compcMition. 

HiWs Science of Bheioric. 

An introduction to the Laws of Eflfectiye Discourse. By 
D. J. Hill. A.M., President of the Uniyersity at Lewisburg. 
13mo, 800 pages. 

This is a thoroughly scientific work on Bhetoric for adyanced 
classes. 

InteUectual JPhUoaophy (Elsocentb of). 426 pages 

By Francib WATLAim, late President of Brown Uaiver- 
slty. 

The Elements of Moral Science 

•By Francis Watland, D.D., President of Brown Univer- 
sity, and Professor of Moral Philosophy. Fiftieth thousand. 
12mo, doth. 

Elementa of JPoiitic€U Econon^y 

By Francis Watland, D.D., late President of Brown Uni- 
versity. 12mo, cloth, 408 pages. 

Recast by Aaron L. Chafin, D.D., President of Bddt 
College. 

No text-book on the sutgect has gained such general accept- 
ance, and been so extensively and contlnuoosly used, as Dr. 
Wayland's. Dr. Ohapin has had chiefly in mind the loante of 
the ckt98'Toam, as suggested by an experience of many years. 
His aim has been to give in full and proportioned, yet dear 
and compact statement, the elements of this important branch 
of sdence, in their latest aspects and applicationa 
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